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Sampling Brownian house-moving
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Abstract

We numerically generate a stochastic process called “Brownian house-moving,” which is a
Brownian bridge that stays between its starting point and its terminal point. To construct this
process, statements are prepared on the weak convergence of conditioned Brownian bridges.
We also study the sample path properties of Brownian house-moving and the decomposition
formula for its distribution. Using this decomposition formula and a Monte Carlo sampling
technique for a BES(3)-bridge, we are able to numerically generate Brownian house-moving
at discrete times.
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1. Introduction

Recently, [1] developed a chain rule for Wiener path
integrals between two curves that arise in the computa-
tion of first-order Greeks for barrier options, and demon-
strated the effectiveness of this chain rule through nu-
merical examples. In this chain rule, a BES(3)-bridge
and a Brownian meander played an important role. We
are currently investigating higher-order chain rules for
computing higher-order Greeks of barrier options, and
we expect a stochastic process called “Brownian house-
moving” to play an important role in their computation.

This paper is organized as follows. Sections 2 and 3
review the results of [2]. In Section 2, we construct the
Brownian house-moving as the one-dimensional Brown-
ian bridge conditioned to stay between its starting point
and its terminal point. In section 3, we extend the no-
tion of the Brownian house-moving and construct the
Brownian house-moving between two curves. After ap-
plying the results in this section, we obtain the decom-
position formula for the distribution of the Brownian
house-moving. Using this decomposition formula, we nu-
merically generate Brownian house-moving in Section 4.
Section 5 presents our conclusions.

2. Notations and main results
Let C([0,1],R) be a class of R-valued continuous func-
tions defined on [0,1], and let

doo(w,w") = JSup lw(t) —w'(t)] (w,w" € C([0,1],R)).

B(C(]0,1],R)) denotes the Borel o-algebra with respect
to the topology generated by the metric d. For 0 <
t1 <ty <1land f,g € C([0,1],R), we define

Kty 0,)(f,9) = {w = {w(t) }seft, 1) € C([t1, 2], R) |
ft) Sw(t) < g(t), t1 <t <ta},

K[;htz](g) = U K[tl,tz](_nag)-
n=1

Assume that
Y (Q,F,P)— (C([0,1],R), B(C([0, 1], R)))

is a random variable and A € B(C(]0,1],R)) satisfies
P(Y € A) > 0. Then, we define the probability measure
PY—l(A) on (Yﬁl(A),Yil(A) NJF) by
P(A)
Pyoip(A) i = ——————
Y (A)( ) P(Y c A)a

(AeYy ' M)NF={Y '(A)NF|FeF}).
Throughout this paper, Py-15)(Y[a € T') is often writ-

ten as P(Y|p €T).
For r > 0 and ¢ < d, we define

1 2 d
\/ﬁexp (27“)’ N,(c,d) ::/C n,(z)dx.

If {X,}5°, converges to X in distribution, then we

denote X, B X. Additionally, we write X 2V for
random variables X, Y that obey the same distribution.

We construct a stochastic process called “Brownian
house-moving” H°7? (b > 0) as the weak limit of con-
ditioned Brownian bridges.

Theorem 1 Let b > 0, B°7" = {B"7%(t)},c(0,1) be
the one-dimensional Brownian bridge from 0 to b on
[0,1]. There exists an R-valued continuous Markov pro-
cess HO7P = {HO7(t)}yeo,1) that satisfies

el 0. (1)

Moreover, for 0 < s <t <1 and z,y € (0,b), the law
for HO=Y s given by

ne(x) :=

0—b D 0—b
B |K[071](—E7b+5) — H 5

T, y) IV (1 t,y)
J® (b)

P (H'b(t) € dy) = dy, (2)
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Densities of HO72(¢) (b = 1.5) for t = 0.01, 0.02, ...,

P(H"7t) e dy | H7(s) = 2)
_ Jéb)(l —t,y) Jéb)(s,x,t,y)d
JQ(b)(l —5,)

where
) > 2(z + 2kn)
- BTN o (+ 2kn),
A2 = 3 e 2k
J(ﬁ)( 2) = J(")(r n—2),
J§7 (5,2, 1,y)
= Y (u—s(y — @+ 2kn) —ny_(y + = + 2kn)),
k=—oc0
(n) 9 1(m) () o g0
Jy " (r, 2) == an —J;"(r,2), JW(z):=J,"(1,2).

Moreover, the sample path properties of the Brown-
ian house-moving H°7? are studied. It is shown that
the Brownian house-moving does not hit b on the time
interval [0,1).

Proposition 2 Let b > 0. For ty € (0,1), 4t holds that

P< max H°7’(u) < b> =
0<u<to

The regularity of the sample path of the Brownian
house-moving is also established.

Proposition 3 For every v € (0,3), the path of HO=?
(b > 0) on [0,1] is locally Hélder- contmuous with expo-
nent y:

o0 HO—)b t _HO—>b s
P U sup ‘ ® 5 ( )| < o0 =1
2| tseio |t — s
0<|t—s|< L

3. Construction of Brownian house-
moving between two curves

With regards to Theorem 1, the Brownian house-
moving can be considered as a one-dimensional Brow-
nian bridge conditioned to stay between two constant
levels. In this section, we use this viewpoint to extend
the notion of Brownian house-moving to construct the
one-dimensional Brownian bridge conditioned to stay
between two curves.

Let 0 < t; <ty < 1. Throughout this section, we use
the following notation.

Fora,b € R,c>0,andd > 0, W, 1., VV[t1 ta] Bﬁ:*tbz],

¢=d  denote a Brownian motion, a Brownian mean-

[t1,t2]
der, a Brownian bridge from «a to b, and a BES(3)-bridge
from ¢ to d defined on [t1,t2], respectively.

Let g~ and g™ be C%-functions on [0, 1] satisfying

Ogigl(f(t) —g~(t)) > 0.

and r

According to the values ¢~ (t1) < a < g7 (t;) and
ab(97,9")
[t1,t2]

on [t1, 2] is defined as follows (see also Lemma 4 below):

g~ (t2) < b < g™ (ta), the continuous process X,

e In the case a = g~ (t1),b < g™ (t2), the weak limit
a—b
of B Ky iy (9= —e.gt) 38 €40,

e In the case a > g~ (t1),b = g (t2), the weak limit
b
of B oKy iy gt +e) 33 €40,

For a continuous process X on [t1, t3] and an R-valued
C?-function g on [t1,ts], we define

24, (%) = exp (g’<t2>x<t2> )X (t)

to 1 to
— X (u)g” (u)du — 3 / g’(u)Qdu)
t1 t1

Therefore, if X is W[;, 4,1, then it follows from Ito’s for-
mula that

[tl to] (W[thtz])

t2 / 1 2 2
= exp {/ g (u)dW[tl’tz](u) - 5/ g (u) du} .
t1 t1

For convenience later, we define

it (X) 3= 2 1 (X + 9):

+—
For f € C([t1,t2],R), f denotes the function

)= flt+ta—t) (b <t<t)

Let to € (t1,t2). For wy € C([t1,t0],R) and we €
C([to,t2],R) that satisty wi(to) = wa(to), we define
w1 @to Wy € C([tl,tz],R) by

w1 (t)
wo (t)

(tr <t < to),
(to <t < t).

(w1 B, w2)(t) == {

Lemma 4 X7 O

[t1,t2]
giwven as follows. For a bounded continuous function F

on C([tl,tﬂ . R),
(1) Ifa=g~(t1), b < g*(t2), then
E[P(Xj"

-+
[t1,t2] ? ))} (4)

=F [F (ro_ﬂ’_gi (t2)

exists and its distribution is

[t1,t2] |K[t1 (gt —97) + 97>

_ _ —1
—a( 0—=b—g~ (t2)
x Z[tl ta] ( [t17t2] ’ |Kt1 t2](9+*g_)) :|

-1
g~ —a [ 0—b—g~ (t2) -1
(E {Z[tl G |K[;11t2](g+—g*>) D :
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(2) If a > g (t1), b= g (t2), then

b,(g7,97)
B[P(xghs ) 5)
«0—gT (t1)—a
o LA P,
tl t2

b—g [ 0—=gt(t1)—a -
XZ[tl t2] (T[tl,m] 1 |K[;1Yt2](g -9 )) }

—1

b—g [ 0—gt(t1)—a 1
- (E |:Z[tl’t2] ( [tl’tz] |K[:1,t2](§+_(§_)) :|) .
For 0 <10<t1<t2<1y€g()’g+(t))

<t t
gl € (g7 (t1),97(t1)), and y2 € (97 (t2), g™ (t2)), we de-

Mty) =B 2, o™ )

O—y—g~ () _

g | EKgylat —g )]

< POWE (1) € dy — g (1) /dy
and

h(ti,y1,t2,y2)

. -t 0—gT (t2)—ya\—1 .
.:E[Z[t%i’] (r[tQj] SR I
0—gt (t2)— <t =
T R A O )}

x P (Wi, (1) € db—yo — (b= g*(12))) /dys
X P (y1 + Wiy 1) € Kty 0
Y1+ Wity 101 (2) € dy2) -

We establish the existence of the weak limit of
B%ﬁf’|;{[0,1](97,5’g++5) as ¢ tends to 0, where g—, g* sat-
isfy g~ (0) =0 and g+ (1) = .

Theorem 5 Assume that g—,g" satisfy g~ (0) = 0 and
g7 (1) = b. There exists an R-valued continuous Markov
process H = {H (t)}4c(0,1) that satisfies

9,9"),

E[F(H)]:lsing[ (Bio 17| K01 (g =gt +2)))] (6)
g% (to)
_ 0,y,(97,9™) by(
=[] BP0 X
g 0

x P (H(to) € dy), (7)
for every bounded continuous functzon F on C([0,1],R)
0.y.(97.97) y.b.(97,9")

and 0 < tg < 1, where the X[ to] and X

[t0.1]
that appear in (7) are chosen to be independent. More-

over, for 0 < t; <ty < 1, y1 € (97 (t1),97(t1)) and
yo € (97 (t2),97 (t2)), the law for H is given by

P(H(tl) S dy1)

h t17y1 fg (t
fg+(t2 fg+(t1 t17 Zl)h(tla 21, t2) ZQ)dzl dZQ

g (t2) Jg=(t1)
P (H(t1) € dy1, H(t2) € dyz)
h(t1, y1)h(ty, y1,t2,y2)

fg+(tt22)) fg+(t1) h tl, Zl)h(tl, Zl,tg, ZQ)le dZQ

<t17 Y1, t27 Z?)dZQ

dyi,

dyl dyg

Applying Theorem 5 (7), we obtain the next proposi-

tion.

Proposition 6 The stochastic process H defined in
Theorem 5 satisfies

P(g~(t) < H(t) <g*(t) fort € (0,1)) = 1.

Applying Theorem 5 (7) for g~ = 0 and gt = b, we
obtain the next decomposition formula for the distribu-
tion of HO7P,

Corollary 7 It holds for every bounded continuous
function F on C([0,1],R) that

E [F(HOHb)]

b
(_0—>b Yy
:./0 BF (rig iy 00 (0= T iy, )]
x P (H"7"(t) € dy), 0<ty<l,

«—0—b—y

0—y
where T[O,to]‘K[B ®) and T, 1) |K[;o.11(b) are chosen to

be independent.

Remark 8 Let A be a closed subset of C([0,1],R) and
1
¢(t) =1 / 1(_00’15] (u)du, teR.
0
Then we have
Fu(w) = d(ndse (w, 4)) 4 La(w), 1 oo.

Therefore, the dominated convergence theorem and
Dynkin’s -\ theorem imply that Corollary 7 holds true
for F = 1p, where B € B(C([0,1],R)) is a measurable
subset of C([0,1],R).

Remark 8 implies the following lemma.

Lemma 9 For0<z <z <bandty < (0,1), we have

x) =0,

P < max H7(u) <z, H'7(t) < z)

w€[0,t0]
_ / I (to, )77 (1
0 J®)(b)

Remark 10 Let tg € (0,1). Lemma 9 implies that

b) =0,

P( max H7P(u) < b)
w€[0,t0]

P ( max H°7%(u) =
u€|0,to]

- t07y) dy

P( max H°7’(u) =
u€|0,to)

=P ( max HO7°(u) < b, HO7b(ty) < b>
w€[0,to]

= / bP(H‘Hb(to) € dy)
0
=1.

Therefore, P (maxue[o’to} H7b(u) < b) = 1 holds and
Proposition 2 is obtained. Propositions 6 and 2 imply
that the Brownian house-moving H°7 does not hit b on
the time interval [0,1).
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Fig. 2. Density of HO7(0.5) (b = 1.5).

4. Numerical methods

A possible numerical strategy consists of directly sam-
pling Brownian house-moving paths with discrete time
steps. This strategy is demanding, since the CDFs for
HO97? and its inverse are not known analytically. Hence,
such simulations were restricted to a small number of
discrete time steps. Using Corollary 7 for to = 0.5, we
were able to generate H°7? with long discrete steps,
since the inverse CDF of H%~%(0.5) can be obtained be-
forehand and the CDF of the BES(3)-bridge is known
analytically.

First, we can generate a random number y € (0,b)
from the inverse CDF for the distribution of H%~*(0.5).

Next, combining the scaling identity
0—y D 00—y [ - ~ Y
Too) () = Vo X7 ] <to> (y = \/g)

and samples of the BES(3)-bridge r?oj}g(') on [0,1],

we are able to obtain samples of the BES(3)-bridge
r?o_t)y (+) on [0, tp] and conditioned samples of the BES(3)-

ol
bridge TFO??]' Ky o))" Similarly, conditioned samples of
> 0,tg
0—b—
the BES(3)-bridge ?[tZI] y\K[_ (») can be obtained.
tg,

1]

Here, the CDFs for the BES(3)-bridge 7077 := r?o_;]g

can be obtained analytically as follows:

— N <_y,z_ y) + Nas (y+y>
n? n n n?2 n n

-1 N
+n,\ (nn—l<z+y>—nn—1<2—y>>7
ny n2 n n2 n

n’ n

where

Per:c2 (Z)

71,72
= Ny 4y (Cl - 62)
( C1T2 + Car1

X N _riro

r1+7rg

1+ 1o

Cc1T2 + CaT1
z— .
T1 —+ T2

0.000 0.500 1.000

Fig. 3. Five sample paths for {HOHb(t)}te[oyl], and the graph of
(B Ol }cio,n (b= 1.5).

Thus, using this analytical representation and the binary
search method, sample paths for r°~¥ can be generated.

In Fig. 3, five sample paths for {HO_’b(t)}te[OJ], and
the graph of {E[H"(t)]},c[0,1), are shown for b = 1.5
and 100 discrete time steps.

5. Conclusion and discussions

We introduced a stochastic process called Brownian
house-moving to compute higher-order Greeks of barrier
options. We also introduced the decomposition formula
for the distribution of Brownian house-moving. Using
this decomposition formula, we were able to generate
Brownian house-moving with discrete time steps.
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