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Abstract - A problem of assigning a prescribed set of vectors to 
asymptotically stable fixed points of a system arises from con-
structing associative memory using a neural network. This paper 
deals with this problem and discusses a method for constructing a 
neural network which satisfies the properties that not only a pre-
scribed set of vectors is assigned to its fixed points but also each 
fixed point achieves a maximum convergence margin to improve 
the capability as associative memory. Finally to illustrate the re-
sult a simple numerical example is worked out. 
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I. INTRODUCTION 

In associative memory implemented by a neural network, 
information is memorized as a locally asymptotically stable 
fixed point of the network, and the content of information is 
recalled by only giving an incomplete content or a portion of 
the memorized information which is taken as an initial state of 
the network, so that its state converges asymptotically to the 
fixed point to recall the desired correct information. On the 
other hand, for memory in digital computers, information is 
stored in a memory device with a pre-assigned address, and 
the content of information is recalled by giving the exact ad-
dress. Thus the associative memory much more resembles 
human’s brain memory than the one used in digital computers.  

A fundamental problem for implementing associative mem-
ory by a neural network is how to assign a prescribed set of 
points to locally asymptotically stable fixed points of the net-
work, and this “fixed point assignment problem” has been ex-
tensively studied and a variety of methods have been proposed  
[2]-[9]. Among them, the so-called “orthogonal projection 
method” is a reasonably powerful method widely used to con-
struct such a network for associative memory [2] - [5]. 

However, there is yet another important problem to be in-
vestigated, that is, a problem of how to enlarge and /or adjust 
the domain of attraction of asymptotically stable fixed points 
of such a neural network because the capability of associative 
memory for recalling correct information is dependent on the 
domains of attraction [7]-[9]. For this problem Shoji and Inaba 
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[8] proposed a very powerful method which ensures a maxi-
mum domain of attraction for each fixed point. More precisely, 
the method enables us to construct a neural network in such a 
way that not only each prescribed point is assigned to its lo-
cally asymptotically stable fixed point by ensuring a maximum 
domain of attraction but also on the outside of this domain its 
behavior is exactly the same as that of the neural network con-
structed by the orthogonal projection method.  

This paper first reexamines by means of some systems and 
control theoretical techniques the method proposed in [8] 
which assigns a prescribed set of points to asymptotically sta-
ble fixed points of a neural network so as to maximize the 
convergence margins. In fact, we introduce a state feedback 
structure into a neural network in such a way that the fixed 
points in the original network are unchanged but only their 
convergence margins are maximized. Further some numerical 
example is presented to illustrate the theoretical result ob-
tained. 

II. PRELIMINARIES AND THE ORTHOGONAL 
PROJECTION METHOD 

First, let : { 1, 1}and consider a neural network of the 

McCulloch-Pitts Model [1] defined over the state space n as

MP:
0

( 1) Sgn{ ( ) },

 (0) n

x k Wx k h

x x
         (1) 

where ( )x k n  is the state, n nW  the connection ma-

trix, nh the threshold vector and Sgn( ) designates the 
vector-valued sign function, i.e., 

T
1 nSgn( ) : [sgn sgn ]

where T
1 n[ ] n and

1, 0
sgn :

1, 0.

Further denote the solution of MP by 0( ; )MPx k x . Then it is 
clear that all the properties of solution 0( ; )MPx k x , or equiva-
lently, of dynamical neural network MP are determined by the 
parameter set ( , )W h , and hence any design problem of such a 
network can be described as a problem of choosing an appro-
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priate parameter set ( , )W h .
Now, we introduce basic notations used in the sequel.  First, 

consider a general dynamical system over n  described in 
the following form: 

0( 1) ( ( )), (0) nx k f x k x x ,        (2) 
and denote the solution of (2) by 0( ; )x k x  or simply ( )x k  . 

Then, a vector n is said to be a fixed point or an equilib-
rium solution of (2) if ( )f  or equivalently ( ; )x k
for all 0k . The domain of attraction of a fixed point 

n is defined as 

0 0( ) : { 0  such that  ( ; ) }nx k x k x .   (3) 

Let the Hamming distance between and in n  be de-

noted by ( , )Hd , and the -ball centered at n  by 
( ) , i.e., 

( ) : { ( , ) }, 0n
Hd .

Then, a fixed point n is said to be locally asymptotically 
stable (or simply stable) if 1( ) ( ) . Finally, for a 

fixed point n , define 

( ) : max{ 0 ( ) ( )}r ,       (4) 

which will be used as a measure of convergence margin of the 
fixed point. 

First we cite the following theorem [2], [5], [6], which pro-
vides a method for assigning a given set of vectors to its fixed 
points of a neural network.  

THEOREM 1 (The Orthogonal Projection Method). Let r n
and (1) ( ): { , , }r n  be a set of distinct vectors, 
called a set of prototype vectors or simply a prototype set, and 
construct a dynamical neural network of MP with the parame-
ter set ( , )W h  given by 

(1) ( )

1

: ,

: [ ]

: [ ] , 1

n n

r n r

T
n k

W

h h h h

         (5) 

where r n  denotes the Moore-Penrose generalized 
inverse. 

Then the following statements hold: 

(i) Each ( )i  is a fixed point of MP. 
(ii) MP has no limit cycles.  

The name Orthogonal Projection Method comes from the 
fact that the matrix :W represents the orthogonal pro-
jection operator from n onto the subspace spanned by the 
column vectors in .

III. MODIFIED McCulloch-Pitts MODEL 

Theorem 1 (the Orthogonal Projection Method) provides a 
reasonably powerful tool for constructing a parameter set 
( , )W h for a neural network such that a prototype set 

(1) ( ): { , , }r n is assigned to its fixed points. How-
ever it has been pointed out [8], [9] that a neural network con-
structed by this method may result in a very small convergence 
margin. To avoid this situation, Shoji and Inaba [8] studied a 
modified McCulloch-Pitts model and showed that this model 
provides not only the maximum convergence margin for each 
fixed point but also the exactly same behavior as that of MP 
model on the outside of the convergence margin. In this sec-
tion, the modified model is reexamined from the viewpoint of 
systems and control theory and its basic properties are briefly 
discussed. 

First, we consider the MP model of (1) with an arbitrary pa-
rameter set ( , )W h , and introduce to this system an input vector 

( ) nu k and a state feedback to define the Modified 
McCulloch-Pitts Model as follows: 

MMP:

0

( 1) Sgn{ ( ) ( ) },
( ) Sgn{ ( ) }

(0) n

x k Wx k u k h
u k F Vx k g

x x

      (6) 

where n mF with m n , m nV , mg  and 
n . ( , , , , )m F V g  forms a feedback parameter set to be 

chosen so as to improve the convergence margin without 
changing its fixed points. Let the solution of MMP be denoted 
by 0( ; )MMPx k x or simply ( )MMPx k  and consider a prototype 

set (1) ( ): { , , }r n , which represent all the informa-
tion to be memorized in the associative memory. Now, for 
each 1, ,i r , denote by id  the minimum distance from 

( )i  to the others ( )j  for j i , i.e., 
( ) ( ): min{ ( , )  1, ,  and }.i j

i Hd d j r j i  (7) 

Then, the following theorem can be proved. 

THEOREM 2. Let (1) ( ): { , , }r n be a prototype set 
of distinct vectors, and define 

(1) ( ): [ ]r n r .
Consider the MP model (1) with an arbitrary parameter set 
( , )W h and the MMP model (6) with the feedback parameter 
set given by 

1

( )
1

:

: , :

: [ ] , :

: [1 1]

T

T
r i i

r j T
j

m r

F a V

g g g g n d

a a

        (8) 

where ijW w , ih h and 0a  is any constant satisfy-
ing 

11

1 max
2

n
ij iji n

a w h .            (9) 

Then, letting 0
nx  be an initial state and 0k  be an 

integer, the trajectories ( )MPx k of MP model and ( )MMPx k of
MMP model satisfy the following properties:  

(i) ( )
( 1) / 21

( ) ( )
i

r j
MMP dj

x k
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     ( 1) ( 1)MMP MPx k x k

(ii) ( )
( 1) / 2( ) ( )  for some 

i

i
MPF dx k i

( )( 1) i
MMPx k

(iii) Every ( )i  is a fixed point for MMP model. 

PROOF: Only a sketch of proof is given here. 
To prove (i), first notice from (6) and (8) that the 

closed-loop system is explicitly described as 

( )
1

( 1) Sgn[ ( )

              { Sgn( ( ) ) }]
MMP MMP

rT j
MMP j

x k Wx k h

a x k g
   (10) 

Therefore it suffices to show that if ( )
( 1) / 21

( )
i

r j
dj

y is 

arbitrary then 
( )

1Sgn( ) 0rT j
jy g .         (11) 

This is shown as follows. First, using the relation 
2 ( , )T

Hx y n d x y  for any , nx y , one obtains 

(1) (1)
1 1

( ) ( )

2 ( , )
.

2 ( , )

T
H

T

r T r
r r H

y n d d d y
y g

y n d d d y

  (12) 

Then, 
( )

( 1) / 21
( )

i

r j
dj

y ( )2 ( , ) 0,j
j Hd d y j

and hence (12) gives 

Sgn( ) [ 1 1]T Ty g ,

which easily leads to the desired result (11). 
To prove (ii), assume that 

( )
( 1) / 2( ) ( )

i

i
MMP dx k

for some 0k and some ( )i , and hence that 
( )( , ( )) ( 1) 2i

H MMP id x k d .         (13) 

Then, using the relation (12), one obtains 

(1)
1

( )

: Sgn( ( ) )

2 ( , ( ))
Sgn .

2 ( , ( ))

T
MMP

H MMP

r
r H MMP

z x k g

d d x k

d d x k

        (14) 

Further one obtains the inequality 
( )2 ( , ( )) 0,j

j H MMPd d x k j i .     (15) 

Thus, using (15) and (13), (14) , (10) can be reduced to 

( )

( 1) Sgn[ ( ) { [1 1] }]

        Sgn{ ( ) 2 }.

T
MMP MMP

i
MMP

x k Wx k h a z a

Wx k h a
(16) 

Since a is chosen to satisfy (9), it is not difficult to see that 
(16) gives the desired conclusion 

( )( 1) i
MMPx k .

Finally the statement (iii) is obvious form (ii).  

COROLLARY 3. Let all the notations be the same as those 
in Theorem 2. Then, the following statements are satisfied: 

(i) For every ( )i ,
( )

( )
( 1) / 2

( )
( 1) / 21

( )   {  0  such that

                      ( ; ) ( ) and

                     ( ; ) ( ),  }.

i

j

i n

i
MP d

r j
MP dj

k

x k

x l l k

(ii) For every ( )i ,
( ) ( )

( 1) / 2 ( ) ( )
i

i i
d .

(iii) If 3id , then ( )i  is a stable fixed point. 

(iv) If the MP model has no limit cycles, then the MMP 
model has also no limit cycles.   

Finally the following theorem is easily verified using Theo-
rem 2 and Corollary 3. 

THEOREM 4. Let all the notations be the same as those in 
Theorem 2 except an arbitrary parameter set ( , )W h is re-
placed with the parameter set constructed as in Theorem 1 (the 
Orthogonal Projection Method). 

Then, if 3id  for all 1,i r ,

(i) each assigned fixed point ( )i  is locally asymptoti-
cally stable 

(ii) there is no other fixed point in ( )
( 1) / 2 ( )

i

i
d and its 

convergence margin is given as ( )( ) ( 1) 2i
ir d ,

that is, each fixed point ( )i  has the maximum con-
vergence margin.  

Figure 1 below explains the result of Theorem 4 together 
with Theorem 2, that is, on the outside of the convergence 
margin ( 1) / 2 1id  the two trajectories ( )MMPx k and

0( ; )MPx k x  are exactly the same until they reach the conver-
gence margin and then at the next moment ( )MMPx k immedi-

ately moves to the fixed point ( )i  but ( )MPx k may travel more 

and eventually reach a fictitious fixed point * created by MP 
model.

EXAMPLE. Figure 2 depicts a simple numerical example of 
associative memories for English alphabets , , ,A B Z and
Blank. Each letter is divided into 10x10 pixels as in Figure 2 
and each pixel is represented by 1 or -1 according to black or 
white, forming  prototype vectors ( ) ( ) ( ) ( ), , , ,A B Z

in 100 . The parameter set ( , )W h of the MP model is con-
structed by the Orthogonal Projection Method given as in 
Theorem 1 with 0h , and the feedback parameter 
set ( , , , , )m F V g of the MMP model is computed according to 
Theorem 2. In fact, for these prototype vectors, all the conver-
gence margins satisfy , , , , 4A B Zd d d d , and hence all 

the prototype vectors ( ) ( ) ( ) ( ), , , ,A B Z  are assigned to 
fixed points of the MP model and to asymptotically stable 
fixed points of the MMP model and further all the properties 
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stated in Corollary 3 and Theorem 4 are satisfied. 

In fact, it is seen from Figure 2 that starting both the MP 
model and the MMP model from the same initial state 

100
0x obtained from ( )A by adding noises, 

( )MMPx k converges to the prototype vector ( )A , but surpris-
ing enough 0( ; )MPx k x converges to a very nearby point, i.e., a 

fictitious fixed point * , which differs only at one pixel, that is, 
( ) *( , ) 1A

Hd . That is to say that the Orthogonal Projection 
Method ensures to assign all the prototype vectors to fixed 
points but simultaneously may produce a fictitious fixed point 
just next to a prototype vector.  

IV. CONCLUDING REMARKS 

Implementing an associative memory by a neural network, 
it is important to improve the convergence margin of each as-
signed stable fixed point, which corresponds to the capability 

of associative memory. This paper studied a method to obtain 
the maximum convergence margin for each fixed point with-
out affecting the assigned stable fixed points. To illustrate the 
result a simple numerical is presented. 

A more sophisticated associated memory has been consid-
ered by introducing limit cycles to memorize information [6]. 
For this type of associative memories, it would also be inter-
esting to study a similar convergence margin as a future prob-
lem. Finally it should be mentioned that the result obtained 
seems to have various control applications, in particular to 
intelligent control area, and possible applications to Human 
Adaptive Mechatronics [10] have been considered. 
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Created by MP Model)
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MMPx k

(An Assigned Fixed Point for MMP and MP Models) 

( 1) ( 1)MMP MPx k x k

( ) ( )MMP MPx k x k

Convergence Margin 
( 1) / 2i ir d

Figure 1. The Trajectories of MMP and MP Models 

MP Model   MMP Model 
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Figure 2. Trajectories of MP and MMP Models 
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