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On the Weak Convergence of
Conditioned Bessel Bridges

By Kensuke IsHITANI, Tokufuku RIN and Shun YANASHIMA

Abstract. The purpose of this paper is to introduce the con-
struction of a stochastic process called “6-dimensional Bessel house-
moving” and its properties. We study the weak convergence of 6-
dimensional Bessel bridges conditioned from above, and we refer to
this limit as é-dimensional Bessel house-moving. Applying this weak
convergence result, we give the decomposition formula for its distri-
bution and the Radon-Nikodym density for the distribution of the
Bessel house-moving with respect to the one of the Bessel process. We
also prove that §-dimensional Bessel house-moving is a d-dimensional
Bessel process hitting a fixed point for the first time at ¢t = 1.

1. Introduction and Main Results

The purpose of this paper is to introduce the construction of a stochastic
process called “6-dimensional Bessel house-moving” and its properties.

Recently, [2] developed a chain rule for Wiener path integrals between
two curves that arise in the computation of first-order Greeks of barrier op-
tions, demonstrating its effectiveness with some numerical examples. In this
chain rule, a 3-dimensional Bessel bridge and a Brownian meander played
an important role. We believe higher-order chain rules might be useful in
computing higher-order Greeks of barrier options, in which the stochastic
process “Brownian house-moving” is expected to play an important role.

The Brownian house-moving is a Brownian bridge that stays between
its starting point and its terminal point. In [1], it has been proven that
the Brownian house-moving can also be obtained by the weak convergence
of 3-dimensional Bessel bridges conditioned from above. In [3], a Monte
Carlo sampling technique for Brownian house-moving is studied. Although
the existence of the Brownian house-moving was well-known in [7, 12], the
weak convergence result for conditioned 3-dimensional Bessel bridges had
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yet to be researched, and this result is necessary for computing higher-order
Greeks of barrier options under the Black-Scholes market model.

Furthermore, to compute higher-order Greeks of barrier options un-
der the general market model, we need more general results for the weak
convergence of conditioned diffusion bridges. As a preparatory step to-
ward this goal, in this paper we focus on the weak convergence of condi-
tioned 6-dimensional Bessel bridges. We study the weak convergence of
6-dimensional Bessel bridges conditioned from above for all 6 > 0 (Theo-
rem 1), and we refer to this limit as “6-dimensional Bessel house-moving”.

Since the Brownian house-moving corresponds to the 3-dimensional
Bessel house-moving, our results expand on those in [1]. In [1], to prove their
result, they use a relation between the one-dimensional Brownian bridge
and the 3-dimensional Bessel bridge. However, we are not able to apply
the same approach as [1] for 6 > 0 because a d-dimensional Bessel process
is abstractly defined as a solution of a stochastic differential equation. For
this reason, we prove our result with different approaches, such as by using
estimations related to the Fourier-Bessel expansion ([6], [10]).

We also prove that a §-dimensional Bessel house-moving is a d-dimen-
sional Bessel process hitting a fixed point for the first time at ¢ = 1 (Proposi-
tion 1.2). As mentioned above, the first hitting process for one-dimensional
diffusion processes already appeared in [7, 12]. However, since we also con-
struct the Bessel house-moving as the weak limit of conditioned Bessel
bridges, we can obtain new results on the sample path properties of the
Bessel house-moving. For example, applying our weak convergence result,
we can obtain the decomposition formula for its distribution (Theorem 2)
and the Radon-Nikodym density for the distribution of the Bessel house-
moving with respect to one of the Bessel processes (Theorem 3).

1.1. Notations
We start by introducing notations needed for stating our results.
Throughout this paper, we fix § > 0 and set v := §/2 — 1.

For 0 < a < b, let R* = {R%(t)}+>0 be a é-dimensional Bessel process
(BES(6) process for short) starting from a. In addition, for 0 <t; <ty <1,

rﬁ‘:tbﬂ = {rﬁ:tbﬂ (t)}teft1,t) denotes a o-dimensional Bessel bridge (BES(9)

bridge for short) from a to b on [ty,ts]. We write simply 72~ := r&=b

[01]"
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For a continuous process X on [t1, t2], we denote its maximal value as

M[tl’t2]<X> - m?ggtg X(u)
In the case that [t1,t2] = [0,t], we write M(X) := M)y ,(X). Moreover, in
the case that [t1, 2] = [0, 1], we write simply M (X) := My 1)(X).
Forn>0,0<s<t<1,and z,y € [0,n], we define

P (R*(t — s) € dy)
dy
0 c
o (t,y) : —hma— ¢\"9(0,,t,m)
_P(RY(t) € dn) 0

d77 16l0 agP (M[Oﬂ( [0 t] ) < 77+€> .

"

5,2, t,y) = P (M[s,t] (rsq’) < 77) ,

Let C([t1,t2],R) be a class of R-valued continuous functions defined on
[t1,t2] and set

K[;,tg}(c) = {’LU € C([tl,tQ],R) ‘ ’U)(t) <c t1 £t < tg}

for ¢ € R. In the case that [t1,t3] = [0,1], we write simply K~ (c) :=
K, 1]( c). Let

doo(w,w') = [0 = w'llo(ty 42 R)
= sup ‘w(t) - w/(t)‘ (w,w" € C([t1,t2], R)).
t1<t<t2

B(C([t1,t2],R)) denotes the Borel o-algebra with respect to the topology
generated by the metric dw. In addition, for 0 < s < ¢ < 1, 7y :
C([0,1],R) — C([s, t],R) denotes the restriction map.

Assume that Y : (2, F, P) — (C([0,1],R), B(C(]0,1],R))) is a random
variable and that A € B(C([0,1],R)) satisfies P(Y € A) > 0. Then, we
define the probability measure Py 15 on (Y '(A),Y1(A) N F) as

P(A)

PV €AY AeY ' A)NF={Y Y A)NF|FeF}.

nyl(A) (A) =

Throughout this paper Py—10)(Y]a €T) is often written as P(Y[y € T).

In addition, X, 2 X means that {X,,}5° | converges to X in distribu-
tion.
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1.2. Main results

First, we construct a stochastic process called “6-dimensional Bessel
house-moving” (BES(6) house-moving for short) H%~? as the weak limit of
BES(6) bridges conditioned from above.

THEOREM 1. Let 0 < a < b. There exists an R-valued continuous
Markov process H*~b = {H*b(t )}eejo,1) that satisfies

— D —
Tabm=wM)—+Hab, nlo0.
Moreover, for 0 < s <t <1 and x,y € (0,b), the law of H*™ is given by

a”(0,a,t,1)¢” (1 = t,y)
¢ (1, a)

P <H a=b(f) e dy) = dy,
(b) &)1
P <Ha—>b(t) c dy ‘ Ha—»b(s) _ .’L‘) _ q1 (Sax(7b§7y)Q2 (1 t>y) dy
g (1 —s,x)

Applying Theorem 1, we can prove the decomposition formula for the
distribution of the BES($) house-moving (Theorem 2). Let ¢ € (¢1,t2). For
wy € C([t1,t],R) and we € C([t, t2], R) that satisfy wy(t) = wa(t), we define
w1 B wo € C([tl,tg],R) by

wi(s), s € [t1,t],
wg(s), S € [t,tg].

(w1 B wa)(s) = {

THEOREM 2. Let 0 < a < b. For every bounded continuous function
F on C([0,1],R), it holds that

b
E {F(Ha_)b)} :/0 E [F( [0,¢] ‘K (b) Hﬁﬁb)] P (Ha_)b(t) € dy),
0<t<l,

where r[o 1 |K0 4 ®) and HY" are chosen to be independent.

[t, 1]

As an application of Theorem 2, we show that the BES(6) house-moving
does not hit b on the time interval [0, 1).
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ProproOSITION 1.1. Let0<a<b. For0<t<1, it holds that

P <max H*7b(u) < b) =1.

0<u<t

By using Theorem 1, we can also prove that the distribution of the
BES(6) house-moving is absolutely continuous with respect to the BES(6)
process.

Let PX denote the measure induced by a continuous process X =
{X () }efo,1)- In addition, for 0 <t < 1, we define

PX:=Po (o, © X))t

THEOREM 3. Let0<a<bandte (0,1). Then, we have

oV (1 -t w(t))
qéb)(lva)

d PtHa —b
dPF*

(w) = - 1K[6,¢](b)(w)’ w € C([0,t],R).

Let 74 denote the first hitting time of the point b by R“:

Tap = inf{r > 0| R*(r) = b}.

PROPOSITION 1.2. Let 0 < a <b. The BES(6) house-moving Ho—b =
{H“_’b(t)}te[m] satisfies

P(HM(t) € dy) = P (R'(t) € dy | 7ap=1),

P <H“_’b(t) € dy | HY(s) = 3:) = P(RY(t) € dy | R(s) = @, 7ap = 1)
for0<s<t<1andux,ye(0,D).

Finally, we study the sample path properties of BES(¢) house-moving
H®Y and establish the regularity of its sample path.
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PROPOSITION 1.3.  For every v € (0,3), the path of H*~° (0 < a < b)
on [0,1] is locally Hélder-continuous with exponent ~y:

> Ho=b(t) — Ho7b(s
P U sup | ) 5 ( )‘ < 00 =1.
21| tseon |t — s
0<[t—s|<L

The remainder of this paper is structured as follows. In Section 2, we
introduce some basic facts related to Bessel processes and Bessel bridges,
and we prove the results for the distribution of the maximal value of the
Bessel bridge. Section 2 is also devoted to proving some inequalities that
are used in this paper. In Section 3, we prove Theorem 1, which gives the
construction of the Bessel house-moving as the weak limit of conditioned
BES(6) bridges. In Section 4, we prove the decomposition formula for the
distribution of the Bessel house-moving (Theorem 2) and use this formula to
prove some results, including Proposition 1.1. Section 5 is devoted to prov-
ing the absolute continuity of the distribution of the BES(6) house-moving
with respect to the BES(6) process (Theorem 3). In Section 6, we prove
Proposition 1.2 by using the first hitting time of the Bessel process, thus
giving us the characterization of the Bessel house-moving. We show sample
path properties of the Bessel house-moving in Section 7 and Section 8. Sec-
tion 7 is devoted to proving the regularity of the sample path of the BES(6)
house-moving (Proposition 1.3). In Section 8, we show that the BES(3)
house-moving has the space-time reversal property, and we demonstrate
numerical examples for H9~.

2. Preliminaries

2.1. Bessel process and Bessel bridge

The BES(6) process is a one-dimensional diffusion generated by Ls :=
%j—; + 62_—11%. Note that the point 0 is an entrance boundary for § > 2
(v > 0) and a regular boundary for 0 < 6 < 2 (—1 < v < 0). In the case
that 0 < § < 2, we impose the reflecting boundary condition at 0.

In addition, for 0 < a < b, the BES($) bridge from a to b on [0,1] is
defined by conditioning the BES($) process from a, R* = {R*(t)}+>0, on

R%(1) = b.
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For t > 0 and z,y € (0,00), we set

ny(x) = \/;_Wtexp <—§—i) , Agy)(w,y) = ny(z)ne(y) 1, (%) .

Let a,b > 0. For 0 < s <t and x,y > 0, we have the transition densities
of R” ([9, Chapter XI]):

P(R(t) € dy) = 2my (£)" A (a,y)dy,

P(R(t) € dy | R'(s) = o) = 2my (£)" Al (2, p)dy.

; —s
For 0 < s <t <1 and z,y > 0, we have the transition densities of the
BES(6) bridge r*~? on [0, 1] ([9, Chapter XI]):
R(t) € dy) P (RY(1 —t) € db)
P (R%(1) € db)
_ 2my A (0. ) AT, (y,b)
AP (a,b)

(1) P (rt) € dy) = © (

dy,

(2)

P (r‘ﬁb(t) € dy | r*(s) = a:) _ P(R*(t—s) €dy) P(RY(1 —t) € db)

P (R*(1—s) € db)
_2my A (@, ) AL (. ) ay
AP, D)

In the next lemma, we express the joint densities of the Bessel bridge
and the maximal value of the Bessel process by the maximal values of the
Bessel bridge.

LEMMA 2.1. Letec >0 and 0 < a,b<c. For0<s<t<1and
0<x,y <c, we have

p (r“_’b(t) € dy, M(r*=?) < c)

() =P (Mog(ris;") <) P (M) <) P (") € dy).
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P (r“_’b(t) e dy,r"(s) € dx, M(r*b) < c)
(4) =P (M) < e) P (Mg ") < ¢) P (M) < )
x P (ra_’b(t) € dy,r(s) € dm) .

ProOOF. First, we prove (3). By the Markov property of R*, we have

P (r‘Hb(t) e dy, M(r*=?) < c)
P (R*(t) € dy, M(R*) < ¢, R*(1) € db)
- P (Re(1) € db)
o _ PRY1—t) €db Mi_y(RY) < o) x P(R(t) € dy, My(R") < o)
6) = P (R*(1) € db) ‘

Therefore, because
P(RY(1— 1) € db, M;_,(RY) < )
= P (M) < ) P(RY(1~ 1) € db),
P (R°() € dy, My(R") < ¢) = P (M (r{y ) < ¢) P (R*(t) € dy).

it follows from (1) and (5) that

P (r“_’b(t) e dy, M(r*=?) < c)

—P(M[Ot}([ })S >

P (R%(t) € dy) P (R¥(1 — t) € db)
XP<MV n(rf ) <e ) (]y%a(l) € db)

=P (M[O,t} (rog) < C) (M[t () ") < C) P (r“_’b(t) € dy> ,

which completes the proof. In a similar manner to the proof of (3), we can
obtain (4). O

2.2. Distribution of the maximal value of the Bessel bridge
In this subsection, we prove the results for the distribution of the max-
imal value of the Bessel bridge used in this paper.
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LEMMA 2.2. Let X > 0. There exist some 6’1, > 0 and N, € N such
that

nm
— < ju,n < 2n7r, 5 /N S Wﬁ?
2 Jy+1<]y,n)
1
v X .Vn v X.Vn ~ (1 X 2
o (Ko | Jens i) | g e Xmb
Jl/—|—1(]l/,n) Jl/—l—l(]u,n) X

PROOF. According to (60), we can find a natural number N, > 2 that
satisfies

1

— | <7mvn (n>N,).
<]1/+1(]1/7n) f ( )

nm .
7 < Jvn < 27’1/7'[',

In addition, by (58), for n > N, the following inequalities hold:

, (Xj, Xjvn)”
o Kien)| < ¢, Kiua)”
Ju+1(Jvn) (1+ ij,n)y+§
5 1/2
<o, X < grniiag, (LE XN
(1+457)""
T K| g, Ko o
Ju—i—l(.jl/,n) B (1 + Xju,n)y+%
92X v+1 1 X 1/2
< C’V+1(n—7r)§77\/ﬁ < 22y+5/201/+1@. OJ

(1+ %=y X

THEOREM 4 ([8] (20)). Let0<zx,y <c, andt >0, and let p(t;z,y) be
the symmetric transition density of a reqular one-dimensional diffusion on

[0,00) R = {R(t)}+>0 relative to its speed measure. In addition, let r[a(:)_t]y =
{r[gf;ﬂy(s)}se[o’t] denote an R-bridge of length t from x to y. Moreover, let
4,0; and cpi denote the increasing and decreasing solutions of Au = Au for A

the infinitesimal generator of R, normalized so that

(6) / etz y)dt = oL @)k (y), 0<z <y, A>0.
0



296 Kensuke ISHITANI, Tokufuku RIN and Shun YANASHIMA

Then, we have

o f”P@%Mﬁﬁﬁ>Qmu%Wﬁ=4@wﬁ@?&;
A

REMARK 2.1. In the case of the BES(6) process, gpl\ and cpi in Theo-
rem 4 are given as follows ([8, (23)]):

(8) gpl(x) =1, (\/ﬁ:r) x Y, cpf\(x) =K, (\/ﬁm) ™, x>0, A>0.

THEOREM 5. Letc>0 and0<s<t. Forz,y € (0,c), we have
P (M[&t](?ﬂi,—t]y) < C>

_ ! i Ju (fvnfe) Jo (Winn/) exp <_j37’n(t - s)> .

- TrAi(Ei)s (I’ y) n=1 C2 J3+1 (jl/,n)

In addition, for y € [0,c), we have

P (M () < )

= P (M) <)

2t — l/-l—l e’} .Vn v Jy .Vn gn
— (t—s)""2 Z <] ) > =Ty (Qyj ’,/C) exp —]—’Q(t—s) )
V2mneo(y) S\ ey ) I Uvn) 2c

ProoOF. The Laplace transform for a function f is denoted by L(f):

L)) = /Oo e f(s)ds A >0,

0
For 0 <z <y<c, by (6), (7), and (8), we have

L (P (M[o,-} (riop") < c) p(s w,y)) (N

=L ((1- P (Mo, 0y ") > €) ) p(s2,9)) (V)
= L(p(s2.9) () = L (P (M (05 ) > €) pC:2.9)) )
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Lz
~ @) - elwel A
px(c)
B _y K, (V2 y)1,(V2Xc) — I,(V2\y) K, (V2Xc)
= (zy) "1, (V2A\x) 1 (Vore) , A>0.
Here, note that
1(XC)
(9) L) (L (C)K,(YC) = L(YC)K,(C))

i Ty (X ) o (Y un)
1 I Gun)(C?2 4 52,)
holds for 0 < X <Y < 1 and C > 0 ([8, (161)]). Since we apply this
equality for C' = v2X¢, X =z /c, and Y = y/¢, it follows that
L (P (M[0,~} (o) < c) p(-;w,y)> (N
_ = Ju (1']1/ n/c) Ju (y]l/ n/C)
— 2 14 ) 2
) G A + 72,

n=1

0 . .

_ Ju (xjvn/c) Ju (yjl/n/c)

= (xy) v . . ’
2 AT G

o] j2
X/D exp(— <)\+20’2>r> dr

00 0o .y (l‘]yn/C) Ju (ijn/c)
§ : Ar v ) s
= e xy .
/0 (zy) 62J3+1(j,,7n)

n=1

2
Jvn
(10) X exp (— 5.2 r) dr, A>0.

For n, we set

. . )
£ o Tl ) Ty iunf) (_ (A . 32_2> ) Cso

02J3+1(ju,n)

Then, by Lemma 2.2 and (60), there exist some C, > 0 and N, € N such
that

zm ym
[falr)] < C2 Vo ;;(H o ((ZQZT>
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~.1 2
SCE%exp <—(7;:2) r), n > Ny,.

Therefore, we can see that
1 8¢
> [(hewzatt v 2o
n=N,+1 Y n=N,+1 (TLT(—)

holds and we can integrate term by term in (10). Hence, it follows that
L (P (M[o,w (rp,)) < ) p(sa )) ()
o J v,n v,n 3 n
s Z (/) Jo (yiun/©) (—‘7—’2 ) "
0 2c

c Jy+1(]l/ n)

- L < xy I/Z Jy( ]Vn/C (y]un/c) exp( ];g()>> ()\) ()\>0)

n—1 u+1(]l/,n)

By the inverse Laplace transform of this identity, we obtain the following
expression:

P (M[O,t] (roq) < C)
@y i Ty @jon/) Ty Wivan /) (_J‘B_,nt>

n(ay) A (2,y) i P lin) 202
_ 1 io: Jy (xjun/c) Iy (Yjun/c) exp _jZ_mt .
WAS/) (55, y) n=1 02‘]1/+1(]V,n) 2c2

Because the right-hand side of (9) is symmetric for X and Y, we can see
that this result holds for 0 <y <z < c.
Finally, for 0 <y < ¢, we can calculate the following;:

P <M 04(Tos) < C)

2tll+l o0 .V v J .V 3
_ iy <J_n> 2 Wivnl©) o (3 ). o
V21 (y) o1 \ Y c Ju+1(.71/,n) 2c
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PROPOSITION 2.1. Letn >0 and 0 < s <t. Forxz,y € (0,n), we have

D p (o <)

an
1 > 1 2.
= ——exp |~ (t—s)
ﬂ—Agl:)s(xa y) n=1 JBJrl(jlﬁn) < 2772 )
242 ]l,n
x { < ,’7 + ,r]—(t - 8)) J (mjun/n) (yjl/n/n)

Tivn
+ 7] Jl/+1 (le/ n/n) (yju n/n)

yju,n
+ 774 JV+1 (y]zz n/n) ('Tju n/n)}

83 (M[s g (r [O;t]y) < 7))

_w N —”Mie Jun -
= Vo) 2 Juﬂmn) n3 Xp( 2 >)

x{(t— - jun ) (Ydv,n/n)

Ju+1 yjl/ n/1) }

iy

v,n

PrROOF. Let n > 0 and let 0 < z,y < n be fixed. For n, we set

yju,n
+ 7’] Jy—|—1 (yjun/n) (l']l/n/n)}
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By Lemma 2.2, there exist some éy > 0 and N, € N such that

| fu(n, 2, 9)]

< exp <—mn2>

8n?2

(21/4— 2 4 (2n7r)2(t B s)) 7725'2 ((1 + %)(1 n %))1/2

v xy

z(2n) G (1+%)1/2. N (14_%)1/2

+——F—nCy nCy,
n Yy
1/ 1/2
)" (4)
92 _ _
+y( T)UCV< Tl) -nCy !
n
T (t =) 4
<exp<_ 8n? n)
w+2  (2n7)? 2 C2(1
x{ v +(n;r) (t—s)+ 7T<$2+y)n} w{ —HT), n > N,.
n n n zy

Therefore, we can differentiate term by term the first identity of Theorem 5
in some neighborhood of n. Similarly, for n, we set

. v+2 2
fa(ny) = U/~ 1 exp (—]”’” (t - 8))

Jy2+1(jv,n) n? 2n?

x {(t - w> To (o) +

v,n v,n

Lot i)}

By Lemma 2.2, there exist some 61, > 0 and N, € N such that
(1 -
VILA D) & oyt

ynv+1v/2

2 1 2 2(t —
wAp gy S 2y (=) 0
(nm)? nm 8n?

|fn(n,y)] <

Therefore, we can differentiate term by term the second identity of Theo-
rem 5 in some neighborhood of n. O



Weak Convergence of Conditioned Bessel Bridges 301

According to Proposition 2.1 and Lebesgue’s dominated convergence
theorem, we can obtain the next corollary.

COROLLARY 1. Letb>0. For0<s <t andy € (0,b), we have

lim — 0 <M[s,t]( Tls ] ') < 77)

nlb On

1 N~ dvndy Wivn /D) iz,

= ) .7 eXp _Jyn t o S 7
A (y,0) = VP T Gon) TR

: 9 0—b
— <
%?anp (M( Tls,t }) 77)

t—s

+1 oo .
\/27T7”Lt s ) bzy+3‘] v+1 ]l/n) 2b2 ’

2.3. Some inequalities
We prepare the following inequalities:

LEMMA 2.3. Let0<a<bandn € (0,1]. There exists some Cup >0
such that

Cy,
(11) q§b+"><s,x,t,y>sfby+lnt sy —2),

t

0<s<t<l, z,y€[0,b+n),

(b+) < G 2n(b +n) B
(12) q  (r,z1,b) < A=y (1 A T ni—r(z —b),

0<r<l1, z€ (0,b+n).

PrOOF. First, we prove inequality (11). By (59), there exists some
C, > 0 such that

xy \ 7 xy Cy Ty
L, < - exp .
t—s t—s (14 2L+ t—s
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Thus, by this inequality, it follows that

Q§b+n)(sax7t7y)
P(R*(t — s) € dy)
< dy
v C Ty
<9 1+v Y . s v
<o () et e ()
azz,b
< mnt—s(y - x)v

where C’,,b = 27C,(b+ 1)1 /14 (b+1)2. Next, we prove inequality
(12). According to [6], there exists some C), > 0 such that

_ > Ju(jun$)<]z/(ju ny> )
2(xy) ™" E S exp (—J, .t
=~ (L)t (I-2)1-y)\ 1 (z—y)?* .
- L _ _
= (t + ay)r+1/2 LA t VP 4t Jurt)

z,y € (0,1), t > 0.
Using this inequality and Theorem 5, we can obtain the following estimate:

¢ (. 2,1,b)

P(R*(1—r)edb
_ Pl (ldb)e )P(M[r,u([ ])<b+n>

2t s b\
— 2
(b+77)2”+2 <b+nb+n>

v (24un/(b+n)) Jy (bjun/(b+n)) 1—r
g Z T2 1 Gon) P < Tong 4 p? >

_ b2u+1 1—p v+2
<Cpr——ps (14—
= (b m)rR ( 2(b+ 77)2)

(1-=r)+2b2\1/2
. S <1A2n(b+n—2)>

((1 T)+2bz)u+1 1—r
2(b+n)?

xexp( 32(})%)) 2+ mi (= — )
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bRt <2(b +1)2 41\
)

e
=T \ 2y
2
(L2 y1/2 (b +
(o) L=
C, 2n(b +
< W (1 A %) n1—r(z —b),

~ ~ 142 1 2\v+5/2 . ~ ~
where Cyp = CV@%' Since we set Cpp == Cp,p V Cpp, We
can obtain our assertions. J

LEMMA 24. Letb>0. For 0 <t <1 andy € [0,b), we have

AP (t,y) > 0.

PROOF. According to [10, Theorem 3.3], for all z € [0,1) and ¢ > 0,
there exists a constant C,, > 0 such that

co . . -2
— jl/TLJl/(.]I/’nx) Jun
xv E PP S exp | — 2
1 JI/—i—l(]un) ( 2 )

n

1— v+2 1— 2 1
LS L A WA R P
(x4 t)"+at 2t 27"

(N[5

Hence, by Corollary 1, we can prove the assertion as follows:

(b) b\ ju,nJI/ (yjl/,n/b) .71/ n
t =2 - Y ——=t
q2 ( ) y) <y) b2 JV+1 (jy’fn,) exp 262

n=1

2 (1-§)(1+5)"" (b—y)? don

_2(Q L) 1(t)% exXp | — o _Wt > 0.0
b 2 b2

>0y

3. Proof of Theorem 1

In this section, we prove Theorem 1, which gives the construction of the
Bessel house-moving as the weak limit of the conditioned BES(6) bridges.
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LEMMA 3.1. Let 0 < a < bandn > 0. For0 < s <t <1 and
x,y € (0,b+ 1), we have

(13) P (1"~ i) () € dy)
_ 0,0, )0 (1, 1,0) ay
¢ (0,a,1,b) ’
(14) P (1" i iy (8) € dy | 77 - () = @)
O (s, 2t y)al" " (8,,1,0)
g (s,2,1,b)

_4d

dy.

ProOOF. By Lemma 2.1, we obtain

P (1| () € dy)
P (ro7b(u) € dy, M(re=%) < b+n)
P (M(ro=t) <b+n)
P (Mo (15 8) < b+n) P (Mpy(rl, 1) < b+n)
P(M(ro=b) <b+n)
(15) xP(r‘Hb(u)edy), 0<u<l.

It holds from (15) and (1) that

P <7‘a—>b’K—(b+n) (t) € dy)

P (Mg (rigs?) <b+1) P (M (") <b+1)
N P (M(ro=b) < b+n)
P(R%(t) € dy) P (R¥(1 —t) € db)
P (R(1) € db)
a0, a,,y)¢"" " (¢,,1,b)
g (0,a,1,b)

X

dy.

Hence, (13) holds.
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Next, we prove (14). By Lemma 2.1, we have

P (" Pl iy (8) € Ay, 7"l ) (5) € da)
P (r*~b(t) € dy,r*7°(s) € dx, M(r*7®) < b+ 1)
B P(M(ro=t) <b+mn)
P (M) <b+n) P(Muy(risl) < b+n) P (Mg (rist) < b+n)
B P (M(re=?t) <b+mn)
(16) x P (Ta_’b(t) € dy,r"(s) € dm) .

Therefore, combining (15), (16) and (2), we obtain

P (T(Hb“( ) (D) € dy | TP k- (g () = x)
r (raﬁb’K‘(bM)(t) € dyaraﬁb’K—(bjLn)(s) € dx)
P (ro=? = (b (5) € dz)
P (M[s’t] (1) S0+ 77) P (M[t,l] (Tﬁ,_f]b) <b+ 77)
P (M (1) < 0-+0)
% P <7~H’(t) e dy | r7b(s) = x)
F (M[s,t] (reg’) <b+ n) P (M[m] (r ) <b+ n)

R P (M y(ri3h) <b+)
P (R*(t — s) € dy) P (R¥(1 — t) € db)
P (R*(1 —s) € db)

b+
s,ﬂ:,t,y)(ﬁ D(t,y,1,b) dy.

¢\ (5,2, 1,b)

g

Hence, (14) holds. O

PROPOSITION 3.1. Let0<a<b. For0<s<t<1anduz,ye€(0,D),
we have

(b) (b)
. a—b - q1 (Ovavtvy)QQ (1_t7y)
T
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(18)  1im P (i pa(t) € dy | - () = )
(b)

_ (_h (87x7t7y)qg))(1 - t7y)
@y (1 - 5,2)

dy.

Proor. By Lemma 3.1 and I.’Hopital’s rule, we obtain our assertion. [

Let b> 0. For 0 < s <t<1andzye€ [0,b], we define
(b)

(b)
1—
(19 ooty e W50~ )
(b) 1—
4> ( s,ac)

PROPOSITION 3.2. Let b > 0. For 0 < s <t <1 and z € [0,b), we
have

b
/ hb(‘S?x?t?y)dy: 1.
0

ProoOF. By (19), it suffices to show the following identity:

b
ng)(l - 37$) = /0 ‘Ab)(svﬂhta y)qéb)(l - t7y)dy

Here, using Lemma 3.1, it holds that

(b+m) b+n (b+m)
q s,,1,b b q t,y,1,0
o) 41 ) / A (5,2, 1, ) ay
n 0 n
According to L’Hopital’s rule, we obtain

(b+mn)
.4 (57$a17b) (b)
21 lim = 1—s,2).
@1 i 220 0
On the other hand, by Lemma 2.3, for n € (0,1) and y € (0,b+n), we have

the following estimate:

(b+m)
(D (5, 3,1,y I (L8 10)
1 Cuyp Cuyp 2n(b+n)
< Emnt_S(y - w)w <1 A 11 nl—t(y - b)
Cc?, (b+1
(22) < G < 0.

— 7T(t _ 8)V+3/2(1 _ t)u+5/2
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Again, using L’Hopital’s rule, it holds that

(b+m)
. t? 71’ b
(23) %1 ¢ (s, 2,1, y) L R (77 v 1,6) _ 0\ (s,2,t,)g (1 — £, y)

for y € (0,b). Therefore, by (22), (23), and Lebesgue’s dominated conver-
gence theorem, we obtain

1 b+7)
lim — ¢ (s, t,9)d T (8, y, 1, b)dy
nlon Jo

0 (b)
=/0 1 (s,2,t,y)qy (1 —t,y)dy.

By this equality and (21), taking the limit 7 | 0 in (20) allows us to prove
the assertion. [J

The following proposition implies that hy(s,z,t,y) satisfies the
Chapman—Kolmogorov identity.

PROPOSITION 3.3. Letb>0. ForO0<s<t<u<1 andz,z € (0,b),
we have

b
hy(s, x,u, z) :/ hy(s,z,t,y) hp(t,y,u, z)dy.
0

ProoOF. By (19), it suffices to show the following identity:

b
qg))(sal?v%?«“) :/0 (Ab)(&ﬂ?atay)‘ﬁb)(tayv%z)dy-

According to Lemma 2.1 and (2), we can prove the assertion as follows:

(b)

Q1 (85 33, "LL, Z)

P(R*(u—s)edz) [° s o
- dz /0 P (T[s,u] (t) € dy7 M[s,u] (r[s,u] ) < b)

_ P(R*(u—s) €dz)
dz

X /O "p <M[S’t] (rE V) < b) P (M[t,u] () < b) P (rf;fuf(t) e dy)

b
=/ ng)(s,x,t,y)qib)(t,y,u, z)dy. O
0
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By Proposition 3.2 and Proposition 3.3, the right sides of (17) and (18)
determine the continuous Markov process Ho~? = {H*~b(t) }efo,1)- Then,
by Proposition 3.1 and Lemma A.l, we obtain the convergence
ra—b| K-(btn) — H @=b a5 1 | 0 in the finite-dimensional distributional
sense. Therefore, all that remains in proving Theorem 1 is the tightness
of the family {Ta_)b|K—(b+n)}0<n<no for some 19 > 0. By

lim qéb—m)(L a) = qéb)(l, a),
710

we can take 11 > 0 so that qéb+77)(1,a) > qéb)(l,a)/2 holds for n € (0,7).

Throughout this section, we fix 11 in this fashion and denote

(24) Mo := min{n, 1}.

LEMMA 3.2. Let0<a<bandlet0<n<mng be fited. We have

(0)
(*(0.a,1,8) > 2120

PROOF. According to Taylor’s theorem, we can find 6 € (0, 1) so that

(®)
1
¢""(0,a,1,b6) = ngl"" " (1,a) > UW- O

Using Lemmas 2.3 and 3.2, we obtain the following moment inequalities:

LEMMA 3.3. Let 0 < a < b. For each a > 0, we can find a constant
Covap > 0 such that

2a
@) 5w ) = )]
0<n<no
COﬁ v,a
< ,a,b =, r¢€(0,1),
TVJrlfa(l _ T)V+§
a—b a—b 2a
(26) sup B |77 g gy (1 = 7) = 77— (o4 (1)
0<n<no
Ca v,a
< — 7b b r e <O7 1)7

- ,,au+27a(1 _ T)qu%



Weak Convergence of Conditioned Bessel Bridges 309

2a:|
C

a,zféb Y s,t € (0,1).
(t — s)vHl-ag’ (1 —¢)"*2

ra—>b’

(27) sup I [ K= () = 7P e (o (5)

0<n<no

<

ProoF. By Lemmas 2.3 and 3.2, we have

P <r“_>b‘ (u) € dz)
K= (b+n)

a0, a,u, 2)¢""™ (u, 2,1,b)

= Lo by (2)dz
g"""(0,a,1,b) o
2 < Cup ( >>
< ny(z —a
nng)(:[? a) uV+1
Cu,b 27] b+ Ui
X <m (1 VAN %) nlfu(z — b)) dz
4(b+n)Cz, 1
: ny(z — a)ni—y(z — b)dz
& (La) @I 1

for 0 < u < 1. On the other hand, for each ¢ € R,

b+n o0 (2r)> 1
/ |z — c|**n,(z — ¢)dz < 2/ w?n, (w)dw = r <a + —)
0 0 N3 2
2a:|

holds. Hence, because we have

B |1l () = 1l O

< 4(b +(Z)Cib - 1 - /b+n = a|2anr(z —a)dz
Vargy (1,a) (L =) 0
- 202 (p 4 n)CibI‘ (a + %) 1
Vrd(La) PRl

and

!

b+n
/ |z — b|**n,(z — b)dz
0

B |1 im0 = 1) = e (1
- A(b+n)C7, 1




310 Kensuke ISHITANI, Tokufuku RIN and Shun YANASHIMA

PG e

204:|
0<n<no
. 2°°2(b+ 1)C2,T (a + 3) 1
ﬁﬂng) (1’ a) 7«1/+1—a(1 _ T)”+5/2 ’
0<n<no

2a:|
_ 2072(b+ 1)C2,T (a + ) )
\/Eﬂ'ng)(L a) TV+2—a(1 - T‘)VJF%

we obtain inequalities (25) and (26) as follows:

TIHb|K*(b+n) (r) — TCHb|K*(b+n) (0)

sup E[

sup B [ P g ey (L= 1) = 77— (i (1)

Next, we prove (27). We note that

P (1" - i) (8) € dy, 7 |ic— i) (5) € )
= P (1o (8) € dy | 7 1= (5) = )
x P (Ta_)b|K7(b+n) (S) S dx)

b b+ t 1.6 lcd
C]; )(O,G,S,Hf)qg 77)( Y, 4y ) (b 77)(8 x ) T
-+ : ) ql s ,1f,y Y,
ql (O, a, 176)

0<z,y<b+mn.

By Lemmas 2.3 and 3.2, we have

P (1" iy (1) € dy, 7" i) (5) € o)

2 Cup Cup  2n(b+n)
" gy’ (1,a) sl =) (L=t 1t m-i{y —b)
Cy
: Wﬂt,s(y — z)dxdy
2(b+ TI)CE,b 1

. cny—s(y — x)dzdy.
qub)(L a) (t — s)vHlsv3/2(1 — t)v+5/2 s
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On the other hand,

// \y—x|2°‘nt_s(y—x)da:dy
(0,b+m)2
b+n b+n
— / (/ ly — m|2“nt,s(y — x)dy) dx
0 0

< (b+n)wF (a+ %)

holds. Hence, we obtain

.

2« a—b a—sb
N //(0,b+n)2 ly = =P (T K=oy (1) € dy, 77|~ (b1 (5) € dx)

E D"“thc(bw,) () = "7 K= (b (5)

2(b+ U)Cg,b 1
Wqéb)(l a) (t _ S)y+lsy+3/2<1 _ t)l/—|-5/2
// ly — z|**ny_s(y — x)dxdy
(0,b+n)?
2a+1 (b+ n)QC’Eb (o + ) 1
77\/_([2 ( ) (t _ 8)u+1 asu+3/2(1 _ t)u+5/2'

Therefore, we have

2
sup EUTG_)I)‘K(b+n)(t)_ra_)b|K(b+W)(s> ]
0<n<no
2a+1(b+ 1)2C3,T (a+ 3) 1
/7y )<1 a) (t— )70 TR (1 = (/2

and inequality (27) is proved. O

COROLLARY 2. Let 0 < a < b. For each u € (0,3), the family
{W[ml—u] o Ta_>b|K—(b+n)}ne(0,ng) 18 tight.

PRrOOF. Using inequalities (25) and (27) for & = % and a = v + 3,
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respectively, we obtain

,raﬂb‘

sup F {
0<n<no

< sup (E H"”aﬂbhr(bw)(u)—Taﬂb|K7(b+n)(0)H

0<n<no
B[l 4 0)]))

5 1
<Cropap(l—u)" " 2u"""2 +a < o0

K= (b+n) (u) H

and
I~ b 2(v+3)
sup E ‘7" | K= (b (£) — 7 |K*(b+n)(3)‘
0<n<no
< Cu+3,u,a,bs_y_%(1 - t)_y_g(t —s)°

< Cy+3,u,a,bu72yi4(t - 5)2
for u < s <t <1—wu. Hence, by Lemma A.2, we establish the assertion. (]

ProproOSITION 3.4. Let 0 <a <b. For & >0, we have

lim sup P<sup pa—b ) pa—bl 0l > >:0’
ul0 ne(0,n0) 0§t§u| =@ (1) =@ (0)] > €

lim sup P< sup |19 o £ — pa—b D> )—O.
wl0 5 (0,m0) 1—u§t§1’ [ (b+”)() & (b+n)( ) >¢€

PROOF. Applying (25), (26) and (27) for « = 3v+7 and ¢, s,7 € (0,1)
with s < t, we have

s s 2(3v+7)
@ s B | e i - e omOf
0<n<no
T2V+6
< C3V Tvab. 5>
TR
s . 2(3v+7)
@) s B | g - )]
0<n<no

]t _ 5]2”+6

< CSV—i—?Vab 3 59
Sl/+§(1 _ t)l/+§
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b b 2(3v47)
(30) s E |y (1= 1) =1y ()]
0<n<no
7.21/+5
< C31/+7,1/,a,b—3‘
(1—r)t2

Letvzﬁ:m,0<n<m, and fix n € N. We define

kE—1 k

—>b —>b —

bl = {1<2n<a2§_1 Tk ) (2—n> =7 K (b (2_71)‘ =2 nv})
=~ kE—1 k
A= o (557 e (56)| 2277

al(n, k, n) :P<

a— k-1 a— k —n
r b|K(b+n)< on >—T’ |- ) <2—n>‘22 ”):

1<k <2,
Then, by Chebyshev’s inequality, we have
(31)

a(n, k,n) <22FE

Therefore, using (28), (29), (30), and (31), we have

N on Z/Jr% 1 a—v—1

_ _3
< C3V+7,V,a,b2 n(v+3) < C3V+7,1/,a,b2 an

n on V+% on V+% 1 2v+6
a(n, k‘,n) < 25031/—#7,1/7@717 (k — 1) (?> (2—n)

S C3u+7,u,a,b2_%n7 (2 S k S 2" — 1)a
N on V—I—% 1 2u+5
@, 2%,7) < 22 Couitaras <2n - 1) (2_")

3
< C3V+77V,a,b2_n(y+3) < 031/-0-7,1/,11,132_5”-
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Thus, it follows that

2n71
P(FU) < CL(’I”L,k‘,T}) < C3V+7I/ab2 2
k=1
~ 2n
P <F727> < Z a(nvkan) < CSZ/+7,ZI,CL,b2_§~
k=2n—1

Therefore, Lemmas A.3 and A.4 prove the desired results. [J

By Corollary 2 and Proposition 3.4, we can apply Theorem 8 to
{r7®| g~ (b4 Yo<n<no and obtain the tightness of this family.

4. Decomposition Formula and Sample Path Properties

In this section, we prove the decomposition formula for the distribution
of the BES(6) house-moving (Theorem 2). In addition, applying this result,
we study sample path properties of the BES(6) house-moving.

First, we prove Theorem 2. By Theorem 1, because 70| K= (b+n) D,

H*™% (| 0) holds,

E [F(H‘Hb)] =lim & [F(rwb\ Kf(w))]

for every bounded continuous function F on C([0,1],R). We calculate the
numerator of
E[F(r*=?) ; ro=t e K=(b+n)]

P(ro=t e K=(b+mn))

E [F(T(Hb’K*(bJrn))] =

as

Il
cra\g
=
|
=

s
3
3
o
3
=
=
+
=
Q
L
m
QU
=

:/0 E [F( %_;]y’K (b+n) 691”"t1] |K (b+n))]

% P (rw e K~ (b+n),r"(t) € dy)
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fe'e) »
:/0 £ [F( (0,¢] ’K o (0Fm) i rﬁm] ’K[zl](b+n)):|

% P (ra*b\Kf(bm (t) € dy) P (r%b e K (b+ n)) .

Hence, we have

oo
a—b o a— —b
E F(T |K*(b+n))} _/0 E [F( "o, t]y|K[6,t](b+n) i Tf{t,u ‘K[t,l](bjun))]
X P (rwb|K7(,,+n) (t) € dy) .

Then, it suffices to show that
oo

(32) lim [ E [F(

nl0 Jo [Ot |K[o ¢ (b+1) e r [t 1] ‘K[t 1](b+77)):|

% P (1" 1) (1) € dy)

:/0 E [F( o i ) @ Hﬁf”b)] P(Ha*b(t) edy).

We obtain the following estimate:

> a—y y—>b a—b
/0 E [F( Tl0,4] |K[0t](b+n) t T ’K i b+n))} P(T | = (o) (1) € dy)
> a— —b a—b
_/0 E[F( ol o @ B )]P(H (t)edy)‘
= /0 ‘E |:F( %_1;]y|K (b+n) N2 t [t,1] |K (b+77))

a— —b
—F(r [Oty‘K[Ot] (0) H[Zi 1] )]

[ e[t o m)
y (P (T“_’b|Kf(b+n)(t) c dy) - P (Haab(t) € dy))‘

= 1M () + 17 ().

P (1" i (1) € dy)

_l’_
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Then, if It(l)(n), —715(2) (n) — 0 as n | 0, we can prove (32). First, consider

Wy [
I (n) —/0 ‘E [F( T[0,4] ‘K 0.4 (0+1) B [tl ’K“(b-i-??))

a— —b
O 0 & )|

[o, t]

0" (0,0, t,y)a" " (19, 1,0) |

ng-f—?]) 0,a,1,b) [0,64+7] (y)dy.
We have
a—y y—b
(33) sup ‘E {F Mo i, 6em) 701 1 o)
y€(0,b+n)

—b
—F(rio g i ) @t Hig ) )H

<2 sup |F(w)] < oc.
weC([0,1],R)

By Theorem 1 and Lemma A.5, it holds that

(34) lio 1 {F (o Ly orem) B2 e ‘K[;l](bw))]

a— —b
=F {F( [Oty‘K ) ®t Hﬁ’l] )] .

In addition, by Lemmas 2.3 and 3.2, and for n € (0,79) and y € [0,b + 7],
we obtain

a0, a,t,9)q\" " (t,,1,0)

2 (C’,,b
< (Y — a))
nad (1,a) \

(S (0 52)-0)
2(b+1)C2,

Tt t3/2(1 — )52 (1,a)

(35)
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and by Proposition 3.1, it holds that

(36)  lim "0, 0, )0 " 1,y 1,6) _ ¢”(0,a,1,y)as” (1t )
nl0 q§b+’7)(0, a,1,b) qéb)( )

Therefore, according to (33), (34), (35), (36), and Lebesgue’s dominated
convergence theorem,

Next, we consider

2 > a—s .
12w =| [ B[P o o 1)
X (P (TH|K_(,)+77) (1) € dy) _p (H‘Hb(t) e dy)) ‘ .
We have
sup |E | F(ri ¥, - HyHbH< su F(w)] < 0.
y>18 [ ( (0.1 |K[0¢1() E 1]) _weC([OI?l],R)| (w)l

Then, by (35), (36), and Lebesgue’s dominated convergence theorem,

oo

: a—b
Gt E{F (rioa lrc ) @t ity )}P (r - (1) € dy)

= /OOOE [F( "lo,4] |K NORL H[“] )] P (H‘Hb(t) € dy) :
Therefore, it follows that
1) =0, nlo.
Thus, we prove (32) and the proof is completed. [J

LemMA 4.1. Let B € B(C([0,1],R)). Then, Theorem 2 holds true for
F=1p.

PROOF. Let A be a closed subset of C([0,1],R) and let

1
o(x):=1— /0 L(—ooq) (u)du, x €R.
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Then, for w € C(]0,1],R), we have
Fo(w) := ¢(ndoo(w, A)) | 1a(w),  n — o0,
where
doo(w, A) := inf{|lw — vl[c(,1,R) | v € A}.

Therefore, by Lebesgue’s dominated convergence theorem and Dynkin’s m-A
theorem, we can obtain our assertion. []

LEMMA 4.2. Let0<a<b. ForO<z<z<bandte (0,1),

P (max HY () = a;) =0,

u€[0,¢]

2z (x) (b) .
P <max Ha_’b(u) < a:,Ha—”’(t) < z) _ / 4 (07a7t7by)QQ (1 t’y)dy.
ue[O,t] 0 qé )(1’ CL)

PrROOF. Let 4; (i = 1,2) be closed subsets of C([0,1],R) given by

Ay = {wEC’([O 1,R) | max w(u)::c},
u€l0,t]

Ag = {w € C([0,1],R) | m[aox]w(u) <z, w(t) < z} .
u€|0,t

Lemma 4.1 implies that Theorem 2 can be applied for F' = 1,4, (i = 1,2).
Thus, we obtain

37) P (Mt(Ha_’b) - ac)
= /Oxp ( riodlics iy € OKpp (@ )) P (H‘Hb(t) < dy> :
38) P (Mt(H%b) <z, HM1) < z>

:/0 P( ﬁ)_’;yh’([oq()GK[Ot]( ), r Ot] |K (b)( ) <Z>

X P (H‘Hb(t) c dy) .
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By Proposition 2.1 and (37), we obtain

o\ [P oK @) _
P(Mt(H b)—x) _/0 P( F()_t)]yeK[Ot}(b)> P(H b(t)edy) = 0.

Furthermore, (38) implies that

P (Mt(H‘Hb) <z, HOM1) < z>

_/ZP( 0. € Kiog@), [Ot]()<z> a0, a,t,9)q" (1 = t,y)
0

dy
b
P< "o, € Koy )> ¢ (1,a)

( 0. € Koy 5“)) 0 (0,a,t, )¢ (1 — t,y)

®) dy

0 < [Ot [Ot] b)) 3 (1,a)

( ) ®) 4 _
/ (0,a,t,9)q, (1 ty)dy‘D
0 é)u,a)

4.1. Proof of Proposition 1.1
Let ¢t € (0,1). Lemma 4.2 implies that

P (Mt(H“_’b) - b) =0,

P (Mt(HCHb) < b) —p (Mt(H‘Hb) < b, H(1) < b)

b
_ /0 P (H“_’b(t) e dy) -

Therefore, P(M;(H*~") < b) = 1 holds and Proposition 1.1 is obtained.
Proposition 1.1 implies that Bessel house-moving H%? does not hit b on
the time interval [0, 1).

5. Proof of Theorem 3

For t > 0 and x,y € [0,00), we set

P(R*(t) € dy)

p(t;z,y) = i
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In addition, we denote the expectation with respect to a probability @ by
EQ.
First, we prepare two lemmas.

LEMMA 5.1. Let0<a<b. Forte (0,1), we have

a—b

AP p(l—tuw(t),b)
P P

w e C([0,t],R).

Proor. Let A € B(C(]0,t],R)) be fixed. By the Markov property of
R®, we obtain the assertion as follows:

. PR (gl (4),w(1) € db)
PE* (w(1 ) € db)
B 1 w) P (wl1) € b | ()]
PRa (w(l) IS db)

_ P (w(1) € db | w(t)) ppe ()
_/Ot](A) PR (w(l) e db) (dw)

[ p(1—=tw(t),b) Sga w
_/A ptay) @)D

P

LEMMA 5.2. Let0<a<bandte€ (0,1). For every bounded continu-
ous functions F' on C([0,t],R), it holds that

()
o (1—tow(t) o
AR S (O T g @)

PROOF. By the Markov property of 7#~? and Lemma 5.1, for A €
B(C(]0,t],R)), it holds that

a—b

P (mioly (A) [ K~ (b+m)

ra—b — _ —1 —
P (W[O,lt] (4)n 7T[0 t]( [0,¢] (b+mn)N Tt (K[M] (b + 77)))
Pt (K= (b+m))
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-/ P (i (i + 1) | w(0)
by PP (K (b))

a—b
x 1 )(W[O’t] ow)P"  (dw)

K[B,t] (b+n
Pt (m by (b4 m)) | () p(1— (), )

) /”[Bi]@“) Pt (K= (b+m)) p(1;a,b)

) (0,1 © w) PR (dw)

X 1,—
K[O,t] (b+n

(b4+m)

q1 (t’ w(t)v ]-’ b) R%

= 1,- w) Pt (dw), > 0.
/A "0, a,1,b) K[o,t](”’?)( )P (dw),

Then, for a bounded continuous function F' on C([0,t],R), we obtain

—b

/ Flmpg ow)P™ " (dw | K~ (b+ 1))
c([0,1],R)

(b+n)
g (tw(t),1,b) .
N Elw Ly w)P* (dw), n>0.

/C([O,t],]R) (w) ¢ (0, 0,1, ) Ky 6y (W EE (dw)

By Lemmas 2.3 and 3.2, and for n € (0,79), we obtain

ot w(), 1,0) _ 4+ 1
q§b+n) (0,a,1,b) RV, 27rq§b)(1,a) (1 —tyvts/2’

In addition, it holds that

w € C([0,t],]0,b+ n]).

g w(t), 1,b)
"7l0 Q£b+n) (Oa (Z, ]-a b)
(- tuw(t)
¢ (1,a)

Therefore, Lebesgue’s dominated convergence theorem implies

Ky (b4n) (w)

1K[6,t](b)(w)’ w € C([0,t],]0,00)).

lim F(mo4 0 w)PT(Hb (dw | K~ (b+mn))
0 Jc((01]R)

(b)

gy (1=t w(t)) Re

= F(w) L ()P (dw).
/C([o,t], ) 1,q)  Koa®TE
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According to this equality and Theorem 1, it follows that

a—b a—
PR = /C [Ol]R)F(w[O,t]ow)PH " (dw)

= F(mog 0 w)P™ " (dw | K~ (b+1))
0 Je(joa]R)
(b)
q2 (1_t’w(t)) a
- Fw Ly- w)P (dw) .
/C([OJLR) () ng)(La) K[o,t](b)( )P (dw)

Thus, the proof is completed. [J

Now, we prove Theorem 3. Let A be a closed subset of C([0,t],R). In a
similar manner to the proof of Lemma 4.1, by Lemma 5.2 and Lebesgue’s
dominated convergence theorem, it holds that

(0)
pa—b gy (1 —t,w(t)) a
39) ERTT L) = / La(w) 2 Ly () PF (dw).
c([0,4,R) g (1,a) 0.4
Using (39) and Dynkin’s m-A theorem, we can prove the assertion com-
pletely. [

6. Proof of Proposition 1.2

In this section, we prove Proposition 1.2, which gives the characteriza-
tion of the Bessel house-moving by using the first hitting time of the Bessel
process.

LEMMA 6.1. Letb> 0. Fort >0 andy € (0,b), we have

(40) P (Ty,b € dt) _ Qéb) (ta y)
dt 2
P(rop €dt) ¢ (t,0)
(41) = .
dt 2

PrROOF. First, we prove (40). It holds that

P(Ty,b S dt) o 0 Y

_ % /bP(Mt(Ry) < b, R¥(t) € d)
0
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b
_ _%/0 P (Mo (rtys) <b) P(RY(1) € da).

For each n, we set

Jv (€Jun/b) Jv (Yjvn/b) exp _jl%_,n
b? ‘]u+1 (]V,n) 2b?

fult,x) i= t), t>0, z€(0,b).

Then, by Theorem 5, we have
(b)(() Y, t,x) —2x< > ant x

Let T > 0 be fixed. By Lemma 2.2 and (60), there exist some C, > 0 and
N, € N such that

0
)] =

Ty (@un/) Ty (Yvn/b) Jon . dom,
b2 JVH(]M) 262 2b2

< 2C? \/(1 i %:;(1 ) (nm)% exp <— (7;7;2)275)

holds for n > N, and t € (T, 00). Since

i (n7)? exp <—(7;22)2T> < o0

n=N,+1

holds, we have

9
501 (0,y,t,x) —29:< ) Zatfntx te (T, 00),

by Lebesgue’s dominated convergence theorem. Thus, we obtain

(42) sup éqﬁb) (0,y,t, )
te(T,00) ot
N, I/+1J’ (x -2
_ Jun/b) Ju (Yjun/b) ‘ ]un Jun
<yS _Jvng
=7 n=1 szqul(]V,n) 0 =P 2b?
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2\ O+ )+ )
R
= (nm)’

X Z (nm)? exp <— 02 T>, z € (0,b).

n=Np,+1

+453(

By (58), because there exists C,, > 0 such that

U1 . Jun v vl
|2" T Ty (yn /D) gcu( ; > —
(1+—”‘"j”’") 2

b

. 1 .
gc,,(%”) x”(1+x]b”’”>, z € (0,b)

holds, the functions 2 *1.J, (xj,.,/b) ,n = 1,... , N, in the first term on the
right-hand side of (42) are integrable with respect to = on [0, b]. In addition,

x”,/1+%ﬂ <z <1+‘%ﬂ) (z € (0,b))

1+ %* in the second term on the right-hand side

since

holds, the function z*
of (42) is integrable with respect to = on [0,b]. Therefore, by Lebesgue’s

dominated convergence theorem,

a [ b9
5/0 qﬁ)(O,y,t,fL’)deZ/o Eqp((),y,t,x)dﬂf'

Recall that v = §/2 — 1, and let m(x)dx = 22**1dx be the speed measure
of the BES(6) process. Then, we obtain

9 <q§b)(07y7t,aj)> s <q§b)((),y,t,:r)>

10 0 ng)(O,y,t,x)
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where Ls is the infinitesimal generator of the BES(6) process. So, we get

P (myyp € dt) 1 (%o (O Y, t,x)
dt __/ ox (m(w)ax ( m(x) )) de

B _1 m(z) 2 0 ()(0 Y, t, ) .
B Oz m(z) x:O'

Inequality (58) and Lemma 2.2 imply the following inequality:
(43)

sup

. —(v+1) -2
JunT Jyt1 (5’5]1/ n/b) J, (yjun/b) exp (_]V,n >

n—1%€(0,00) Jy+1(JV,n) 202
0 . v+1 .
i Jun Jy (yjl/n/b) ]Vn
<Cut1 Jun <—> —————lexp | —=—5t
nzz:l b J2 1 (Gun) 22
Ny . v+1
] Jvn 1 J y]V n/b ]Vn
<C, on | == _Jvn,
_C+1ZJ ’ < b ) JI/+1 ]Vn 2b2
7'('

n—1 Jl/—l—l(jun)
1
Cyi1Cyr (1 +ym/b)? v42 _(n
+ " g Ng Hf (2nm) exp 52 t].

Then Lebesgue’s dominated convergence theorem and the inequality (43)
show that

9 (4" (0.y.t,2)

8 — JI/ le/n/b) (yjl/n/b) .]z/n
2v+1 v
2 Ox <(:E‘y) 2: b2J2, 1 (jun) P 2b2t

n=1

S LRl b) J, b 2
_ 92042, —v Jvnd v+1 (55]1/ n/ ) (yju n/ ) _jl/_,’l’l,
= 20Ty Z b3JZ, 1 (jun) exp | —53 ¢

0 (d”(0,y.t,2)
0 (d”0,y.t,)
(m(x)£< 1 m(x)

and

= _qéb) (ta y)v

r=b
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hold. Thus, we have

1 o (0yt2\] Py
2 m(x)ﬁm m(z) 2

=0
and (40) is proved. By (40), Theorem 5, and Corollary 1, we easily obatin
(41). O

REMARK 6.1. It is well-known that

v 00 . 9
P(rap <t)=1-2 <9> Z M@cp <_]y,nt> ’

a ]Vng/—i—l(]Vn) 2b2
-2
Jun Jun
P <t)=1- ——=t
(04 < 1) 9v— 1ru+1 ZJ_HJV,L ( 2b2>

hold for 0 < a < b and t > 0 ([5]). By differentiating these identities, we
obtain

b ' & .V’VL v .VTL b En
(44)  P(ray € dt) = (-) Jundy (@Gun/Y) (-‘7 ’ t) dt,
n=1

a b2 Jy41(Jv.n) 2062
]l/-i-l ]
45 P dt o 0| dt.
(45) (7o, € dt) = 2T ( u+1 Zb2J i1 Gom) eXp( 202 )

By using (44) and (45), we can also prove Lemma 6.1.

THEOREM 6. Let0 <a <b. ForO<s<t<1andzxyec (0,b), we
have

(b) ®) 4
()(1 a)
A\ (s, t,9) P (1=t y)
(47) P(Ra(t> c dy ‘ Ra( ) =, Tab — 1) 1 ( ) 2 dy
(1-s,2)

)

Proor. Using the Markov property of R?, for 0 < t < u, it holds that
P (R%(t) € dy, Tqp > u) = P (R*(t) € dy, M,(R") < b)
= P (R"(t) € dy, My(R") < b) P (My—(RY) <)
= P (R"(t) € dy, My(R") < b) P (1yp >u—1).
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Since the density of 7, 3 is a derivative of the distribution function, we obtain
(48) P (R(t) € dy, 7 € du)

d
= —duP(R“(t) € dy, Tap > u)

= P (R%(t) € dy, My(R") < b) P (1yp € du —1).
We can calculate the first term of the right-hand side of (48) as
(49) P (R*(t) € dy, My(R*) < b)
P (R*(t) € dy, My(R*) < b)
P (Ra(t) € dy)
P (R%(t) € dy) P (MM (i) < b)

= P(R(t) € dy)

= 4\ (0,a,t,y)dy.
Therefore, by (48), (49), (40), (41), and L’Hopital’s rule, we can prove (46)
as follows:
P(R(t) € dy | Tap =1)
P (myp € du—1t)
P (1yp € du) lu=1

= P (R%(t) € dy, My(R®) < b)

00t ye’ 1=ty
¢’ (1) |
Next, we prove (47). Using the Markov property of R?, for 0 < s < t < u,
it holds that
P (R(t) € dy, R"(s) € dx,Tqp > u)
= P (R%(t) € dy, R*(s) € dx, M,(R"*) < b)
= P(R%(s) € dx, Ms(R") < b) P(R*(t — s) € dy, M;_s(R") < b)
x P (Mu,(t,s)(Ry) < b)
= P(R%(s) € dx, Ms(R") < b) P(R*(t — s) € dy, M;_s(R"*) < b)
X P(ryp>u—(t—25)).

Thus, it follows that

P (R%(t) € dy, R"(s) € dx, 7oy € du)

= L P(R*(1) € dy, R%(s) € dr, T > )
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= P (R%(s) € dz, Ms(R*) < b) P (R*(t — s) € dy, M;_s(R*) < b)
X P(1yp €du—(t—5)).

On the other hand, by (48), we obtain
P (R(s) € dx,Tqp € du) = P (R%(s) € dx, Ms(R") < b) P (73 € du—s).

Combining this equality, (49), (40), and L'Hoépital’s rule, we can prove (47)
as follows:
P (R (t)edy | RY(s) =2, Tup = 1)
P (R%(s) € du, My(R*) < b) P (R*(t — ) € dy, My_o(R") < b) P (7, € du — (t — 5))
- P (Re(s) € da, My(R*) < b) P (14 € du — s)
P (R*(t —s) € dy, M;_s(R*) <b) P (1,5 € du — (t — 5))
- P (1, € du—s) u=1

u=1

b b

¢ (1~ s,)

dy. O

According to Theorem 1, the right sides of (46) and (47) are the transi-
tion densities of H* Y. Therefore, the proof of Proposition 1.2 is completed.

7. Proof of Proposition 1.3

The proof is similar to that in Chapter 2, Theorem 2.8 in [4]. We fix
v € (0, %) Then, we can find mg € N so that v < "“)Q_T?)g_fi holds. For
this mg, combining Theorem 1, Skorohod’s theorem, Fatou’s lemma, and

Lemma 3.3, we can take a positive number C,, , .p that satisfies

E [ Ha%b(r) _ a‘Zmo < Cm07y,a,b
L ~prtlemo(] — r)”+% ’

)

[ 2
E Ha—»b(l o T‘) o b‘ m0:| < Cm07V7a7b .
L rrt2=mo(1 — p)*3

[ 2m Cm v,a
e - o)™ < S
L (t — s)vtl-moghta (1 —¢)Vt2

for t,s,r € (0,1) with s < ¢t. Now, for n € N, we define

k—1 k
Haﬂb ( o ) 7Haﬂb (Q_n)‘ > 2n'y}’

F, = { max

1<k<2n
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a(n,k)zP(H“_’b<k2_nl> — gt (;ﬂ)' 22—"7>, 1<k<2m

Then, Chebyshev’s inequality yields

2
a(n7 1) S 22nm0’yE |:‘Ha—>b(1/2n) . a‘ m0:| S Cmo,y7a7b2—n(m0—2mo"/—2l/—%)7

2 b 2mo
a(n, 2") < 22"MOTE UH‘H (1-1/2") — b‘ }

< Cmo v,a b2_n(m0_2m0’y_21j_%)

)

and, for 2 <k < 2™ —1,

a(n, k) < 22vmov g DH‘Hb((k —1)/2") — H* 7’ (k/2™)

2m0:|

Therefore, P(F,) < Cpgvap X 9 n(mo—2moy=3v=6) " and bhecause mgy —
2myy — 3v — 6 > 0, we have P (liminf, . FS) = 1 by the first Borel-
Cantelli lemma. If w € liminf,, .. F¢, then there exists n*(w) € N such
that w € (1,5, () Fir- For n > n*(w), we can deduce that

<C,, Vab2—n(m0—2mo'y—31/—5)
— 0,V,a, :

[e9)
Ha—»b(t) . Ha_)b(s)‘ <2 Z 2—’Yj
j=n+1

2
= W2_(n+1)7, O<t—s< 2—77,‘

Now, let t,5 € [0,1] satisfy 0 < t —s < 27" (“) and choose n > n*(w) so
that 2=t <t — s < 27" Then, the above inequality yields

2
Ha*)b t o HCL*)b <
(v ()| < =

|t —s|".

Hence, H%’ is locally Holder-continuous with exponent ~ for w €
liminf, .o Fy. O

8. The Space-Time Reversal Property of the BES(3) House-
Moving and Numerical Examples

In this section, we show that the BES(3) house-moving has the space-

time reversal property. Furthermore, we demonstrate numerical examples
for HO—b,
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Although the following proposition is showed by [9, Proposition 4.8], we
prove it based on our setting for completeness.

PROPOSITION 8.1. Let 6§ =3 (v = %) and b > 0. For 0 <t <1 and
y € (0,b), we have

P (HO_’b(t) e dy) -y (HO_)b(l —t)eb— dy) .

PROOF. The Fourier expansion of the heat kernel shows that the fol-
lowing equality

(50) ST (uly — 2+ 2k) — iy + x + 2k))
k=—o00
o
. . (nm)?
=2 _
Z Sin N Sin ynm exp ( 5 t
n=1
holds for x,y € R and t > 0. So, we obtain
= 2k
(51) 2 Z yt ne(y + 2k)
k=—00
1
=i - — 2k) — 2k
;?gk;oo —(nuly — @+ 2k) — naly + & + 28))
o0 . 2
=1lim2 Slmanm sin ynm exp (ﬂt>
z|0 i T 2

o0
. (n)?
=2 E -1, eR, t>0.
N Sin ynm exp < > Y

n=1

Also, in [11], we have
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Using (50), (51), (52), and Theorem 5, for 0 < s <t < 1,0 < z,y <17, we

can obtain the expressions for qgn)(s, z,t,y) and qgn) (0,0,t,y) in the case of

_ 1.
l/—2.

(53) ¢ (s.2,t.y) = % > (us(y — o+ 2kn) — ny—s(y + = + 2kn)),
k=—oc0
> + 2k
(54)  q”(0,0.t.y) =y Y 25— n(y + 2kn).
k=—o00

On the other hand, according to (53), we obtain

(55) ¢ (t,y,1,m)

<

- g D (ms(n =y +2k(n +€)) = nae(y + (2k + 1)y + 2ke))
k=—00

= g 37 (el —y + 2k(n+€)) — nas(n — y — 20k + 1)y — 2ke))
k=—00

I
<3
WE

(n1—e(n —y +2k(n +¢)) —ni—(n — y + 2kn + 2(k + 1)¢))
K

—00

for e > 0. Using (54) and (55), we get

g (1 —t,y)
.0 (n+e)
=lim —q¢"" (¢, y,1
im -1 (t,y,1,n)
N n— vy + 2kn
= ok T (n—y+ 2k
ykzzoo< T t(n —y + 2kn)
—y+2k
12>k + 1)"1@’#%14(77 —y+ 2k77))
N o~ 10—y +2kn
= o (i —y+ 2k
yz 1o =y o+ 2kn)
k=—o0
n

(n)
= ——q 0,0,1—t, —Y)
y(n—y) ™ ( 7-)
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Thus, it holds that

(b) (
— q 07 07 tv q 1—- ta
5 (17 0)
_ b a0.069)0"0.01 - by
y(b—y) (1,0

—p (HOHb(l —t)eb- dy) ,
and the proof is completed. O]

The densities of H%~(k/10) (1 < k < 9) are shown in Figs 1, 2, 3, and

2.00 2.00
175 175
150 150
125 125
1.00 100
075 075
0.50 0.50
0.25 025
0.00 0.00
00 02 04 06 08 w0 12 14 00 02 04 06 08 1.0 12 14
z z

Fig. 1. The densities of { H°~%(k/10)}}_, Fig. 2. The densities of {H°~%(k/10)}0_,
for b= 1.5 and 6 = 2. for b= 1.5 and § = 3.

Fig. 3. The densities of { H°~®(k/10)}}_, Fig. 4. The densities of { H°~*(k/10)}7_,
for b= 1.5 and 6 = 6. for b= 1.5 and § = 10.
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Fig. 5. The graphs of {E[HOHb(t)]}te[oJ] for b=1.5 and 6 = 2, 3,6, 10.

Further, the graphs of {E[HO_’b(t)]}te[OJ] are shown in Fig 5.
We can also see the space-time reversal property of the BES(3) house-
moving in Fig 2 and Fig 5. Figs 1-5 were created using Python.

9. Future Work

We are interested in finding the stochastic differential equations for the
BES(6) house-moving. We are currently investigating this problem by using
Theorem 3.

In addition, let R = {R(t)}+>0 be a regular one-dimensional diffusion on
[0,00). For an R-bridge 9~ = {ro_’b(s)}se[o,l] (b > 0) from 0 to b on [0, 1],
we are also interested in the weak convergence of 9= K—(btn) @1 1 0.

Appendix A.

A.1 Bessel functions
Let Ju(z) and I,(z) denote the Bessel function and modified Bessel
function of the first kind with index o € R, respectively. They are defined
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(L )
()= (5) 2 Wi
(L )
faz) = (5'2) keZZ+ k!P(a4+ k+1)

for z € C\ R_. In addition, for z € C\ R_, we define

Koy = T L)

when o € R\ Z, and

K (z) = ﬁlim Kp(z)
when a € Z. K,(z) is called the modified Bessel function with index a of
the second kind. Moreover, the values of z27*J,(z) and z27*I,(z) at zero
are written as

2% Ja(2)]s=0 = 20T (o + 1)5 2o (2)]z=0 = —QO‘F(OA n 1)-
We obtain the following derivatives:
d o o d —Q —
(56) - (2%Ja(2)) = 2%Ja-1(2), - (z Ja(z)) = —2"%Jat1(2),
ze€ C\R_,
(67 L (0Ua(2) = 2 ar(2)) L (a(2)) = 2 Tai ()
dz ot - a—1 " dz « - a+1 )
ze€ C\R_.
Moreover, using (56) and (57), we have
L 1a(2) = Ja1(2) = 2Ta(2) = —dusa(2) + L Tal2)
dz « — Ja—1 > «@ — a+1 > « 5
d o) o

Ela(z) = lo-1(2) — ;Ia(z) = Io+1(2) + ;Ia(z)‘
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In the rest of this section, we assume that o > —1. According to [10,
(2.2), and (2.8)], there exists Cy, > 0 such that

1
(58) 27N Ja(2)| < Cy -, z2>0,
1 +Z)a+§
1
(59) 2 %y (2) < Cq—e*, z>0.
(1+2)*"2

The sequence of positive zeros of the Bessel function J, is denoted by
{Jan}>,. According to [11], we have

Ja-l—l(ja,n) 75 0 and ja,n < ja+17n < ja7n+1 (n =1,2,... )

In addition, from [11] we find the following asymptotics as n — oo:

)2

60 .anN ) Ja .an ~ (-1 n-1 ;
(60)  Jan~nm +1(Jan) ~ (=1) — Vi

A.2 General results on continuous processes
In this subsection, we introduce some general results used in this paper.
The proofs of them are found in [1].

THEOREM 7 ([4, Chapter 2, Theorem 4.15]). Let {X,,}5°; be the fam-
ily of C([0,1],RY)-valued random variables. If the family {X,}52, is tight
and the finite-dimensional distribution of X, converges to that of some X,
then X, A X holds.

LEMMA A.1 ([1, Appendix]). Leta,b € R%, and let X,, and X are R9-
valued Markovian bridges from a to b on [0,1] for n € N. Let X,, and X
have the respective transition densities

P(Xn(t) € dy) = Qn(t7y)dya
P (X,(t) edy | Xn(s) =) = qn(s,z,t,y)dy,
P(X(t) € dy) = Q(tvy)dya P (X(t) € dy | X(S) = {E) = Q(va7t7y>dy

for0<s<t<l,z,y€cR? andneN. If
lim g,(t,y) = q(t,y),  ae yeR,
n—oo

Hm gn(s,z,t,y) = q(s,2,t,y),  ae. (z,y) € RI xR,
n—oo
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for 0 < s <t <1, then the finite-dimensional distribution of X, converges
to that of X as n — oo.

TuEOREM 8 ([1, Appendix]). For ¢ € &, X© is a (C([0,1],R%),
B(C([0,1], RH)))-valued random variable defined on (Q), FE) PE)).  As-
sume that {X©)(0)}oce is uniformly integrable and that the following con-
ditions hold:

(1) For each u € (O, %), (M w1 © X(E)}seg is tight.
(2) For each £ > 0, it holds that

lim sup pe < sup |X(5)(t) — X(E)(O)| > g) =0,
ul0 ceg 0<t<u

limsupP(a) < sup |X(5)(t) — X(E)(1)| > §> = 0.
ul0 ceg 1—u<t<1

Then, the family {X©)}.ce is tight.

LEMMA A.2 (Chapter 2, Problem 4.11 in [4]). For e € &, X©) is
a (C([0,1],R%), B(C(]0,1],RY))-valued random variable defined on
(QE), FE) PE) . Assume that {X(E)}Eeg satisfies the following conditions:

(1) There exists some v > 0 that satisfies

sup E©) HX(s)(O) V} < 0o0.
eel
(2) There exist a, 3,C > 0 that satisfy
sup B [‘X(g)(t) - X(E)(s)‘a} <Clt—s'tP, t,s €[0,1].

ek
Then {X(©)}.c¢ is tight.

LEmMA A3 ([1, Appendix]). Let v > 0. For e € €, X© s q
(C([0,1],R%), B(C([0,1], RY)))-valued  random  wvariable  defined  on
(Q©), FE&) P, Assume that

XxX© <k2_l 1) ' <§>‘ > 2—”} c F©,

ee&, 1=1,2,...

Ff =< max
1<k<2l-1
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satisfy >, sup,ce P (FF) < oo, then we have

lim sup P©) ( sup
ul0 ceg 0<t<u

X© () - x© (0)‘ > §> =0, £>0.

LemMA A4 ([1, Appendix]). Under the same assumption of

Lemma A.3, if
kE—1 k
x© ( 5 ) —X© (?)‘ > 2—”} e F@),

ee&, 1=1,2,...

Fr = max
2l—1 SkSQZ

satisfy > ;21 SuP.ce P(E)(}?’f) < 00, then we have

lim sup P ( sup

X ) - X<€>(1)‘ > 5) —0, ¢£>0.
ul0 ceg 0<t<u

LEmMA A5 ([1, Appendix]). Let S; and Sy be Polish spaces, and let
X, and Yy, be random variables defined on (2, Fp, Pp) that take values in
Sy and So, respectively. If X,, and Y, are independent and P, o X' and
P, oY, ! converge to probability measures Q on Sy and R on Ss, respectively,
then P, o (X, Y,)™! converges to the product measure Q@ x R.
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