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LocallyAsymptoticallyStableFixed－pOintAssignmentProblemsin

NeuralNetworksandApplicationtoAssociativeMemory

HiroshiInaba，ん毎mber，1EEE，TakammiOokiandKeylanAlimhan

AbstmcL－Thispapcrproposesandstudiesintheframework

OrSyStemSandcontroltIleOrytIleI）rOIJlemofhowtoconstructa

dynamicaIsystemdennedoveraHilbertspaccsuchawaythat

anyglVenVCCtOrSarCaSSignedtolocailyasymptoticallystable

nxed－pOintsorthesystem．Some basic properties ofsucb sys－

tcms∴areinvestigated，and hrthcr thc rcsults∴arC∴applied to

neuralnctworks10implementassociativc memory orpattern

I・eCOgnition fbr tWO－dimensionalimagesin such a waytIlata

Certainstructuraldefbrmationorimagesisacccptable．FinaIly

SOmenumericalexampIestbrassociativememoIYarepreSented

toillustratetIlepertbrmance．

LINTRODUCTION

H書誌i盈窪謹0盤嘉誓書整
importantissues．Ontheotherhmd，fbrinstance，intheneural

networktheory，theproblemofasslgnmgglVenVeCtOrStO

魚xed－POintsofasystemtogetherwiththeirstabilityanalysis

becomesam劉Orissue．Infact言nimplementlngaSSOCiative

memof？′Orpattern reCOgnilion uslng a dynamicalneural

network，eaChvectorrepresentlnginfbmationtobestored

need be assigned as alocally asymptotically stあle

nxed－pOlntOfthenetwork・Inthisway，thecontentofin－

tbrmationcanberecalledbyonlyglVlnganincompletecon－

tentoraportionofthememorizedinfbmationasaninitial

State Of the network because the state converges to the

fixed－pOintstoringthetrueinfbrmation．

TherehavebeenstudiedtwotyPeSOfneuralnetworks言．e．，

thediscretestatespacetyPeWithdiscretetimeandthecon－

tinuousstatespacety［鳩Withdiscreteorcontinuoustime．For

thediscretetype，aVarietyofmethods fbrassigninggiven

VeCtOrS tOlocally asymptotically stable nxed－POints have

beenstudiedlll－16］．Further，fbrthecontinuoustype，quitea

numberofinvestigationshaveappearedintheliteratue，See，

e．g．，17］－［91mdthereferencesthere．However，theproblem

hasnotbeenwellunderstoodinthesystemtheoreticalsettlng

and seems to be worthwhile to be refbrmulated and further

investigatedinauninedmannerfromtheviewpointofsys－

temstheory．

Thispaperdealswithsystemsofthecontinuousstatetype

Withcontinuoustime．AmongmmylmPOrtmtreSearChsub－
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JeCtSindynamicalsystems，thispaperparticularlyfbcuseson

the角xed・pOint asslgnment prOblem by refbrmulatlng and

Studyingitn・OmtheviewpolntOfthemathematicalsystem

theory，andhlrtherappliestheresultsfbrimplementingas－

SOCiativememoryuslnganeuralnetwork．

InSectionII，the角xed－POintasslgnmentPrOblemisfbr一

mulatedintheframeworkofHilbertspaceandthestabilityof

theasslgned角xed－pOintsis discussed，particularlyempha－

Sizingtheloca11yasymptoticalstability・Then，inSectionIII，

further properties ofthe魚xed－POint assigned system are

investlgated，andinSectionIVtheresultisappliedfbrim－

PlementlngaSSOCiativememoryusmganeuralnetwork，in－

Cludingsome numericalexamplesto demonstratethe per－

fbrmance．Finally，SOme COnCludingremarks are glVenin

SectionV．

II．CoNSTRUCTlONOFDYNAMICALSYSTEMS

WITHGIVENFIXED－POINTS

LeteidenotearealseparableHilbeltspaceandconsidera

dynamicalsystemoverStdescribedas

雄）＝f（X（t）），X（0）＝X。∈臓　　　　（1）

Wheref：Si→Stisasu触cientlysmoothhlnCtion・Further，

letC＝（vl，・・・，Vr）beasetoflinearlyindependentvectorsin

Seand consider the problem ofasslgnlng allthe vectors

inCaslocallyasymptoticallystable角xed－POintsofasystem

Ofthesystem（l）．

Tobeginwith，Hrstdenoteby窮thesubspacespannedby

thevectorsinC，andconsideringC＝（vl，…，Vr〉asabasisof

窮mdidentiB′ingitsdualspace瑠＊asitself窮，introduce

itsdualbasisC’＝（vl年，…，Vr＊〉⊂窮，Whichisdemedasthe

tbllowingdualityCOnditions：

〈時〉＝塙，嵩　（2）
where〈・，・〉denotestheinnerproductonSe・Thenarbitraryf

vectorx∈3ccmbeunlquelyexpressedinthefbrm

x＝y＋W＝∑短＋W，y∈窮，陸窮⊥　（3）

where Se⊥　denotes the orthogonal complement of

and信二〈理＊〉・Furtherthedualvectorf∈Stofxex－

PreSSedin（3）isde角nedas
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吉＝y＊＋W＊＝∑評＋産　y＊∈窮，W＊∈窮⊥（4）

wherethevectorw＊∈砧isdeteminedviatherelationthat

whenwisrepresentedasw＝∑rkukfbrabasis（uk〉of砧

∀k

then

W＊＝∑鮪＊・
∀k

（5）

where（uk＊）isthedualbasis．Thenormo亀enusedinthis

StudyisglVenaS

帖＝〈詰〉言，光弘　　（6）

It should be noted that this nomis di紀rent from the

One酬St：＝〈単車inducedbytheinnerproductonSC，but

thesenormsareequivalent．Further，itshouldbealsonoted

that the fbllowlng relations hold：For arbitraly VeC－

torJr∈Clexpressedasin（3）onehas

i庸二〈声〉＝〈y・y＊〉＋〈W十W＊〉

二間2＋ilwI匡∑島2＋剛2

I＝l

（7）

andmoreoverfbrarbitraryvectorsx，Z∈臓

〈ら2＊〉二宮2〉・　　（8）

Now，basedontheworks［7H9Iintroduceadynamical

SyStemdeHnedoverSeasfbllows：

桁a評画一詰所詳　（，）

×〈勅，申，－a〈X（t），細事〉X（t），X（0）＝X。∈臓

Wherea∈Risaconstmtandも二年∈蚊areconstantswith

the property b，，＝0・Then fbr arbitraryinitial condi－

tionx。∈Sethere exists a unique solutionx（t）inSe［10］・

FurtheritiseasilyseenthattheorlglnX＝Oisafixed－POint

andeveIyVeCtOrV，inC＝（vl，…，のandthenegative’’－V，”

are also fixed－POints of（9）．In general言f p∈ccis a

nxed－POint，thensoisthenegative’’－p”．Therefbre，When

SOmeStatementOnanXed－POintisobtaineditwillbeinter－

Preted hereatterthatthe sameis applied fbr the negative

point．

Furthermore，itcanbeshownthatundercertainassump－

tions on the system（9）each v，islocally asymptotica11y

Stable．TheproofrequlreS SeVeralsteps．First言ntroduce a

mnctional V：St→皿，Called ageneralized eneIgyjiLnC－

tional，Of’thefbrm

V（弓a評〉2＋薯b′／硝〈誹（1。）

＋畠詳
andcomputetheFrechetderivativeofV（X），denotedV；（X），

whichisobtainedas

博二一有声〉壷擁，両所（11）
l＝l I＝lj＝1

＋a〈高車

Notice thatV：（X）is acontinuouslineal∵請nctionalonSt，

dependingonx∈3el10］．

Now，fbr notationalsimplicity，introduce the簡）llowing

notatlOnS：

5：二時　…　計Twhere計＝〈理〉fbri＝1，…，r

B：＝［b庁∈RrXr

Thenthesystem（9）mdthefunctional（10）togetherwiththe

Frechetderivative（11）canbeexpressedas

よこa∑短一時高　…　釣手］

×壇2　…　門T一筋剛2

（13）

V（X）ニー葦詐拒・・・門

中2　打＋帥（14）

掠X）二一a∑短＊十時2　…　需］

×Bt鉦な　…∴高宮＋a冊子

Now，thefbllowlnglemmaisproved．

LEMMAl・LetC＝（叫・・・，Vr）beasetoflinearlyindependent

vectorsinStwiththedualbasisC＊＝（↓占…，Vrつ⊂窮，aS

Characterizedby（2），andconsiderthemnctionalV（X）given

by（10）．

Thenifa＞0，も＝bj，＞Oamd短＝Ofbri・J＝1・・・・，r，

V（おa備ainsalocalminimumateachpointvk，andallthe

minimumvaluesareequalandareglVenaS

V（vk）ニー‡a＜V（0）＝0，k＝1，…，T・・（15）

PROOF．First，ittbllows命・Om（11）and（2）that
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煩Vk）二一a∑〈V詰〉V，＊

十王∑中辛〉2〈扉〉車a〈V詰〉vk章二O
I＝lj‥1

（16）

andhenceeachvkanditsnegative－Vk areeXtremePOlntS

OfV（X）・Further（15）fbllowseasilynom（10）．Toshowthat

eachextremepointVkattainsalocalminimum，鉦stobserve

舟omtheidentity（3）and（14）that，fbranarbitraryx∈8tex－

PreSSedas

ズ＝∑短＋wwith信二〈理＊〉amdw∈窮⊥，
にl

V（X）二一葦計担・・・門

×帝・・・打＋非計剛2）2

≧一葦詐轟・・・門

×函・・・打＋蒔2）2訪

（17）

Wheretheassumptiona＞Ohasbeenused．Therefbre V（X）is

boundedfromthebelowanditsalllocalminimumsoccuron

thesubspace窮・

ToproceednJTther，nrStCOmputethenrstmdsecondde－

rivativesofthelowerboundV（f）de角nedin（17）toobtain

部＝∑（a＋bk・塵－a掴rk＝1，…・r

r

l＝1

∂名∂烏

（18）

Thenitfbllowsをom（18）that，SinceeachextremepointV，

COrreSPOndstothevectort二時・・・鼻］with島＝±l

andalltheotherelements担thematrix薪rmedby

the secondderivativesevaluatedatthisextreme polntV，lS

Obtainedas

抽　＝diagtbl，，…亙），，2a高時，…高〉＞0・
身＝0，J≠′

fbri＝1，…，rWheretheassumptlOnSa＞Oandbu＝bJl＞O

havebeenusedtogetthepositivity．Therefbre，eaChextreme

POintvkattainsalocalminimumofV（名・‥鼻）．□

Nowourmaintheoremisstatedandprovedasfbllows．The

PrOOfisom誼edandwillbegivenelsewhere．

THEOREMl・Let C＝（vl，・・・，Vr〉be aset oflinearlyinde－

pendentvectorsinStwithCf二時，…，Vrつ⊂窮Ofthedual

VeCtOrSaSCharacterizedby（2）andconsiderthemnctional

V（X）givenby（10）．

Then言fa＞0・bu二男＞Oandb，，＝Ofbri，j＝1，…，r，

theneachnxed－POintVkOfthesystem（9）islocallyasymp－

toticallystable．

PROOF．Firstnoticefrom（9）and（11）that武t）＝Vr（X（t））．

Usingthisfact，OneeaSilyobtains

掬））＝〈頼）測〉ニー〈頼）），頼））〉（1，）
＝一帖（X（洲2≦O

WhichimpliesthatV（X（t））always decreases alongthe tra－

jectoryx（t）ofthe system（9）・Now recallthat each vkin

Cこくvl，・・・，Vr〉isa角xed－POintofthesystem（9）and亀山her

Lemmal ensures thatthe point attains alocalminimum

Of V（X）．Therefbre（19）implies that evely traec－

toryX（t）starting禽iOm a Su鯖ciently smallvicinity Ofany

丘xed－pOintvkCOnVergeSaSymPtOticallytothepolntVk．This

COmPletestheproor　口

III．BASICPROPERT臆SOFTHECoNSTRUCTEDSYSTEM

Intheprevioussection，amethodfbrconstructlngady一

mamicalsystemfbrwhichasetofprescribedvectorsisas－

Signed asits nxed－POints was studied and tilTtherit was

Shown under certain assumptions that each assigned

Hxed－POintislocallyasymptoticallystable．Inthissection，

morepropertiesoftheconstructedsystemareinvestigated．

First，WenOtethatusingtheexpression（3）itispossibleto

describethesystem（9）asthefbllowingtwo coupledsub－

中a一弾）畑中），i＝1，…ブr（20a）

母）二一a（∑㌶（t）＋陣）ii2）W（t）
j＝l

Wherethesolutionx（t）isgivenby

（20b）

X（t）＝∑崇t）当＋W（t）・

The subsystem（20b）impliesthatthe solution w（t）be－

longingtotheomogonalsubspace瑠⊥alwayssatisnes

limw（t）＝0
1→∞

（21）
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ThefbllowingtheoremstatesmoreaboutHxed－POmtS・The

PrOOfisom誼edandwillbeglVenelsewhere・Hereaner，fbr

notationalsimplicity，theargument“1，，invariablesmaybe

Om誼edwhennoconhlSionseemstobepossible・

TIIEOREM　2．Consider the system（9）with a＞0，

by＝bJ，＞Oandb，，＝OfbriJ＝1，…，r・Then：

（i）Everynxed－pOintofthesystem（9）satisnesw＝0，and

therefbreevely魚xed－pOintliesonthesubspace窮and

isexpressibleinthefbm

p＝∑短　　　（22）

（ii）ThenumberN布edOfallpossibleHxed－pOintsofthe

SyStem（9）isgivenas

N擁。＝∑2mrCm・　（23）

（iii）Further among these Hxed－POints thernxed－POints

Vl，…，VraSWellastheirnegativesarelocallyasymp－

totically stable，and the　角xed－POint x＝0（i・e・，

alli＝Oandw＝0）isunstable・口

REMARK．First notice from TmoREM2（i）that each

nxed－POintv，COrreSPOndstothevectorE‥二時∴…∴引T

Withi＝land与，二Ofbrallj≠i・Therefbre，TⅢOREM2（iii）

StateS that the　‾∴角xed－POints corresponding

to烏＝±landEJ＝Ofbrallj≠iarelocallyasymptotically

Stable and the nxed－POint corresponding to与）＝O fbr

allj＝1，…，risunstable・Butitsaysnostatementonthesta－

bilityfbrothernxed－pOints．Theauthors’coniecturefbrthese

nxed－POlntSisasfbllows：

（i）For a角xed－POint corresponding to the vector with

Onlymcomponents右・・高調≠0・

0＜宥＝…二㌔2＜1・　（24）

（ii）Suchanxed－POintisnotasymptotically stable but a

Saddlepolnt．

Thiscor函CtureWillbediscussedelsewhereinthenearruture・

ロ

IV．AppLICATIONTOAssocIATIVEMEMORY

The basicideaofimplementlng aSSOCiative memoIy Or

pattemrecognitionuslnganeuralnetworkisasfblloWS‥

（i）First，thedesiredinfbmationtobestoredisrepresented

bysomevectorsinanapproprlatelychosenabstractspace，

andaneuralnetworkde缶nedovertheabstractspaceiscon－

structedinsuchawaythatthesevectorsareassignedtol0－

Callyasymptoticallystable角xed－POints・

（ii）Then，anydesiredinfbmationcanberecalledbygiving

onlyanincompletecontentoraportionofthememorized

infbrmationasaninitialstateofthenetworksothatthestate

ofthenetworkconvergestoa魚xed－POint，Whichrepresents

thedesiredinfbrmation．

4．1AssociatiVeMemolyjbr2－Dimensiona11mages

Inourexample，aCertainnumberoftwo－dimensionalim－

ages（pictures，nngerPrints，le請ers，etC・）aretakenasaset

Cこくvl，…，Vr〉ofprototypevectorstobememorizedina

neuralnetwork・More precisely，lntrOduceacompact do－

mainD⊂R2togetherwiththeHilbertspaceSt二g2（D）of

squareintegrablehmctionswherethesefunctionsrepresent

all possible two－dimensionalimages，and choose a set

Cこくvl，…，Vr〉ofprototypeVeCtOrSing2（D）・Then，COn－

struct a neural network of the fbm（9）with

a＞0，互＝bJ，＞Oand短＝OR）rり＝1，…，r・

Inpracticalsituations，minitialimagex（0）∈£2（D）isa

corruptedversionofsomeprototypevectorvkduetoanoise

and／oradefbmation．Inthisstudy，WeaSSumethatthenoise

isadditiveandthedefbrmationisdescribedbyadehrmation

qperatorT（e）：£2（D）→£2（D）dependingonaparameter

vectore∈Rm．Thus，WeaSSumethat

x（0）＝T（0）vk＋ワ　　　　　（25）

fbrsomeprototyPeVeCtOrVkWhere77∈£2（D）isanadditive

noise．Itisassumedthat e∈取mis unlmownbutthe請nc－

tionalstmctureT（・）isknownandmappingeL→T（e）issufL

nciently smooth・Furtheritis assumed that theinverse

S（e）＝T‾1（e）existsfbrallpossiblee∈Rmandthereexistsa

unlquenOminalparametervectore∈Rmsuchthat

T（6）X＝よめrallx∈臓．

ThedefbmationoperatorT（e）weconsiderisdescribed

viaanA鯖netransfbrmationofthetwo－dimensionaldomain

D⊂R2asR）llows：Letx（の∈£2（D）beanarbitraIyimage，

anddenoteLL＝由．／引T∈DCR2andp＝iplp2IT∈R2

ThenouroperatorsT（e）andS（e）aregivenby

T（0）X（の：＝［detQI2X（軸＋p）

S（e）xUL）＝IdetL2］2可QJ（LL－p）］

where
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4・2　mわStabili少AnabノSisjbrD的rmation

Inthiscase，tOimprovetheperR）manCeOfassociative

memory，thedefbmationstructureistakenintoaccount．To

makesuchanimprovement，Weintroduceamodぴedgener－

alizedeneIl抄，fLnCtionalasfbllows：

V朝＝一基〈詳

言薯帰陣詳
＋畠章＋ic〈0亘0－6〉

wherec＞Oisaconstantand

（27）

幸二S（0）当Zmd宰：＝S（0）享，i＝1，…，r．

Thenitcanbeshownthatthedualityfbreこく年・・，のis

PreSerVed，i．e．，

〈諦j辛〈当，中二奇
Correspondingto（27），amOdincationofthesystem（9）is

introducedasfbllows：

拘＝a∑車高幸

一∑∑函t），詳〈X（t），串　（28）

－a〈J（t），勅＊〉X（t）言（0巨。∈兄

Fumer，adynamicsfbrtheparametervectoreisintroduced

asfbllows：

∂（t）二一γ佐（X（t），0（t）），0（0）＝仇∈即　（29）

Whereγ＞Ois some constant．It should be noticed thatif

e∈取mcoincideswiththenominalvalueC then（27）and

（28）becometheoriginalsystem（9）andtheoriginalgener－

alizedenergy血nctional（10），reSpeCtively．

THEOREM3・Considerthecombined少StemOf（28）and（29）

Witha＞0，も二年＞Oand h，＝Ofbrり＝1，‥・，r・Then

each（vk，e）isalocallyasymptoticallystable角xed－pOintof

thiscombinedsystem．

PROOF・First，COmputetheFrechetderivativesofV（X，e）with

respecttoxande，reSPeCtively，tOObtain

航∂）ニーa王宮〉章

十王∑布引陣〉卑a車〉吉
I‥lj＝l

（30）

椋∂）‥二幸車車親

書bu〈串〈理詰＊〉（31）
十年〉圭〈尋＊〉＋C両）∴

Then notice that the right hand side of（31）evaluated

at（vk，e）vanishesandfrom（34）thatVb＊（vk，e）＝0．There－

fbre，eaCh（vk，e）isanxed－pOintofthecombinedsystem．

Furtheroneobtains

部t），0（t））＝〈航0）・車〈掬0），∂〉
二一〈賄0），姉，0）〉－γ〈軌0），夙ら∂）〉（32）

二一ii航副2－γ帖（和訓2≦O

andlence，iftheinitialstate（X（0），e（0））fbr（28）and（29）is

Su綿cientlycloseto（Yk，e）fbrsomek，then

lim（刈t），0（l））＝（vk，の，　　　（33）

Showingthat（vk，e）islocallyasymptoticallystable．ロ

V．NUMERICALExAMPLES

Oursimpleexampleusedtodemonstratetheresultsinthe

PreVioussectionsisdescribedasfbllows：First，WeChoose

r＝10two－dimensionalimagesasthesetC＝〈vl，…，Vl。）of

PrOtOtypeVeCtOrSinL2（D），includingletters，nOWerS，bird

andsomesimpleplCtureS・Then，eaCh2－dimensionalimage

Vkis dividedinto128×128　＝16，384pixels，andis ap－

PrOXimatelyrepresentedbyanorder128×128matrixwiththe

entriesequaltothevaluesofYk（LL）evaluatedatthepixels．

Theparametersofthecombinedsystemof（28）md（29）

are chosen asa＝1互＝1，C＝2，γ＝3・Theinitialstate

X（0）＝T（e）V9＋Tlgivenby（26）isconstructedfromanower

imagev9bysettingq＝all＝0．7，a22＝1withalltheother

ParameterSequaltozeroandaddingawhitenoisewithzero

meanandvariancel．Therefbre，thestructuraldefbmationin

thiscasecontainsonlyanenl狐gementinthehorizontaldi－

rectionbyl／0．7≡1．429andnootherdefdmationisintro－

duced．TheinitialvalueO（0）issetas

O（0）ニケ＝［1010　0　0IT．

Fig・lshowstheresultusing（20）orequivalently（9）with

thisinitialstatex（0），i．e．，theonewithouttakingintoaccount

thedefbmationstmcture（25）・First，nOticethat烏（t）→l

impliesx（t）→V8Wherev8isanothernowersimilartov9，and
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thattheotherf，（l）’sconvergetozeroandinparticularthe

noisetem帖）li2sharpIyreducestozero．Itisalsoseenthat

theinitial values satisfi′　あ（0）＜免（0）whichleads

to烏（t）→1，COnVergingtoanincorrectprototypeimagev8・

Ontheotherhand，Figs．2－3showtheresultsusing（28）

and（29）言．e．，thecasetakingintoaccountthedefbmation

StruCture（25）・In this case，あ（t）→lwhichimplies the

COnVergenCetOthecorrectprototypeimageV9，aSeXPeCted・

VI．CoNCLUDINGREMARKS

Thispaperstudied危omtheviewpolntOfthesystemsmd

COntrOltheorytheproblemofconstructlngadynamicalsys－

temhavingglVenVeCtOrSaSitslocallyasymptoticallystable

nxed－POints，andalsodiscussedbasicpropertiesofthere－

Sultantsystem．Fumer，theresultobtainedwas appliedto

neural networks toimplement associative memory fbr

2－dimensionalimages，andanewmethodfbrhandlingstruc－

turaldefbmation ofimages was proposed．Finally，SOme

numericalexampleswerepresentedtodemonstratetheper－

fbmance．
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Fig．1．ThcresuItsusing（20）or（9），COnVergingto

anincorrectIIrOtOtypeVeCtOrV8
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Fig．2，TheresuItsusing（28）and（29），COnVergimg

tothccorrectprototypevectoI’V9

Fig．3．Thescquenceofimagesconvergingto

thecorrectimagev9


