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1：Ishiguro’s Leibniz

• Hidé Ishiguro (Japanese: 石黒ひで, 石黒英
子; born 1935) 

• The most famous Japanese philosopher in 
the world



• Hidé Ishiguro, Leibniz’s Philosophy of  Logic and 
Language, Cambridge University Press, 2nd

edition, 1990.

• Discussion Leibniz from viewpoint of  
cotemporary philosophy 

• Very well cited literature of  Leibniz

• Especially, her interpretation of  infinitesimal 
is still influential.



2: Problem of  Infinitesimal 

• Infinitesimal: mathematical quantity which is less than any positive quantity 
and is not zero. 

• X is infinitesimal : def= ∃x ∈R ∀y ∈N(|x|<1/y ∧ x ≠ 0)

• In the middle age of  Europe, there is disputes on whether infinitesimal exists 
in nature.

• Leibniz invented the difference calculus based on, prima facie, using 
infinitesimal, which was controversial at that time.

• Scholars of  Leibniz have discussed whether Leibniz admits existence of  
infinitesimal. 

• In this context, Ishiguro is well known as an advocator of  ‘finitism’ 
interpretation. 



Ishiguro’s study of  infinitesimals

• A : “La Notion Dite Confuse de l'Infinitesimal Chez Leibniz”, Studia 
Leibnitiana, 1986.

• B : “Chapter 5: Leibniz’s notion of  the infinitesimal” in Leibniz's Philosophy 
of  Logic and Language, 2nd edition, 1990.

• C : 『ライプニッツの哲学』（Japanese Translation of  Leibniz‘s Philosophy of  
Logic and Language）, 2003.

• As for argument, A≒B, but B≠C



• Ishiguro 1990 p.99

• “Leibniz, however, like Frege, denied that the notion expressed by any 
word was an image, and thought that we cannot define any notion except 
through propositions and truths. Thus what he says about infinitesimals 
constitutes an integral and coherent part of  his theory of  ideas and of  
meaning.”



•石黒 2003 p.117 (= Ishiguro 1990 p.99)

• “Leibniz, however, like Frege, denied that the 
notion expressed by any word was an image, and 
thought that we cannot define any notion except 
through propositions and truths. Thus what he 
says about infinitesimals constitutes an integral 
and coherent part of  his theory of  ideas and of  
meaning. (Whether what can be true or false is 
expressed in words, numbers or symbols makes 
no difference to Leibniz.)”



• No difference thesis (ND): Whether what can be true or false is 
expressed in words, numbers or symbols makes no difference.

• ND seems to imply the so-called Leibniz’s isomorphism between 
symbols and world. (cf. Quid sit idea?)

• But it is a question why ND was inserted at Japanese translation.

• Our answer: Ishiguro goes to acknowledge the existence of  infinitesimals, 
which seems to contradict the finitism thesis but match the practice of  
mathematicians.



• In Ishiguro 1990, she argues that Leibniz has the finitism interpretation of  
infinitesimal (FII).

• According to FII, the word ‘infinitesimal’ has no reference. Instead, it means that for 
any number x, we can take number y which is less than 1/x.

• FII claims that ∀x∈N ∃ y ∈R (|y|<1/x∧ y ≠ 0).

• This interpretation has strong influence not only among scholar of  Leibniz but also 
philosopher of  mathematics.

• Some scholar critisize her interpretation on the ground that her argument lacks texual 
evidence. (e.g., Bascelli et. alia 2016)

• So, is it correct to say that Ishiguro’s finitism is wrong?

• We discuss this question through another question: what is the relationship between 
ND and FII?



3: Context Principle and Confused idea

• Gottlob Frege (1848-1925): German 
mathematician, logician and philosopher;

• Inventor of  first-order logic, quantificational 
logic

• Distinction of  Sinn (sense) and Bedeutung
(reference)

• Exploring philosophical foundation of  
mathematics 

• In her entire study, Ishiguro seeks to interpretate 
Leibniz as the pioneer of  Frege. 



Context principle

• Ishiguro argues that Leibniz has the idea of  the context principle of  
Frege.

• Context principle (CP) is the central idea of  Frege’s programs of  
grounding mathematics on logic.

• CP: DO NOT ask the meaning of  a word in isolation, but only in the 
context of  a proposition.

• Frege argues that we can know the reference of  abstract words through 
CP.



• Example: What is the reference of  “the direction of  a line” ?

• Frege’s answer: We can not know the reference itself  of  “the direction of  
a line”, however we can identify it. 

• In Die Grundlagen der Arithmetik (1884), Frege proposes that the reference 
of  an abstract word can be known via substitution.

• If  “the direction of  a line A” = “the direction of  a line B”, we can 
substitute everywhere the former for the latter. 

• This method guarantees that “the direction of  a line A” has the reference. 
(This is originated in Euclid’s Elements) 



• Ishiguro claims that Leibniz has the idea as the same as CP.

• Generales Inquisitiones de Analysi Notionum et Veritatum 1684:

• “Idem autem esse A ipsi B, significat alterum alteri substitui posse in 
propositione quacunque salva veritate. Nam respectus illi per 
propositiones sive veritates explicantur [For those respects are explained 
by means of  propositions, i.e.truth].” (A.VI.4. 746)

• Referring this passage, Ishiguro claims that Leibniz has CP. This 
interpretation is controversial, but here we would not examine this 
interpretation.



The sense - reference distinction and confused idea

• In the Ishiguro’s latest paper ‘Leibniz et la distinction frégéenne entre 
«sens» et «réference»’, she claims that Leibniz has distinction sense and 
reference as Frege.

• “The morning star” and “the evening star” have the same reference 
(Venus) but have different sense (how to know its reference).

• She finds such distinction in the ‘confused idea’ of  Leibniz.

• Leibniz’s classification of  idea:

clear

distinct

confuse

clear: be able to recognize it

distinct: be able to enumerate the marks by 

which it can be recognized

confuse: be able to recognized it but not  

to enumerate the marks 



• Ishiguro thinks that Leibniz’s ‘confused idea’ which is equivalent to ‘be able to recognized it 
but not to enumerate the marks’ also means that we sometimes could know a reference of  a 
term even if  we could not explain a sense of  it.

• As for this claim, what Ishiguro has as typical examples of  confused idea are the idea of  
‘blue’ and ‘red’. We could not explain what ‘blue’ is but could distinguish ‘blue’ and ‘red’.

• We could include the idea of  infinitesimal in those examples. In fact, we think it is difficult to 
explain what infinitesimal is, however, we could easily understand the difference itself  
between the concept of  infinite and the concept of  finite. (cf. Esquisabel and Quintana 
2021)

• Leibniz’s confused idea can be thought as reflection of  his mathematical practice, that is, 
even if  he does not know much about the reference of  infinitesimals, he is sure that it works 
in mathematical research.

• Ishiguro does not examine the relationship between ‘confused idea’ and infinitesimals, but we 
claim that such relationship implies reconsideration of  FII thesis.



4: Leibniz’s infinitesimals and Russell’s theory of  description

• Ishiguro writes that Leibniz is close to Russell’s theory of  description 
than to Frege’s CP.

• However, she also points that there is difference between Leibniz and 
Russell on uniqueness of  reference.

• According to Russell’s theory, there is a unique object that satisfies a 
definite description. On the other hand, Leibniz’s finitism does not 
accept the unique existence of  infinitesimals. Instead, the existence of  
infinitesimals can be justified indirectly via FII. (Ishiguro 1990 p.98)



• Ishiguro justifies FII of  syncategorematic infinitesimals based on Frege’s 
CP. 

• She writes, “what he says about infinitesimals constitutes an integral and 
coherent part of  his theory of  ideas and of  meaning”. This justifies to 
apply CP and the theory of  description to the infinitesimals.

• In other word, we could say that examining Ishiguro’s thesis on Leibniz’s 
infinitesimals need to consider not only CP and FII, but also Russellian 
contextual definition and ND. 



5: Discussion

• Ishiguro does not argue the connection between her interpretation of  infinitesimal and that 
of  confused idea.

• We would claim that the distinction of  sense and reference could be applied to the discussion 
of  philosophical debates of  infinitesimals. Ishiguro’s Fregenized Leibniz would have such 
connection.

• In fact, Frege himself  discusses that CP guarantees only the sense of  a word. (Not always the 
reference) However, he thinks that this justifies that abstract words have a reference. 

• If  Leibniz holds CP and the distinction of  sense and reference, then he also must admit the 
existence of  infinitesimal and therefore does not need to avoid some problem of  
infinitesimals.  

• The motivation of  Ishiguro’s thesis of  infinitesimal seems to avoid the problematic idea of  
allowing the existence of  infinitesimal and instead adopt infinitesimals as a process which 
justifies that we can always take a less number for given non-zero number.

• However, her study suggests that Ishiguro’s Leibniz implicitly admit the existence of  
infinitesimal.



• It is remarkable that Ishiguro thinks that philosophical framework we need to 
understand Leibniz’s idea of  infinitesimals is not that of  Frege, but Russell.

• Russell’s theory of  description justifies that we could paraphrase the sentence in 
which ‘the author of  Théodicée’ appears into the sentence in which such phrase do not 
appear.

• By paraphrasing the sentence, we would make ontological reduction.

• Ishiguro claims that by paraphrasing the sentence which mentions the infinitesimals 
into the sentence which do not mention the infinitesimals, Leibniz’s infinitesimals can 
be thought as not referring to the real object. (Fictionalism)

• We emphasis that paraphrasing and ontological reduction are different. In fact, we 
could keep realism of  infinitesimals accepting Russellian paraphrasing.

• This is the core of  her thesis of  finitism. Insofar as this thesis, Frege is not involved.



Fregean Leibniz Russellian Leibniz

The existence of  

infinitesimals
Justified weakly via 

CP

Finitely justified via 

theory of  

description

The existence of  

limit

Justified via 

confused idea and 

ND

Unjustified?



• Here we could understand what ND means for Leibniz and Ishiguro.

• ND implies that we should take consideration that mathematicians 
usually rely on not only language but also other symbols such that 
diagram and number.

• If  Leibniz accept ND, he would also accept the existence of  
infinitesimals without philosophical consideration. 

• This reading is not a regression. Further, it suggests that philosophical 
research of  examining mathematical practice is important to understand 
Leibniz better.



• Reading Leibniz’s Nova Methodus, Jacob Bernoulli says ‘ce qui était une 
énigme plutôt qu’une explication’. (GM III 5)

• This statement expresses that if  we use mathematical concept which lead 
us to mathematically results, but we do not know the mechanism of  such 
leading, we find some problem in that concept.

• But, according to ‘confused idea’, we could do well in such situations, 
that is, limit and infinitesimals are considered as ‘confused’. 



6: Conclusion

• Ishiguro’s study of  Leibniz seems to be old-fashioned because of  its 
anachronistic stance and textual situation at that time.

• In fact, recent studies of  Leibniz’s infinitesimal criticize this point.

• If  we would like to save Ishiguro’s infinitesimal from criticism, we need to 
examine her interpretation in more detail.

• Ishiguro’s idea of  infinitesimals is product combined Frege’s theory of  
language (CP and distinction of  sense and reference) and Russell’s theory of  
description.

• In addition to this, if  we consider ND, then we could grasp Ishiguro’s idea 
more effectively and more appealing to understand mathematician’s practice. 
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