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Abstract— This paper studies the global stabilization prob-
lem by a output controller for a family of uncertain nonlinear
systems whose dynamic may not exactly known but satisfies
some relaxed triangular-type conditions. Using a feedback
domination design method, we explicitly construct a dynamic
output compensator which globally stabilizes such a uncertain
nonlinear system. The usefulness of our result isillustrated as
an example.

I. INTRODUCTION

The problem of controlling nonlinear systems by output
feedback is one of most important problems in the field of
nonlinear control. Unlike in the case of linear systems, the
separation principle generally does not hold for nonlinear
systems [7]. Due to this reason, the problem is more difficult
and challenging. In recent years, many important results on
the problem have been obtained. However, as investigated in
[7], some extra growth conditions on the immeasurable states
of the system are usually necessary for the global
stabilization of nonlinear systems via output feedback. Since
then, a great deal of subsequent research work has focused
on the output feedback stabilization of nonlinear systems
under various structural or growth conditions. For example,
it is assumed that nonlinear terms of a given system satisfy
triangular conditions in [2], [8] or some global Lipschitz-like
condition in [1], etc.

In this paper, we consider essentially the same class of
nonlinear systems as treated in [1,2], [5,6,8]. By far, it seems
that one of most relaxed conditions imposed on the nonlinear
terms of a given system is a triangular-type condition as far
as the output feedback control is concerned as shown in
[2]-[5,6]. Most recently, introducing a new way of
understanding observers, a backstepping-like design
procedure for observers was introduced in [2], [8], in which
the global stabilization is achieved by a linear output
feedback controller under the triangular condition.
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The main purpose of this paper is to develop a global
stabilizer for a class of uncertain nonlinear systems by linear
output feedback under a furthermore relaxed condition on
the nonlinear terms of a given system than a triangular-type
condition.. In fact, we consider the following class of
uncertain nonlinear systems:

X =X, +0,(t,x,u)

X, =X, + 0, (L, x,u)

: (D
X, =Uu +0,(t,x,u)
y=X

X=[X,%X, %] €R" ueR and

y € R are the input and the output of the system, respetively.

where is the state,

A feature of this paper is that our design method of global
stabilizing controllers does not require a detailed structure

of the nonlinear terms &, : RxR"xR —> R for i=1, ---,n,
including a triangular-type condition (see (3) below), except
that they are Lipschitz continuous and satisfy the following
condition.

Assumption (Al). For System (1), there exist some con-
stants ¢ >0 and 0 < <1such that for any S e(0,a) the
inequality

n

Dt |5i(t,x,u)|s02n:s"l|xi|. )

i=1
is satisfied. m]

It is not difficult to see that if the triangular condition im-
posed on J;(t,X,u) asin [2], [4-8], i.e.,

|5i(t,x,u)|3c2|xj| (3)
j=1
is satisfied, then Assumption (A1 )is always satisfied, but not

vice versa. In fact, suppose that condition (3) is satisfied.
Then, for any s € (0, @)
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sc|x]|+cs(|xl|+|x2|)+-~+cs”"(|x]|+~~+|xn|)
<c(l+s+-+5"" x|

+CS (1454 4+8"7 )X, [+ 405" x|

< c(és”}és” ||

and hence Assumption 1 is satisfied, but it is clear that the
converse may not always hold true.

II. GLOBAL STABILIZATION BY OUTPUT FEEDBACK

In this section, we prove that there exists a dynamic output
compensator of the form

§=f(&y), u=hy). “
such that the closed-loop system (1) with the dynamic output
compensator (4) satisfies

lim(x(t),&(t)) = (0,0)

That is to say that system (1) is stabilized by the dynamic
output compensator (4). The dynamic output compensator
we propose is made of a linear high gain observer and a
linear high gain controller as follows.

Theoreml1. Under Assumption(Al), there is a dynamic
output compensator of the form (4) that solves the global
stabilization problem for a uncertain nonlinear system of the
form (1).

Proof: We begin by introducing the following dynamic
system:
);il =X, +ra (% —%)
A A 2 A
X2:.X3+ra2(xl_xl) )
£ =u+r"a (x, —x)
where r >11is a gain parameter to be determined later, and
a, (i=1,---,n) are the coefficients of any Hurwitz polyno-
mial p"+a,"" +---+a,_,p+a,.
Next, treating that (5) is an observer for system (1),
consider the estimation error

g =x-%, 1<i<n 6)
then it follows from (1) and (5) that
€ =¢e, —rae +o,(t,x,u)

6, =e,—r’ae +4,(t,xu)

O]

e, =-r"ae +3,(t xu).

Further, introduce the scaled estimation error & by

Ei:?ei, 1<i<n (8)

and

e=[g & g1 eR". 9)

Then one obtains

él = I’(6‘2 - al‘("l)-"_é‘l(t! X,U)

&, =r(s, —a251)+l§2(t, X,U)
' (10)
. 1
&, = —rag +F5n(t,x,u)
or equivalently
E=rAc+®, (11)

where

i
®f{@¢nmﬁ@mxw, %Tamxm}<n)
r r

-3, 1 0.0
-a, 0 1 0
A=|
-a,,0 01
—-a 0O O0---0

n

Now consider the quadratic function

V,=¢'Pe, (13)
where P is a positive definite symmetric matrix satisfying
ATP+PA=-I. (14)

Then it follows from (10) and (14) that the time derivative
of V, along the solution of (11) satisfies

V, =re" (ATP + PA)s +2¢" PO,

< —r||‘9||2 +2¢"PO,.

(15)
From (A1) and the fact that r >1, one gets

1 1
foul < Jal o+l

<S(1 3

ist\ I

S|
< nCZFM |
i=1

Further a simple computation with (6) and (8) gives

+MU

|
26"PD, <2|||P nc;F|Xi|

(1
s 2Pl -+

%
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n

1 . n
= 2fellPlne 3 14)+ Sl

i=1

51
< 2lellplnel 3 5I2l+ Al

n 1 R
<2fple( 3 LRl

i=1
Sl 1 .
<2fplne 3 3{ il el J+ il |

i=1

2

i

u 1
< n(2x/ﬁ+n)c||P||Z;m
Jrn(z\/ﬁ+n)c||P||||g||2
n 1 R
< k1 "S"2 + kl;m Xiz

wherek, = cn(Z\/ﬁ + n)||P|| . Then from (15) one obtains

. noo1
Vo <=(r=k)e] +k > e )
i=1
Next introduce &=[& & - &1 eR"by
&= )i(jl, 1<i<n.
.
Then
51 = réz +raze, é:'z = ré:s + razgls"'séén = r(inuj"' ra,e
r
a7
and hence the inequality (17) can be written as
P 2 2
Vi<—(r=k)|lel +k €] - (18)
Now, we design a compensator of the form
u=-r" (bn§1+bn—1§2+”'+b1§n) (19)

where b, are the coefficients of any Hurwitz polynomial
p"+b " +--+b,  p+b,. Then it is easy to verify that
& -subsystem (17) with the controller (19) can be expressed

as
E=rBé+rgcolfa,a,,,a,], (20)
where
0 1 0
®=l 0 o 1
—b, —b,_, - —b
Further choose a quadratic function of the form
Vv, =¢"Q¢, @n
where Q is a positive definite symmetric matrix satisfying
B'Q+QB=-2I. (22)

Then one can easily obtain the inequality
V, =¢"Q5+£7Q¢
=r&T(B'Q+QB)¢+2ré Qag,
<-2r|é[ +2r&"Qae,

(23)
and similarly
2r¢" Qag, < 2r|]|Q] eot ;.. a, ]|e]
1 1 ’
< 2r[5||§||2 + > (IQlleot 3,2, ]I j

2
<rlel +r(llfeora, -+ a, 1) flef
<l + i ol

where k, = ([IQ]|col [a,,---.a,]
of r . Thus the inequality (23) can be written as
V, < -rlef + v el

2
) is a constant, independent

24)

Next, we observe that the closed-loop system (1) with (5)
and (19) can be treated as an interconnection of
£ -subsystem and & -subsystem. Now, consider the function

V=K, +1V, +V, =(k, +D)e'Pe+£EQE. (25)
It easily follows from (18), (24) that
V =(k, +1)V, +V,
Skl ok ol

—rflel + vl
<—(r=k (k, + )" = (r =k (&, + D[]

Clearly, if we choose the gain parameter r to be
r>1+k (k, +1)
then
Vo <~(lff +l)-
This implies
et)—>0, £t)—>0 as t— oo,

and hence that the closed-loop system (1) with (5) and (19) is
globally asymptotically stable. This completes the proof. O

The new approach proposed not need to go through the
recursive design procedure as in [8]. It can determine all the
observer and controller parameters in one step, rather than
n-steps [2], [8].

Example: Consider the following systems:

X

(l—c1x2)2 +X
X, =u+ln(1+(x§)cz)

y=X

X, =X+

27)
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where ¢, and c, >1 are constants. It is easy to check that the

system (27) satisfies Assumption 1. Thus, by Theoreml, a
globally stabilizing output dynamic compensator can be
constructed. To construct such a compensator by following
the proof of Theorem 1, choose the coefficients of the two
Hurwitz ~ polynomials to be & =a,=1 and

b, =11/4, b, =20. Then the compensator given by (19) is
now described as

%, =u+ri(y-%) (28).
u=-r(b,rx +bx,).

For our numerical simulation, we chose r > 8339 and the

initial states to be (X (0),%,(0),%(0),x7(0))=(1,5,3,5) .

Then the simulation results shown in Fig.1 demonstrates the
effectiveness of the output dynamic compensator (28).

. . . . . . . .
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-3
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2
----- x2hat
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x 10

I I I
01 02 03

Fig. 1. By the proposed method (¢, =C, =5).

T
— x1
----- x1lhat

Fig. 2. By the method in [8] (C, =C, =5).

From the design procedure of Theorem?2.1, it is clear that
there is a linear output feedback controller (5)-(19) making
the entire family of nonlinear systems (1) simultaneously
asymptotically stable, as long as they satisfy Assumptionl .

The global stabilization idea above can be extended to a
family of nonlinear systems of the following form

2= f(2)+9(t,z,x,u)
X =X, +6,(t,Z,X,u)

X, =X, +5,(t,z,X,u) (29)

X, =Uu +9,(,z,X,u)
y=X

where U,y € R are the input and output, (z,x) e R" xR"is
the state, as long as satisfy the following conditions.

Assumption (A2). For System (29), suppose that
(1) 2= f(z)is globally exponentially stable at z=0

(ii) There exist some constants ¢>0 , €>0 and
0 < a <1such that for any s € (0,«) the inequality

la(t,z,x,u)| <€|x|

> gzl <ey s (J2+ ).
i=1 i=1

is satisfied.

(30)

Theorem2. Under Assumption(A2), there is a dynamic
output compensator of the form (4) that solves the global
stabilization problem for a uncertain nonlinear system of the
form (29).

Proof: Since system(29) satisfied (A2), by the converse
theorem of globally exponentially stable[9],there is a posi-
tive and radially unbounded function V (z) such that

oV (2)
Tf(z)s—"z ’,
HM <clg with T>o0.
oz
This, in turn, implies
NV (2) N (2)
D1+ xw) s |l +| 2]z

<~ [eff el
3 A
< el (@) o
(1)

Now, one can construct a dynamic system (5) with the gain
parameter r to be determined later .

Next, treating that (5) is an observer for system (29),
consider the estimation error

A

g=X-%, 1<i<n

then it follows from (29) and (5) that

(32)
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€ =e,—rae +0o(t,z,x,u)
é, ‘=e3 -r’a,g +6,(t,z,x,u) 33)
e, =-r"ae +7,(t,z,x,u).
Further, introduce the scaled estimation error £ by
1 .
gi:Fi, 1<i<n (34)
and
e=lg & - ] eR". (35)
Then one obtains
E=TAs+®, (36)

where

T
q)l = |:§1 (ta 29 X’u)’l§2 (ta Zs qu)a ,},1 é‘n (ts Za qu):l
r r

(37

-4 1 0--0

-a, 0 1.0

A= Poor
—a,, 0 0--1
—a, 0 00
Now consider the function
V, =V (2)+&'Pe, (38)
where P is a positive definite symmetric matrix satisfying

ATP+PA=-I. 39)

Then it follows from (31),(36) and (39) that the time de-
rivative of V, along the solution of (36) satisfies

vV, =¥z+r5T(ATP+ PA)e +2¢" P,

‘ (40)

<——|| I+

From Assumption?2.(ii) and the fact that r >1, one gets

1 1
foul < Jal+le -+ 5l
@ NN
<eS (1) S[1) (el
j=1

i=1

<nefe|+ney —ofx|
i=1
Further a simple computation with (32) and (34) gives

~ ~ 1
267P, <2l weel+ne3 v
- ~( 1 .
s 2ellPlelel+2ellPineS | il +lal

| —r||g|| +2&" P,

<L+ f < 2Aellene( 3L |+ S

A 1,
e+ o+ 2ellelne{ 518+ el
<Ml + 1o +21ploe( 3-8l valef

<2+ el

(1
+2||P||nc(zg(r—

ol
<o+ el (24 )P S sl

+n (zJﬁ + n)c||P||||g||

1 n

<l il 13

i=1

where k, =c’ +6n(2\/ﬁ+ n)"P" . Then from (40) one ob-

r20-D X

tains
. 1 .
Vi = e (K el (e e
(41)
Next introduce & =[& &, &1 eR"by
&= )i(jl, 1<i<n
r
Then
51 = ré:z +rae,
ééz =g +ra,g,
: (42)
. 1
& = r(r—nu)+ ra,s,
and hence the inequality (41) can be written as
; 1
Vi =2l = (r=k) el kel (43)
Now, we design a compensator of the form
U=-r"(b& +b, &+ +B<,) (44)

where b, are the coefficients of any Hurwitz polynomial
p"+bp" " +---+b,  p+b, . Then it is easy to verify that
& -subsystem (42) with the controller (44) can be expressed
as

E=rBE+recolfa,a,, .a,],

>N

(45)

where
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0 1 0
5| : .o
0o 0 - 1
_bn _bn—l _bl
Further choose a quadratic function of the form
Vv, =£7Q¢, (40)
where Q is a positive definite symmetric matrix satisfying
B'Q+QB=-2I. 47)
Then one can easily obtain the inequality
V,=¢"Q5+£7Q¢e
=r&T(B'Q+QB)E+2rE"Qag, (48)

<-2r|é] +2r&" Qae,
and similarly

2r8"Qaz, <2r e[l feot a3, ]|

<rlgf +r([Qleol a,---.a,]
<l + i, el

2
) Il

where k, = (||Q||||COI [{:11,---,an]||)2 is a constant, independent
of r . Thus the inequality (48) can be written as
V, <& +rk, |- (49)

Next, we observe that the closed-loop system (29) with
(5) and (44) can be treated as an interconnection of & -sub-
system and ¢& -subsystem. Now, consider the function

Vo= (k, + DV, +V, = (k, +1)(V(2)+ £ Pe)+E7QE (50)
It easily follows from (43), (49) that
V =(k, +1)V, +V,
1
<=2l = (r=k) (ks + Dl + ki (ks + D]
=]+ ks e
1
<=2 - (r =kl + D)l = (r =k, + D)
(51)

Clearly, if we choose the gain parameter r to be

r>1+Kk,(k, +1)
then

. 1
V. s {1 1T+l )
This implies
et)—>0, £t)>0 as t— o,

and hence that the closed-loop system (29) with (5) and (44)
is globally asymptotically stable. This completes the proof.
O
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I11. CONCLUSION

We have presented the new result on global stabilization of a
class of uncertain nonlinear systems by a dynamic output com-
pensator. By integrating the idea of the use the output feedback
domination design method [2], we gave an explicit method for
constructing a globally stabilizing output dynamic compensator for
a family of uncertain nonlinear systems.
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