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Abstract

The notion of equality between two observables will play many important roles
in foundations of quantum theory. However, the standard probabilistic interpreta-
tion based on the conventional Born formula does not give the probability of equal-
ity between two arbitrary observables, since the Born formula gives the probability
distribution only for a commuting family of observables. In this paper, quantum
set theory developed by Takeuti and the present author is used to systematically
extend the standard probabilistic interpretation of quantum theory to define the
probability of equality between two arbitrary observables in an arbitrary state. We
apply this new interpretation to quantum measurement theory, and establish a log-
ical basis for the difference between simultaneous measurability and simultaneous
determinateness.
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1 Introduction

Set theory provides foundations of mathematics; all the mathematical notions like num-
bers, functions, relations, and structures are defined in the axiomatic set theory, ZFC
(Zermelo-Fraenkel set theory with the axiom of choice), and all the mathematical the-
orems are required to be provable in ZFC. Quantum set theory, instituted by Takeuti
and developed by the present author [23]], naturally extends the logical basis of set
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Physics and Logic (QPL 2014), Kyoto University, June 4-6, 2014 and appeared as Ref. [26].
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theory from classical logic to quantum logic to explore mathematics based on quantum
logic.

Despite remarkable success in axiomatic foundations of quantum mechanics
[L1l], the quantum logic approach to quantum foundations has not been considered pow-
erful enough to solve interpretational problems [28 [8]]. However, this weakness is
considered to be mainly due to the fact that the conventional study of quantum logic
has been limited to propositional logic. Since quantum set theory extends the under-
lying logic from propositional logic to predicate logic, and provides set theoretical
constructions of mathematical objects such as numbers, functions, relations, and struc-
tures based on quantum logic, we can expect that quantum set theory will provide much
more systematic interpretation of quantum theory than the conventional quantum logic
approach. This paper represents the first step towards establishing systematic interpre-
tation of quantum theory based on quantum set theory, and naturally focusses on the
most fundamental notion in mathematics, namely, equality.

The notion of equality between quantum observables will play many important
roles in foundations of quantum theory, in particular, in the theory of measurement and
disturbance [21}, 22l]. However, the standard probabilistic interpretation based on the
conventional Born formula does not give the probability of equality between two ar-
bitrary observables, since the Born formula gives the probability distribution only for
a commuting family of observables [35]]. In this paper, quantum set theory is used to
systematically extend the probabilistic interpretation of quantum theory to define the
probability of equality between two arbitrary observables in an arbitrary state based on
the fact that real numbers defined in quantum set theory exactly corresponds to quantum
observables 23]]. It is shown that every observational proposition on a quantum sys-
tem corresponds to a statement in quantum set theory with the same projection-valued
truth value and the same probability in any state. In particular, equality between real
numbers in quantum set theory naturally provides a state-dependent notion of equality
between quantum mechanical observables. It has been broadly accepted that we cannot
speak of the values of quantum observables without assuming a hidden variable the-
ory, which are severely constrained by Kochen-Specker type no-go theorems 28]].
However, quantum set theory enables us to do so without assuming hidden variables
but alternatively with the consistent use of quantum logic. We apply this new interpre-
tation to quantum measurement theory, and establish a logical basis for the difference
between simultaneous measurability and simultaneous determinateness.

Section 2 provides preliminaries on complete orthomodular lattices, commutators

(2)

of their subsets, quantum logic on Hilbert spaces, and the universe V=’ of quantum
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set theory over a logic 2 on a Hilbert space .7#°. We give a characterization of the
commutator of a subset of a complete orthomodular lattice, improving Takeuti’s char-
acterization, and give a factorization of the double commutant of a subset of a complete
orthomodular lattice into the maximal Boolean factor and a complete orthomodular
lattice without non-trivial Boolean factor. Section 3 introduces a one-to-one corre-
spondence obtained in Refs. between the reals R(?) in V(2) and self-adjoint
operators affiliated with the von Neumann algebra .#Z = 2" generated by 2, deter-

mines commutators and equality in R()

, and gives the embedding of intervals in R
into V(). Section 4 formulates the standard probabilistic interpretation of quantum
theory and also shows that the set of observational propositions for a quantum sys-
tem can be embedded in a set of statements in quantum set theory without changing
projection-valued truth value assignment. Section 5 extends the standard interpretation
by introducing simultaneous determinateness, i.e., state-dependent commutativity of
observables. We give several characterizations of simultaneous determinateness for fi-
nite number of quantum observables affiliated with an arbitrary von Neumann algebra
in a given state, extending some previous results on simultaneous determinate-
ness for two observables. Section 6 extends the standard interpretation by introducing
quantum equality, i.e., state-dependent equality for two arbitrary observables. We give
several characterizations of quantum equality for two observables affiliated with an ar-
bitrary von Neumann algebra in a given state, extending some previous results [22] on
simultaneous determinateness for two observables. Sections 7 and 8 provide applica-
tions to quantum measurement theory. We discuss a state-dependent formulation of
measurement of observables and simultaneous measurability, and establish a logical
basis for the difference between simultaneous measurability and simultaneous deter-

minateness. The conclusion is given in Section 9.

Whereas we will discuss the completely general case where .# is an arbitrary von
Neumann algebra, some results for the case where dim(.7#") < oo and .# = B(H)
have been previously reported in Ref. [24]]. In this special case, we can avoid the use of
quantum set theory to introduce simultaneous determinateness and quantum equality
into the language of observational propositions, since simultaneous determinateness
and quantum equality can be expressed, respectively, by observational propositions
constructed by atomic formulas of the form X = x with an observable X and a real
number x. However, to prove a transfer theorem ensuring that all the classical tau-
tologies have the truth value 1, mentioned without proof in Ref. [24], Theorem 3, it is
necessary, even in this special case, to develop quantum set theory and to define the

embedding of the language of observational propositions into the language of quantum
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set theory. The required machinery will be, for the first time, fully constructed in this
paper including the case with observables with continuous spectrum, though the full
power of this machinery will be revealed when applied to mathematical theorems be-
yond tautologies after we have enriched the language of observational propositions, in

the future research, with more sophisticated relations and functions than equality.

2  Quantum set theory

2.1 Quantum logic

A complete orthomodular lattice is a complete lattice 2 with an orthocomplementa-

tion, a unary operation | on 2 satisfying

(C1) if P < Q then Q- < P+,
(C2) P+ =P,
(C3) PVvP-=1and PAPT =0, where0=A\Z2and 1 =\ 2,

that satisfies the orthomodular law
(OM) if P< Qthen PV (P-AQ)=0Q.

In this paper, any complete orthomodular lattice is called a logic. A non-empty subset
of alogic 2 is called a subalgebra iff it is closed under A, V, and L. A subalgebra .o/ of
2 is said to be complete iff it has the supremum and the infimum in £ of an arbitrary
subset of <. For any subset o/ of 2, the subalgebra generated by .« is denoted
by I'p.«#. We refer the reader to Kalmbach [12] for a standard text on orthomodular
lattices.

We say that P and Q in a logic 2 commute, in symbols P | Q, iff P=(PAQ)V (PA
Q1). All the relations P} Q, QL P, P~ | Q, P Q*, and P+ | Q" are equivalent. The
distributive law does not hold in general, but the following useful propositions hold
(Ref. [12], pp. 24-25).

Proposition 2.1. If P|, P> | Q, then the sublattice generated by Py, P, Q is distributive.

Proposition 2.2. If Py | O for all o, then \/ 4 P L O, Ay Pa b O, ON (Vg Pe) =V (O A
Pa)’ and QV (/\ocPOC) = /\oc(Q\/Pa)’

From Proposition 2.1} a logic 2 is a Boolean algebra if and only if P} Q for all
P,Q € 2 (Ref. [12, pp. 24-25]).
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For any subset &7 C 2, we denote by «7' the commutant of </ in 2 (Ref. [12],
p. 23),i.e.,

o' ={Pc2|P|Qforall Qc o/}

Then, 27" is a complete subalgebra of 2. A sublogic of 2 is a subset o7 of 2 satisfying
o/ = /"', For any subset o C 2, the smallest logic including <7 is 7" called the
sublogic generated by <7 . Then, it is easy to see that a subset .<7 is a Boolean sublogic,
or equivalently a distributive sublogic, if and only if & = &/"' C &7".

2.2 Commutators

Let 2 be a logic. Marsden [14] has introduced the commutator com(P, Q) of two
elements P and Q of 2 by

com(P,Q) = (PAQ)V (PAQT)V(PEAQ)V (PTAQY). (1)

Bruns and Kalmbach [3]] have generalized this notion to finite subsets of 2 by
com(F)= \/ A PP (2)
o F—{id,L} Pe.F

for all #F € Z,(2), where Z,(L2) stands for the set of finite subsets of 2, and
{id, L} stands for the set consisting of the identity operation id and the orthocom-
plementation L. Generalizing this notion to arbitrary subsets <7 of 2, Takeuti
defined com(.</) by

com(e/) = \/T (o), 3)
T(«/) = {Eca'|PNE|P,ANEforallP|,P,c o}, (4)

of any &/ € P (2), where & (2) stands for the power set of 2, and showed that
com(«/) € T(</). Subsequently, Pulmannova showed:

Theorem 2.3. For any subset <7 of a logic 2, we have

(i) com() = N{com(.F) | F € Pp(H)},
(i) com(<7) = Afcom(P,0) | P, € To(«#)}.

Here, we reformulate Takeuti’s definition in a more convenient form. Let o7 C 2.
Note that 7' is the sublogic generated by .7, and o/ N of" is the center of 7", i.e.,
the set of elements of 7' commuting with all elements of .<7*". Denote by L(.<7) the
sublogic generated by .27, i.e., L(7) = /", and by Z(.</) the center of L(.«7), i.e.,
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Z() =o' N, A subcommutator of <f is any E € Z(.o/) such that Py AE | P, NE
for all P, P, € </. Denote by S(.<7) the set of subcommutators of <7, i.e.,

S(%):{EEZ(%)|P1/\E(LP2/\EfOI‘a11P1,P2G,Q/}. &)

By the relation Z(.7) C <7*, we immediately obtain the relation \/ S(.27) < com(.«/).
We shall show that the equality actually holds.

Lemma 2.4. Let of be any subset of a logic 2. For any P;,P> € o/ and E € <", we
have Py NE | P, NE if and only if Py NE | P,.

Proof. LetE € o/* and P, P, € «/. We have (P AE)A\ (P, AE)* = (P, AE) APs-, and

hence
[(PLAE)AN (P, AE)|V[(PLAE)AN(PAE)Y] = [(PLAE) APV [(PLAE) AP].
It follows that Py AE | P, AE if and only if P, AE | P5. O

For any P,Q € 2, the interval [P,Q] is the set of all X € 2 such that P <X < Q.
For any &/ C 2 and P,Q € <7, we write [P,Q], = [P,Q] N ..

Theorem 2.5. For any subset <7 of a logic 2, the following relations hold.

() (/) = {E € 2(t) | [0,E)y € Z(s7)).

(ii) \V S(&7) is the maximum subcommutator of <7, i.e., \| (&) € S().
(i) S() =[0,VS()]L(w)-

(iv) com(«) =\ S().

Proof. (i) Itis easy to see that Py AE | P, for every Py, P, € <7 if and only if [0, E]| N.oZ C
27", and hence the assertion follows from Lemma 24l (ii) Let P;,P; € </. We have
P, \E | P, forevery E € S(</) from Lemmal.4] and P; A\/ S(</) | P, from Proposition
Since S(«7) C Z(</), we have \/ S(«7) € Z(</). Thus, \/S(«7) € S(7), and the
assertion follows. (iii) If P € [0,\/ S()]1 () then P = P A\ S(/) commutes with
every element of L(</). Thus, we have [0,V S(o)|() = [0,V S(Z)]|z(). Now,
let P € [0,V S(«)]z(wr). Then, Py [P and Py [P, A\ S(47), and hence Pi | P APy A
\/S(«) and P; | P, A P. Thus, we have P € S(.<7), and the assertion follows. (iv) Since
com(.%) € Z(.%) for every finite subset .# of .o, we have com(.«/) € Z(.</'), and hence
we have com(</) € Z(.</). Thus, relation (iv) follows. ]

The following proposition will be useful in later discussions.
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Theorem 2.6. Let B be a maximal Boolean sublogic of a logic 2 and </ a subset of 2
including B, i.e., B of C 2. Then, we have com(/) € A and [0,com( )]s C B.

Proof. Since com(/) € Z(</) C %' = A, we have com(/) € B. Let P € .
Then, P A com(<7) | Q for all Q € %, so that P Acom(</) € B' = %, and hence
[0,com(/)] .y C A. O

The following theorem clarifies the significance of commutators.

Theorem 2.7. Let <7 be a subset of a logic 2. Then, L(</) is isomorphic to the direct
product of the complete Boolean algebra [0,com(< )| ) and the complete orthomod-

ular lattice [0,com(2/ )]sy without non-trivial Boolean factor.

Proof. It follows from V\S(&/) € Z(&/) that L(&/) = [0,V S()]r(w) ¥
[O,\/S(@%)L]LW). Then, [0,V S(#)](s) is a complete Boolean algebra, since
[0,V S()](ry € Z(). Tt follows easily from the maximality of \/S(«/) that
[0,V S(#) "] (r) has no non-trivial Boolean factor. Thus, the assertion follows from
the relation \/ S(.«') = com(.«7). ]

We refer the reader to Pulmannova [27]] and Chevalier [4] for further results about

commutators in orthomodular lattices.

2.3 Logic on Hilbert spaces

Let 7 be a Hilbert space. For any subset S C 7, we denote by S* the orthogonal
complement of S. Then, S* is the closed linear span of S. Let € (.#) be the set of
all closed linear subspaces in .7°. With the set inclusion ordering, the set ¢'(.%¢) is
a complete lattice. The operation M — M~ is an orthocomplementation on the lattice
€ (), with which €' (7)) is a logic.

Denote by #(s¢) the algebra of bounded linear operators on J# and 2(.7) the
set of projections on .. We define the operator ordering on B(H°) by A < B iff
(v,Ay) < (y,By) for all y € 5. For any A € B(H°), denote by Z(A) € € ()
the closure of the range of A, i.e., Z(A) = (A)**. For any M € € (), denote by
P (M) € 2(H) the projection operator of .7 onto M. Then, Z (M) = M for all
M e € () and PZ(P) = P for all P € 2(s), and we have P < Q if and only if
XZ(P) C Z(Q) for all P,Q € 2(5), so that 2() with the operator ordering is also
a logic isomorphic to € (7). Any sublogic of 2(.7) will be called a logic on €.
The lattice operations are characterized by P A Q = weak-lim,,_,..(PQ)", P+ =1 —P
forall P,Q € 2(7).
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Let o C B(°). We denote by o7’ the commutant of < in B(H). A self-adjoint
subalgebra .# of B() is called a von Neumann algebra on ¢ iff .#" = ./ . For
any self-adjoint subset &7 C B(H#), «/" is the von Neumann algebra generated by
/. We denote by & (.#) the set of projections in a von Neumann algebra .#. For
any P,Q € 2(s), we have P | Q iff [P,Q] = 0, where [P,Q] = PQ — QP. For any
subset .7 C 2(.¢), we denote by .o7' the commutant of <7 in (). For any subset
o C Q(H), the smallest logic including .7 is the logic 7' called the logic generated
by <f . Then, a subset 2 C 2(5¢) is alogic on .77 if and only if 2 = & (.4) for some
von Neumann algebra .# on ¢ (Ref. [23]], Proposition 2.1).

We define the implication and the logical equivalence on 2 by P — Q = PV
(PANQ) and P <+ Q = (P — Q) A(Q — P). We have the following characterization of

commutators in logics on Hilbert spaces (Ref. [23], Theorems 2.5, 2.6).

Theorem 2.8. Let 2 be a logic on 7 and let of C 2. Then, we have the following

relations.

(i) com(e/) = P{y € # |[A,Bly =0forall A,B € /"}.
(i1) COI‘n(fQ{) = t@{l[/ e H | [PI,PQ]P3I[/: Oforall P ,P,P;c %}

2.4 Quantum set theory over logic on Hilbert spaces

We denote by V' the universe of the Zermelo-Fraenkel set theory with the axiom of
choice (ZFC). Let £ (€) be the first-order language with equality without constant
symbols augmented by a binary relation symbol €, bounded quantifier symbols Vx € y,
Jx € y (in addition to unbounded quantifier symbols Vx, dx. For any class U, the
language .Z'(€,U) is the one obtained by adding a name for each element of U.

Let 2 be a logic on .7Z. For each ordinal o, let

VO(f@) = {u| u:dom(u) - 2 and (3B < a)dom(u) C Vﬁ("@)}. (6)
The 2-valued universe V() is defined by
v = | v, )

aeOn

where On is the class of all ordinals. For every u € V(Q), the rank of u, denoted by
rank(u), is defined as the least & such that u € Vo(fi.
then rank () < rank(v).

For any u,v € V(Q), the 2-valued truth values of atomic formulas u =vand u € v

It is easy to see that if u € dom(v)

are assigned by the following rules recursive in rank.
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® [[I/l = V]]g = /\u’edom(u)(u(u/) - [[u/ S V]L@> A /\V’Edom(v)(v(vl> - [[V/ < u]]g)
(i) [lu € v] 2 = Viedomw (V) Alu=v]2).
To each statement ¢ of .Z(&,V(?)) we assign the 2-valued truth value [¢] o by

the following rules.

(i) [-¢]2 = [¢]5-

(iv) [¢1 A2l 2 = [¢1] 2 A [[¢2]] 2-
W) [¢1Vallo=[01]2V[92] 2.
i) [01 = ¢2]lo = [91]2 — [¢2] 2-

=
I
I
[ 2=
(vii) [[¢1 < $2]0 = [91] 2 > [2] 2-
I
[
I
I

(viii) [(Vx € u) 9 (x)].2 = Awedomu (u(u) = [¢ ()] 2).
(ix) [[(Fx € u) ()] 2 = Vuedom(u (') A[¢ ()] 2).
®) [(vx)9(N)]2 = Ayey@ [9 ()] 2-
xi) [(3x)9(x)].2 = V,ep2 [9(w)].2-

We say that a statement ¢ of .Z(€,V(?)) holds in V<) iff [¢]]o = 1. A formula
in .Z(€) is called a Ap-formula iff it has no unbounded quantifiers Vx or 3x. The
following theorem holds [23]].

Theorem 2.9 (Ap-Absoluteness Principle). For any Ag-formula ¢ (xy,...,x,) of L(€)

anduy,...,u, € V(2) e have

(¢ (ur,. )l 2 = [9 (w1, un)] )

Henceforth, for any Ag-formula ¢ (x1,...,x,) and u1,...,u, € V(?), we abbreviate
[0 (ur,...,un)] = [[@(u1,...,u,)] 2, which is the common 2-valued truth value in all
V(2) such that Ul,...,Uy € V().

The universe V can be embedded in V() by the following operation V : v — ¥
defined by the e-recursion: for each v € V, v = {ii| u € v} x {1}. Then we have the
following [23]].

Theorem 2.10 (Ap-Elementary Equivalence Principle). For any Ag-
formula ¢ (x1,...,x,) of ZL(€) and uy,...u, € V, we have (V,€)
O(uy,...,up) if and only if [¢ (i1, ... u,)] = 1.

For u € V), we define the support of u, denoted by L(u), by transfinite recursion

on the rank of u by the relation

Ew = |J E)U{u(x)|xedom(u)}. (8)

xedom(u)
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For o/ C V(2 we write £(o/) = U,cy E(u) and for uy,...,u, € V() we write
E(ur,...,un) =E({uy,...,u,}). Let o C V). The commutator of <, denoted by
com(.%7), is defined by

com(«/) = com(L(«)). )

For any uy, ... ,u, € V), we write com(uy,...,u,) =com({uy,...,u,}). For bounded

theorems, the following transfer principle holds [23]].

Theorem 2.11 (ZFC Transfer Principle). For any Ag-formula ¢ (xy,...,x,) of Z(€)
and uy,...,u, € V2, if ¢(x1,...,x,) is provable in ZFC, then we have

com(up,...,uy) < [@(ug,...,u,)].

3 Real numbers in quantum set theory

Let Q be the set of rational numbers in V. We define the set of rational numbers in the
model V(%) to be Q. We define a real number in the model by a Dedekind cut of the
rational numbers. More precisely, we identify a real number with the upper segment
of a Dedekind cut assuming that the lower segment has no end point. Therefore, the

formal definition of the predicate R(x), “x is a real number,” is expressed by

R(x) = Wex(yeQAIyeQyex)AIyecQ(y¢&x)
Ay eQyex+VzeQ(y<z—z€x)). (10)
The symbol “:=" is used to define a new formula, here and hereafter. We define R(©)

to be the interpretation of the set R of real numbers in V(2 as follows.

R = {u e v(?)| dom(u) = dom(Q) and [R(u)]] = 1}. (11)
The set R of real numbers in V() is defined by

Ry =R x {1}. (12)

Then, for any u,v € R(Q), the following relations hold in v(2) [23]].

i) [(Vu € Ro)u=u] = 1.

() [(Vu,veRgu=v—v=u]=1

(i) [(Yu,v,weRglu=vAv=w—u=w||=1.
(v) [(WweRg)(Vx,yev)x=yAxev—yev.
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V) [Vu,veRg)(Vxeu)xcuhu=v—-xevl.

From the above, the equality is an equivalence relation between real numbers in V().

For any uy,...,u, € R(?), we have
[ur =up A+ ANup—1 = up]] < com(uy,...,uy), (13)

and hence commutativity follows from equality in R@) [23].

Let .# be a von Neumann algebra on a Hilbert space . and let 2 = Z(.#). A
closed operator A (densely defined) on .77 is said to be affiliated with . , in symbols
An . ,iff U*AU = A for any unitary operator U € .#’. Let A be a self-adjoint operator
(densely defined) on 7 and let A = [g A dE#(A) be its spectral decomposition, where
{E* (A1)} cr is the resolution of identity belonging to A (Ref. [35]], p. 119). It is well-
known that A7 .7 if and only if EA(1) € 2 for every A € R. Denote by .Z s, the set
of self-adjoint operators affiliated with .#. Two self-adjoint operators A and B are said
to commute, in symbols A | B, iff EA(A) | EB(A’) for every pair A, A’ of reals.

For any u € R() and A € R, we define E*(1) by

EYA)= N u(¥. (14)
A<reQ
Then, it can be shown that {E"“(A)},cg is a resolution of identity in 2 and hence
by the spectral theorem there is a self-adjoint operator &1 .# uniquely satisfying & =
JgAdE"(L). On the other hand, let A7 .# be a self-adjoint operator. We define A €
V(@) by

A={(*E(r)) | reQ}. (15)

Then, dom(A) = dom(Q) and A(¥) = EA(r) for all r € Q. It is easy to see that A € R(?)
and we have (i) = u for all u € R(?) and (AY=A for all A € .#s4. Therefore, the
correspondence between R and .Z 54 is a one-to-one correspondence. We call the

above correspondence the Takeuti correspondence. Now, we have the following [23]].

Theorem 3.1. Let 2 be a logic on 7. The relations

() E*(A)= N u(®)forallde€QqQ,

A<reQ
(i) u(¥) = EA(r) forallr € Q,

forallu=A € R and A = it € M s sets up a one-to-one correspondence between
R and M sa.
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For any r € R, we shall write 7 = (r1)7 where r1 is the scalar operator on .7#’. Then,
we have dom(7) = dom(Q) and 7(f) = [[¥ <], so that we have L.(7) = {0, 1}. Denote
by #(R") the o-filed of Borel subsets of R” and B(R") the space of bounded Borel
functions on R”". A spectral measure [9] on R" in .# is a mapping E of Z(R") into
P (M) satistying Y ; E(A;) = 1 for any disjoint sequence {A;} in Z(R") such that
U;A; =R". Let X be a self-adjoint operator affiliated with .#. For any f € B(R), the
bounded self-adjoint operator f(X) € .# is defined by f(X) = [z f(L)dEX(X). The
spectral measure of X is a spectral measure E4 on R in .# defined by EX (A) = yA(X)
for any A € %(R). Then, we have EX (1) = EX((—o0, A]).

Proposition 3.2. Let r € R, s,t € R, and X ) #s4. We have the following relations.

(i) [Fes] =[s<F=E"()
(i) [§<i]=[5<f] =E"(r)
(iii) [X <7 = EX(1) = EX((—o0,1])
(iv) [7 < X] =1-EX(r) = EX((1,%0))
v) [§<X <i] = EX(t) = EX(s) = EX((s,1])
i) [X =7 =E*(t) = V,cr e EX (r) = EX({1})

Proof. Relations (i), (ii), and (iii) follows from [23, Proposition 5.11]. We have
com(,X) = 1, so that (iv) follows from the ZFC Transfer Principle (Theorem 2.11).

Relation (v) follows from (iii) and (iv). We have

X=1 = AXEH—=[Feiln \Ni(F)—[FeX]
reQ reQ
= AE*()"VE'(r)A NE'(r) VEX(r)
reQ reQ
= /\ EX(r)t A /\ EX(r)
r<t,reQ 1<reqQ
= [1- \/ E*(NIAE*(1)
r<t,reQ
= E0- \V EX)
r<t,reQ
= EX({1}).

Thus, relation (vi) follows. ]
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4 Standard probabilistic interpretation of quantum theory

Let S be a quantum system described by a von Neumann algebra .# on a Hilbert space
. According to the standard formulation of quantum theory, the observables of S
are defined as self-adjoint operators affiliated with .#, the states of S are represented
by density operators on ¢, and a vector state y is identified with the state |y)(y/|.
We denote by O'(.#) the set of observables, by . () the space of density opera-
tors. Observables X, ..., X, € O(.) are said to be mutually commuting iff X; | X; for
all j,k=1,....n. If X1,...,X, € O(.#) are bounded, this condition is equivalent to
[Xj,X;] =0forall j,k=1,...,n. The standard probabilistic interpretation of quantum

ally commuting observables Xi,...,X, € () in p € .7 () by the Born statistical

formula:
Xy, Xn X X,
F, (x1,..., %) = Tr[E™ (x1) - E* (%) P (16)

To clarify the logical structure presupposed in the standard probabilistic interpreta-

tion, we define observational propositions for S by the following rules.

(R1) Forany X € 0(.#') and x € R, the expression X <, x is an observational propo-
sition.
(R2) If ¢; and ¢ are observational propositions, —¢; and @; A ¢, are also observational

propositions.

Thus, every observational proposition is built up from “atomic” observational proposi-
tions X <, x by adding finite number of connectives — and A. We denote by %, (.#)

the set of observational propositions. We introduce the connective V by definition.

(D1) @1V @2 :=—(—¢1 A—).

For each observational proposition ¢, we assign its projection-valued truth value
(0]l € 2(5) by the following rules [2].

(T1) [X <, ], = EX(x).
(T2) [~ = [9],-
(T3) [[91 A2]lo = [¢1]lo A[[92]o-

From (D1), (T2) and (T3), we have

(D2) 91V $a2llo = [[91]l0V [92]lo-
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We define the probability Pr{¢||p} of an observational proposition ¢ in a state p
by

(P1) Pr{¢[lp} =Tr[[¢]p]-

We say that an observational proposition ¢ holds in a state p iff Pr{¢||p} = 1.
The standard interpretation of quantum theory restricts observational propositions

to be standard defined as follows.

(W1) An observational proposition including atomic formulas X <, x1,..., X, <, X, 18

called standard iff X1, ..., X, are mutually commuting.

All the standard observational propositions including only given mutually com-
muting observables Xi,...,X, comprise a complete Boolean algebra under the logical
order < defined by ¢ < ¢’ iff [¢]], < [[¢']], and obey inference rules in classical logic.
Suppose that X1, ...,X, € O(#) are mutually commuting. Let xj,...,x, € R. Then,

X1 <ox1 AN X, <, X, 1s a standard observational proposition. We have
X1 <ox1 A AXy <o Xullo = EX (x1) A AEX (x,) = EX¥ (1) -+ EXn (). (17)
Hence, we reproduce the Born statistical formula as
Pr{X; <, x1 A+ AXy <o Xn||p} = TI[EX (x1) --- EX" (x,,) p]. (18)

From the above, our definition of the truth values of observational propositions are
consistent with the standard probabilistic interpretation of quantum theory.

From Proposition[3.2]and (T1), we conclude
X <] = [X <o o (19)

forall X € () and x € R. To every observational proposition ¢ the corresponding
statement ¢ in .Z(c,R(?)) is given by the following rules for any X € & (.#) and

x € R, and observational propositions ¢, @1, @».

Q) X <,x:=X <%
(Q2) ¢ :=—.
(Q3) 01 A := 1 Ao

Then, it is easy to see that the relation

(8] =[] (20)
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holds for any observational proposition ¢. Thus, all the observational propositions are
embedded in the set of statements in .2 (€, R(?)) with the same projection-valued truth
value.

We denote by Sp(X) the spectrum of an observable X € & (.#), i.e., the set of
all A € R such that X — A1 has a bounded inverse operator on .. An observable
X € O(A) is called finite iff Sp(X) is a finite set, and infinite otherwise. Denote by
Ow(A) is the set of finite observables in O'(.#).

Let X € Oy(.# ). Then, Sp(X) coincides with the set of eigenvalues of X. Let

0(X) = min x—yl/2,1}. 21
X)=__min  {s=yl/2.1} @

For any x € R, we define the observational proposition X =, x by

X=px:=x—0(X) <X <,x+6(X). (22)
Then, it is easy to see that we have

[X =0 x]o = E* ({x}) (23)

for all x € R.

In Ref. [24] we have introduced observational propositions for the case where
dim(J) < o and .# = PB(I) by rules (R’1), (R’2) of well-formed formulas and

rules (T 1)—(T’3) for projection-valued truth value assignment as follows.

(R’1) For any X € 0(#A(s)) and x € R, the expression X =, x is an observational
proposition.

(R’2) If ¢; and ¢, are observational propositions, ~¢@; and @; A @, are also observational
propositions.

(T'D) [X =y 2] = EX (x).

(T2) [~¢] = 9]

(T'3) [¢1 A 2]l = [d1]lr A P2]lr-

Denote by %, (#(7)) the set of observational propositions constructed by rules (R’ 1)
and (R’2). In this language, for any observables X € 0'(# (7)) and any real number
x € R, we can introduce the observational proposition X <, x in .Z,, (% (7)) by

X <y x:= \V X =y xj, (24)
x;ESP(X)N(—o0,x]
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where the observational proposition \/; ¢; is defined by \/;¢; = @1 V-V ¢, for any

finite sequence of observational propositions ¢y, ..., ¢,. Then, we have
[X <o 5y = E¥ (x). (25)

Now, we can conclude that if dim(J#) < oo, the language .%,(#(7)) and
Ly (AB(H)) are equivalent in the sense that there is a one-to-one correspondence P
of Ly (A(A)) onto Z,(A(H')) such that [S(¢)]l, = [¢]lor, P(X =y x) = (X = x),
and (X <, x) = (X <, x) forall ¢ € Z,(B(H)), X € O(AB(H)), and x € R.
Thus, in what follows for the case where dim(.7#) < o we shall identify the language
Zy(PB(H)) introduce in Ref. [24] with the language Z,(%A(.7)); in this case we
have O (B(H)) = On(B(FH)).

5 Simultaneous determinateness

In this section, we shall examine basic properties of the commutator com(Xy,...,X,)
for observables Xi,...,X, € O(#). Let Xi,...,X, € O(.#). We denoted by
{X1,...,X,}" the von Neumann algebra generated by projections EX(1) for all j =
l,...,n and A € R, and denote by Z(Xi,...,X,) the center of {Xy,...,X,}", ie.,
Z (X1, X,) ={X1,.... X, }" N{X1,...,X,}. The cyclic subspace € (X1, .., Xn;P)
of 7 generated by Xi,...,X,, and p is defined by

C(X1,...,. Xn;p) = {X1,..., X} Tan(p),

where ran stands for the closure of the range. Then, ¢'(X1,...,X,;p) is the least invari-
ant subspace under {Xj,...,X,}” containing p. Denote by C(X,...,X,;p) the projec-
tion of # onto €' (X1,...,Xu;p). Then, C(X1,...,X,;p) is the smallest projection P in
{Xi,...,X,} suchthat Pp = p.

Under the Takeuti correspondence, the commutator of observables are character-

ized as follows.
Theorem 5.1. ForanyX,,...,X, € O(.#), the following relations hold.

(i) com(Xy,....X,) = P{y e # |[A,Bly =0forall A,B € {Xi,...,.X,}".
(i) com(Xy,...,X,) = P{y € | [EXi(r),EX(rp)|EXi (r3)y =0
forallri,ry,r3 € Qand jk,l=1,...,n}.
(iii) com(Xy,...,X,) = max{E € 2(Z(X1,...,Xn)) | X;E s X,k E
forall jok=1,...,n}.
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Proof. Let o/ =L(Xi,...,X,). Then, com(Xj,...,X,) = com(%). We have
L(X,,....X,) ={EY(rj)| r;€Qand j=1,...,n} U{0,1},

and hence L(Xi,...,X,)"” = {Xi,...,X,}". Thus, relations (i) and (ii) follow from
Theorem [2.8] (i) and (ii), respectively. From Theorem 2.3 we have

com(Xi,...,X,) = max{E€Z(«)|P NE, P, AE forall P|,P, € o/}
= max{E € Z(Z(Xy,....Xn)) | X;E | XiE forall j.k=1,...,n},

from which relation (iii) follows. O

We say that observables Xi,...,X, € () are simultaneously determinate in a
state p iff Trjcom(X;, ..., X,)p] = 1.

A probability measure p on Z(R") is called a joint probability distribution of
X1,..,Xn € O(M) in p € () iff for any polynomial p(fi(Xy),..., (X)) of
observables f1(X}),..., fu(Xy), where f1,..., fn € B(R), we have

Trlp(f(X0). oo fu)p) = [ [ p(ia)seons Sl dit(ar, ). 26)

A joint probability distribution of X, ..., X, in p is unique, if any. Since simultane-
ous determinateness is considered to be a state-dependent notion of commutativity, it
is expected that simultaneous determinateness is equivalent to the state-dependent ex-
istence of the joint probability distribution. This is indeed shown below together with

other useful characterizations of this notion.

Theorem 5.2. For any observables X1,...,X, € O(#) and a state p € S (), the

following conditions are all equivalent.

() Xi,...,X, are simultaneously determinate in p, i.e., Trjcom(Xy,...,X,)p] = 1
(i) com(Xy,...,X,)p =p.
(iii) C(X1,...,Xu;p) < com(Xj,...,X,).
(iv) [A,B]p =0forall A,B € {Xy,...,X,}".
(v) There exists a joint probability distribution of X1,...,X, in p.
Vi) X;C(X1,....Xn;p) § XkC (X1, ..., Xu;p) forall jk=1,....n.

(vii) There exists a spectral measure E in .# on R" satisfying
E(Ay x - xA)p =EX (A A--- NEX(A)p (27)

forall Ay,... A, € B(R).
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(viii) There exists a probability measure 1L on R" satisfying
(A X - x Ay) = Te[EX (A A--- AEX (A, p] (28)
forany Ay,... A, € B(R).

If one of the above conditions holds, the joint probability distribution i of of X1, ..., X,
in p is uniquely determined by Eq. (28).

Proof. Let B=1{X1,.... Xy} andC=C(Xy,...,Xu;p).

(i)=>(ii): The assertion follows from the relation |P\/p — \/p||%;g = 1 — Tr[Pp] for
any projection P, where || - - - ||gs is the Hilbert-Schmidt norm.

(ii)=-(iii): Since com(Xi,...,X,) € %, (iii) follows from (ii) by minimality of
C(X1,....Xup).

(iii)=-(iv): It follows from (iii) that ran(p) C ran(com(Xy,...,X,)) so that (iv) fol-
lows from Theorem [5.1] (i).

(iv)=(v): It follows from assumption (iv) and Proposition 2.2 in Ref. [10] that the
GNS representation (77, w,Q) of % induced by p is abelian (i.e., 7(%) is abelian)
and normal. Let j =1,...,n. Let f; be a bounded Borel function on R. By normality
of 7, there is a self-adjoint operator 7(X;) affiliated with 71(28) such that E**/)(A) =
n(EXi(A)) for all A € %(R), and hence we have

m(fi(X;)) = fi(7m(X;)).
Thus, the relation
LA X - X Ay) = (QE™X) (A} ... EFXE)(A,)Q),

where Ay, ..., A, € B(R), defines a probability measure y on Z(R") satisfying

/.../Rnp(fl(xl),,..,fn(xn))du(xl,...,xn) = (Q(p(fi(X1)s- - fu(X0))) Q)

for any polynomial p (f(X1),..., fu(Xs)) of fi(X1),..., fu(Xy). Thus, assertion (iv)
follows from the relation
TriAp] = (@, 7(4)Q)

for any A € 4 satisfied by the GNS representation (¢, 7, Q).
(v)=>(1): Suppose that there exists a joint probability distribution u of Xy, --X,, in
p. Then, for any j.k,l=1,...,nand ry,rp,r3 € Q, we have

Te[|[E% (1), E*2 (r2)|E¥ (13) *p] = 0
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and we have [EXi(r1), EX2(rp)|EXi(r3)p = 0. From Theorem (ii), it follows that
com(Xi,...,X,)pw = py for all v € 5. Thus, we have com(Xi,...,X,)p = p and
hence Xi,...,X, are simultaneously determinate in a state p.

(iii)<>(vi): From Theorem 2.3] (iv), we have

com(Xy,...,X,) =max{E € &' | X;E | XyE forall j,k=1,...,n}.

Thus, the equivalnce (iii)<(vi) follows from the fact that C(Xy,...,X,;p) € #'.
(ii)=(vii): Let G = com(Xj,...,X,). Then, we have X;G | X;G for all j k =

1,...,n. It follows that there exists a spectral measure E in .# on R” such that
E(A; x ---x Ay) = EXO(A) - - EXG(A,) = EXIC(A) A--- ANEXC(A,)
forall Aj,...,A, € B(R). Let Ay,..., A, € B(R). Since
EXiG(A) = EXi(A)G + &(A)GH
forall A€ B(R") and j = 1,...,n, where & is the point mass on 0 € R, we have
E(A; x - xA,)G = [EX{(A)) A--- NEX"(A,)]G
If (i1) holds, i.e., Gp = p, we have
E(A; X ---xXAp)p=E(A; x---xA,)Gp

= [EX1(A1) A~ NEP'(8,)]Gp
= EXU (A A---NEX(A)p.
Thus, (vii) follows.
(vii)=(viii): Obvious.
(viii)=-(ii): Let u be a probability measure on R" satisfying 28). Let j,k,I €
{1,...,n}. By taking an appropriate marginal measure of p there exists a probability

measure ' on R? such that
W (AL x Ay x Az) = Tr[EXi (A) NEX(Ay) NEX1(A3)p]
for all Aj,A2,Az € B(R). Let A1, Ar,Az € Z(R) and
P = EX(A3)— EX(AS) NEXI(A3) — EXi(A) NEX(Ay) NEX(A3)
—EXi (A1) NE® (M) NEX(A3),

where A¢ stands for the complement of A € %(R). Then, by the additivity of u’ we

have

Tr[Pp] = W' (R xR x Az) — ' (R X AS x Az) — U(A] X Ay x Az) — (A} X Ay X Az) = 0.
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Since Tr[(P/p)" (P/P)] = Tr[Pp], we have P,/p =0, so that EXi (A;)EXx(A;) Pp =0,
and hence EXi (A))EX(A2)EX1 (A3)p = EXi (A1) AEXk(Ay) ANEX(A3)p. By symmetry
we also have EX(Ay)EXi(A)EX (A3)p = EXi(A1) NEX(Ay) NEX (A3)p. Thus, we
have [EXi(A;), EX(A2)|EX (A3)pw = 0 for all w € 7. Since A1, Ay, A3 were arbitrary,
it follows from Theorem [5.1l that ran(p) C ran(com(Xj,...,X,)), and (ii) follows.
Suppose that there exists a joint probability distribution p of Xi,...,X, in p. Let
Fxr, . x) = xa, (1) - XA, (%), Where Aq,... A, € (R). From Eq. (26), we have

THES (A1) E¥(8)p) = [+ [ 0, (00) 2o, ()da( )

=u(A; X - X Ay).
From the proof of (ii)=-(vii), we have

EXi (Al)"'EX”(An)p :Ele(Al)-~-EX”G(A,,)p
= EXIG(A) A--- ANEXCG(A)p
= EXL (A A---NEX(A)p.

Thus, one of conditions (i)—(viii) holds, Eq. (28) uniquely determines the joint proba-
bility distribution u of Xi,...,X, in p. ]

The equivalence between (i) and (v) in the above theorem was previously reported
in Theorem 2 of Ref. [24] for the case where .# = Z() with S < oo. The equiva-
lence of (ii), (vii), and (viii) was given in Theorem 5.1 of Ref. [22] for the case n = 2.

Note that for any Xi,...,X, € O(#) there exists a proposition ¢ in
Z,(AM) such that [[¢], = com(Xi,...,X,), since com(Xi,...,X,) € Op(A) and
[com(Xi,...,X,) =, 1], = com(Xi,...,X,). However, it is not in general possible
to construct such ¢ from atomic propositions of the form X; <, A for j =1,...,n with
A € R. In what follows, we shall show that this is possible for finite observables.

For any finite observables X1, ...,X, € Oy (.#') we define the observational propo-

sition com, (X, ...,X,) by

com,(Xi,...,Xy) = \/ X1 =0 X1 AN ANX, =0 Xn. (29)
x1€Sp(X),....xn €Sp(Xn)

Then, we have the following theorem.

Theorem 5.3. For any finite observables X, ..., X, € O (M), we have

[com, (X1,...,X,)]o =com(Xy,....X,). (30)
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Proof. LetXy,...,X, € Oy (). Let xg.l) << x&nj) € R be the ascending sequence

of eigenvalues of X;. Then, we have

L(Xi... %) = {E5(0) [ x=x" s =1, ny U o).

Since L(Xj,...,X,) is a finite set, it is easy to see that the relations
. 1 ).
feomy (X, Xa)]o = com({EY ({x}) [x=x" s =1, )
= com(L(Xi,...,X,))
= com(Xy,...,X,)
hold. -
The observational proposition com,(X,...,X,) was previously introduced in

Ref. [24] for the case where .# = % () and dim() < o. The following theo-

rem is a straightforward generalization of Theorem 1 in Ref. [24].

Theorem 5.4. Finite observables X\, ..., X, € O (M) are simultaneously determinate
in a vector state ¥ if and only if the state Y is a superposition of common eigenvectors
0fX1, ces ,Xn.

6 Quantum equality

In this section, we shall examine basic properties of the 2-valued equality relation
[X = Y] defined through V() for any two observables X,Y € & (.#), where 2 =
P (M ). From Theorem 6.3 of Ref. [23], we have the following characterizations.

Theorem 6.1. Forany X,Y € O(.#), the following relations hold.

() [X Py e A |EX(r)y =E"(r)y forall r € Q}.

(i) [X = Py e | f(X)y=f(Y)y forall f € B(R)}.

(iii) [X =Y]=2{y e |(EX(A)y,E'(D)y)=0
forany AT € Z(R) with ANT = 0}.

Y]
Y]

We introduce a new atomic observational proposition X =, Y in .Z,(.#) for all
X,Y € O(A) by the following additional rules for formation of observational propo-

sitions and for projection-valued truth values:

(R3) Forany X,Y € O (.4 ), the expression X =, Y is an observational proposition.

(T4) [X =, Y], = [X =7].
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We extend the correspondence between observational propositions and formulas in
Z(e,V(2)) by the following rule for any X,Y € O'(.4).

Q4) X =V :=X=7.
Then, from (T4) it is easy to see that the relation

(0] = [[¢]o 31)

holds for any observational proposition ¢. We denote by %, (.# ,=) the set of ob-
servational propositions constructed by rules (R1), (R2), (R3). Then, the language
%,(A ,=) is embedded in the set of statements in ¥ (G,R(Q)) by rules (Q1), (Q2),
(Q3), (Q4) with the same projection-valued truth value by rules (T1), (T2), (T3), (T4).

In general, the equality relation in V(<) is not an equivalence relation in V(<) [31]].
From Theorem 6.3 of Ref. [23], however, we conclude that that 2-valued equality

between two observables is indeed a 2-valued equivalence relation as follows.

Theorem 6.2. For any observables X,Y,Z € O(.# ), the following relations hold.

(1) [[ o X]]o =1
(i) [[ o ]]0 [[Y o X]]n
(i) [X = Y]o ALY =0 Z] < [X =0 7]

We say that observables X and Y are equal in a state p, in symbols X =, Y, iff
Pr{X =, Y||p} = 1, or equivalently iff [X =, Y]J,p = p. In general, we say that ob-
servables X and Y are equal in a state p with probability Pr{X =, Y||p}. On the
other hand, we have explored another relation called quantum perfect correlation in
Ref. [22] as follows. Two observables X and Y are called perfectly correlated in a state
p iff Tr[EX(A)EY (T')p] = 0 for any disjoint Borel sets A,I" € Z(R). It is noted that the
quantity Tr[EX (A)EY (T')p] = 0 for A,T" € A(R) is called the weak joint distribution
of X and Y in p, and known to be experimentally accessible by weak measurement
and post-selection [25]. We shall show that the above two relations are equivalent to-
gether with other equivalent conditions to conclude that the relation X =, Y and the

probability Pr{X =, Y||p} are experimentally accessible.

Theorem 6.3. For any observables X,Y € O(.# ) and p € ./ (), the following con-

ditions are all equivalent.

(i) X=p7Y, ie, [X=,Y],p=0p.
(ii) X and Y are perfectly correlated in p, i.e., Tt[EX(A)EY (T')p] = 0 for all A,T €
B(R) with ANT = 0.
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(iii) Xy =Yy forally € €(X,p).

(iv) (. EX(A)y) = (v, E"(A)y) forall y € € (X,p).
(v) EX(A)p =EY(A)p forall A € B(R).
i) f(X)C(X;p) = f(Y)C(X;p) for all f € B(R).
(vii) C(X;p) =C(Y;p) and XC(X;p) =YC(X;p).
(viii) There exists a joint probability distribution ,ug’y (x,y) of X,Y in p that satisfies

" ({(xy) eR* [x=y}) =1. (32)

Proof. The assertions follow from Theorem above and Theorems 3.2, Theorem
3.4, Theorem 4.3, and Theorem 5.3 in Ref. [22]. O

The equivalence between (i) and (viii) was previously reported in Theorem 4 in
Ref. [24] for the case where 5 < « and .4 = B ().

Let ¢(X,...,X,) be an observational proposition that is constructed by rules (R1),
(R2), (R3) and includes symbols for observables only from the list X1,...,X,, ie.,
¢(X1,...,X,) includes only atomic observational propositions of the form X; <, x; or
Xj = Xy, where j,k=1,...,n and x; is the symbol for an arbitrary real number. In
this case, ¢(Xj,...,X,) is said to be an observational proposition in %, (Xj,...,X,).
Then, ¢(Xi,...,X,) is said to be contextually well-formed in a state p iff Xj,...,X,
are simultaneously determinate in p. The following theorem answers the question as
to in what state p the probability assignment satisfies rules for calculus of classical
probability, and shows that for well-formed observational propositions ¢ (X,...,X},)

the projection-valued truth value assignment satisfies Boolean inference rules.

Theorem 6.4. Let ¢(Xy,...,X,) be an observational proposition in £,(X1,...,X,). If

O(Xy,...,Xy) is a tautology in classical logic, then we have
com(Xy,.... %) < [o(X1,..., X0)]o-

Moreover, if ¢(Xi,...,X,) is contextually well-formed in a state p, then ¢(Xi,...,X,)
holds in p.

Proof. Suppose that an observational proposition ¢ = ¢(Xj,...,X,) is a tautology in
classical logic. Let ¢ be the corresponding formula in & (E,V(C@ ). Then, it is easy
to see that there is a formula ¢o(uy,...,u,,vy,...,vy) in Z(V(Q)) provable in ZFC
satisfying ¢o(X1,...,X,,71,...,7n) = ¢ with some real numbers r(,...,r,. Then, by
the ZFC Transfer Principle (Theorem 2.11)), we have com(X,...,X,) < [@]). Thus, the

assertion follows from relation (31)). O
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The above theorem was previously announced as Theorem 3 in Ref. [24] for the
case where J7 < o and .# = HB(.H), the proof of which needs quantum set theory
and the embedding of the language of observational propositions into the language of
quantum set theory developed in this paper.

Note that for any X,Y € O(.#') there exists a proposition ¢ in .Z,(.#) such that
1070 = [% = F]. In fact, we have [[§ = ¥] € G () and [[X = 7] =, 1] = [X = 7].
However, it is not in general possible to construct such ¢ from atomic propositions of
the form X; <, A for j=1,...,nwith A € R. In what follows, we shall show that this
is possible for finite observables.

For any finite observables X, Y, we define the observational proposition X =Y by

X=Y:=\/ X=yx\Y=x (33)
xeSp(X)

Then, we have the following.

Theorem 6.5. For any finite observables X,Y € Oy (), we have
[X =0 Y]o = [X =Y]. (34)
Proof. Let y € Z([X =Y],). Then, for any x € Sp(X), we have

EX({xh)w=E*({x}) nE" ({x})y = E" ({(x}))v,

and for any x ¢ Sp(X), we have EX ({x})w = 0 = EY ({x})y. Thus, v € Z([X =
Y1) follows from Theorem [6.1] (i). Conversely, suppose ¥ € Z([X = ¥]]). Then, for
all x € R, we have EX ({x})y = EY ({x}) v so that we have EX({x}) AEY ({x})y =
EX({x})y. Thus, we have [X = Y],y = y. Therefore, the assertion follows. ]

As shown in Ref. [24]] for the finite dimensional case, state-dependent equality be-

tween finite observables are generally characterized in terms of eigenvectors as follows.

Theorem 6.6. Finite observables X and Y are equal in a vector state Y if and only
if the state Y is a superposition of common eigenvectors of X and Y with common

eigenvalues.

7 Measurements of observables

In this and next sections, we shall discuss measurements for a quantum system de-
scribed by a von Neumann algebra .# on a Hilbert space .7Z.

A probability operator-valued measure (POVM) for a von Neumann algebra .# on
R" is a mapping IT: B(R") — .# satistying the following conditions.
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(M1) TI(A) > 0 for all A € B(R?).
(M2) ¥ ;TI(A;) = 1 for any disjoint sequence of Borel sets Aj,A,,... € Z(R") such
that R" = J;A;.

A measuring process for . is defined to be a quadruple (%, 6,U,M) consisting of a
Hilbert space .%', a state (density operator) ¢ on .# , a unitary operator U on J€ ® %',
and an observable M on JZ" satisfying

Try [UT(XQEM (AU (1®0)| €4 (35)

forevery X € . and A € #(R), where Tr - stands for the partial trace on #" [19} [15]].

A measuring process M(x) = (¢, 6,U, M) with output variable x describes a mea-
surement carried out by an interaction, called the measuring interaction, from time 0
to time At between the measured system S described by .# and the probe system P
described by (%) that is prepared in the state ¢ at time 0. The outcome of this
measurement is obtained by measuring the observable M, called the meter observable,
in the probe at time Az. The unitary operator U describes the time evolution of S+ P
from time O to Ar. We shall write M(0) = 1@ M, M(At) =UTM(0)U,X(0)=X® 1,
and X (At) = UTX(0)U for any observable X € &'(.#). We can use the probabilistic
interpretation for the system S+ P. The output distribution Pr{x € A||p}, the probabil-
ity distribution of the output variable x of this measurement on input state p € . (),

is naturally defined as

Pr{x € Al|p} = Pr{M(Ar) € Aljp ® 6} = TH[EM ) (A)p ® o).
The POVM of the measuring process M(X) is defined by

T(A) = Try [EY™) (M) (I® 0)].

Then, ITI(A) € . for all A € A(R) by Eq. (33) and IT: Z(R) — .# is a POVM for
A on R satisfying

(M3) Prix € Al|p} = Tr[[I(A)p].

Conversely, from a general result in Ref. [[19] it can be easily seen that for every POVM
IT for .# on R, there is a measuring process M(x) = (#',0,U,M) for .4 satisfying
(P3). In fact, for any fixed py € .7 () the relation .# (A)*X = Tr[X po|I1(A) for all
X € A and A € A(R) defines a completely positive instrument for Z(7¢) on R, and
by Theorem 5.1 in Ref. [19] there exists a measuring process M(x) = (¢, 0,U,M)
for %(.¢) such that Tr[X po]TI(A) = Tr» [UT(X ® EM(A))U(1® o)) for all X € .4
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and A € #(R). Then, it is easy to see that M(x) is a measuring process for .# and
satisfies (P3). For further accounts of the universality of the class of measurement
models described by measuring processes we refer the reader to Ref. [19] for quantum
systems with finite degrees of freedom and to Ref. [[15] for those with infinite degrees
of freedom.

Let A€ O(M) and p € ./ (). A measuring process M(x) = (£ ,0,U,M) for
A with the POVM I1 is said to measure A in p if A(0) =po6 M(At), and weakly mea-
sure A in p iff Tr[TI(A)EA(T)p] = Tr[EA(ANT)p] for any A, T € Z(R). A measuring
process M(x) is said to satisfy the Born statistical formula (BSF) for A in p iff it sat-
isfies Pr{x € A||p} = Tr[E*(A)p] for all x € R. The following theorem characterizes

measurements of an observable in a given state [22].

Theorem 7.1. Let M(x) = (% ,0,U,M) be a measuring process for . with the
POVM II(A). For any observable A € O (') and any state p € ./ (), the following

conditions are all equivalent.

(i) M(x) measures A in p.
(ii) M(x) weakly measures A in p.
(iii) M(x) satisfies the BSF for A in any vector state Yy € € (A,p).

In the conventional approach, a measuring process M(x) = (£, 0,U, M) with the
POVM 11 is considered to be a measurement of an observable A iff [T = EA [19],
since in this case the probability distribution of A predicted by the Born formula is
reproduced by the probability distribution of IT in any state. However, in this approach
it is not clear whether a measurement of an observable A actually reproduces the value
of the observable A just before the measurement. The following theorem, which is an
immediate consequence of Theorem ensures that this is indeed the case (cf. the
remark after Theorem 8.2 in Ref. [22]).

Theorem 7.2. Let M(x) = (% ,0,U,M) be a measuring process for . with the
POVM I1. Then, M(X) measures A € O(M) inany p € () if and only if T1 = EA.

8 Simultaneous measurability

For any measuring process M(x) = (% ,0,U,M) for .# and a real-valued Borel
function f, the measuring process M(f(x)) with output variable f(x) is defined by
M(f(x)) = (- ,0,U, f(M)). Observables A, B are said to be simultaneously measur-
able in a state p € .7 () by M(x) iff there are Borel functions f, g such that M(f(x))
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and M(g(x)) measure A and B in p, respectively. Observables A, B are said to be si-
multaneously measurable in p iff there is a measuring process M(x) such that A and B
are simultaneously measurable in p by M(x).

Simultaneous measurability and simultaneous determinateness are not equivalent
notions under the state-dependent formulation, as the following theorem clarifies; the

case where dim(.#’) < oo was previously reported in Ref. [24], Theorem10.

Theorem 8.1. (i) Two observables A,B € O () are simultaneously determinate in
a state p € () if and only if there exists a POVM T1 for .4 on R? satisfying

II(AxR) = E*A) on%(AB,p)forall AcR, (36)
I(RxI) = EBT) on%(A,B,p)foralll €R. (37)

(ii) Two observables A,B € O(. ) are simultaneously measurable in a state p €
S (H) if and only if there exists a POVM 11 for .# on R? satisfying

II(AxR) = E*A) on€(A,p)forall AcR, (38)
II(RxT) = EBT) on%(B,p)foraliT eR. (39)

(iii) Two observables A,B € O (M) are simultaneously measurable in a state p €

S () if they are simultaneously determinate in p.

Proof. Let ¢ =€ (A,B,p) and C = C(A,B;p).

(i) (only if part): Let G = com(A, B). Then, G € .# and AG | BG. Let I be the joint
spectral measure of AG and BG, i.e., II(A x ') = EAC(A)EBS(T) for all A,T" € A(R).
Then, IT is a POVM for .# on R2. Suppose that A and B are simultaneously deter-
minate in a state p. Then, ran(p) C ran(com(A,B)). By the minimality of C(A,B,p)
among (A, B)-invariant subspaces, we have C < G and AG,BG | C. Thus, we have
ITI(A x R)C = EAG(A)C = EAC(A)C = E*(A)C and similarly IT(R x I')C = EB(T")C
for all A,T" € #(R). Thus, IT satisfies Eqs. (30) and (37).

(i) (if part): Let IT be a POVM for .# on R? satisfying (36) and (37)). Let IT be a
positive operator valued measure for () on R? defined by IT'(A x I') = CTI(A x
I)C forall A,T" € (R). Let IT" be a POVM for %(%’) on R? obtained by restricting IT’
to €. Let A, T € #(R). By the definition of C, we have E4(A)C = CE4(A) = CEA(A)C
and E4(A)C is a projection. Similarly, E8(I')C = CEB(I') = CEB(I')C and EZ(T)C
is a projection. Thus, we have IT"(A x R) = CII(A x R)C = E*(A)C, and similarly
IT"(R xT') = CTI(R x I')C = EB(T")C. Since A and I were arbitrary, the marginals of
1" are projection-valued. By a well-know theorem (e.g., Ref. [7], Theorem 3.2.1), the
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marginals commute and I1” is the product of their marginals. Thus, we have AC | BC,
and hence by Theorem[5.2] A and B are simultaneously determinate.

(ii) (only if part): Suppose that A, B € &/(.#') are simultaneously measurable in p €
(). Then, we have a measuring process M(x) = (£, 0,U,M) for .# and real-
valued Borel functions f, g such that M(f(x)) measures A in p and M(g(x)) measures
Bin p. Let ITy be the POVM of M(x). Let IT be a POVM on R? such that ITI(A xT) =
I (f~'(A)Ng~1(I)). Then, it is easy to see that IT satisfies Eqs. (38) and (39).

(ii) (if part) Let IT be a POVM for .7 on R? satisfying Eqs. (38) and (39). Then, by
the remark after condition (M3) in Section [7] there exists a measuring process M(x) =
(A ,0,U,M) for .# and real-valued Borel functions f, g such that

I(AXT) =T, [U (I QE/™(A)ESM(I)U (I o). (40)
Then, we have
I(AXR) =Tr [U 10 Ef™M (AU ®0)), (41)

so that from Eq. (38) we have M(f(x)) measures A in p. Similarly, we can show that
M(g(x)) measures B in p.

Assertion (iii) follows from (i) and (ii). ]

Discussions on physical significance of the state-dependent formulation of simulta-
neous measurability have been given in Ref. [24] for the finite dimensional case. Fur-
ther discussions on the state-dependent formulation of quantum measurement theory

will appear elsewhere.

9 Conclusion

Quantum set theory originated from the method of forcing introduced by Cohen [5, 6]
for the independence proof of the continuum hypothesis and from quantum logic in-
troduced by Birkhoff and von Neumann [2]] for logical axiomatization of quantum me-
chanics. After Cohen’s work, Scott and Solovay [29] reformulated the forcing method
by Boolean-valued models of set theory [1], which have become a central method in
the field of axiomatic set theory. In 1978 Takeuti [30] started Boolean-valued anal-
ysis, which provides systematic applications of logical meta-theorems for Boolean-
valued models to not meta-mathematical problems mainly in analysis. Among others,
Boolean-valued analysis made a great successes in operator algebras [33} (32, [17] and
especially in solving a long-standing open problem in the structure theory of type I

algebras applying the forcing method for cardinal collapsing [[16} 18, [20].
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As a successor of those attempts, quantum set theory, a set theory based on the
Birkhoff-von Neumann quantum logic, was introduced by Takeuti [31]], who estab-
lished the one-to-one correspondence between reals in the model (quantum reals) and
quantum observables. Quantum set theory was recently developed by the present au-
thor [23, [26] to obtain the transfer principle to determine quantum truth values of theo-
rems of the ZFC set theory, and to clarify the operational meaning of equality between

quantum reals, which extends the probabilistic interpretation of quantum theory,

To formulate the standard probabilistic interpretation of quantum theory, we have
introduced the language of observational propositions with rules (R1) and (R2) for
well-formed formulas constructed from atomic formulas of the form X <, x, rules
(T1), (T2), and (T3) for projection-valued truth value assignment, and rule (P1) for
probability assignment. Then, the standard probabilistic interpretation gives the sta-
tistical predictions for standard observational propositions formulated by (W1), which
concern only a commuting family of observables. The Born statistical formula is natu-
rally derived in this way. We have extended the standard interpretation by introducing
the notion of simultaneous determinateness and atomic formulas of the form X =Y for
equality. To extended observational propositions formed through rules (R1), ..., (R4),
the projection-valued truth values are assigned by rule (T1), ..., (T4), and the probabili-
ties are assigned by rule (P1). Then, we can naturally extend the standard interpretation
to a general and state-dependent interpretation for observational propositions includ-
ing the relations of simultaneous determinateness and equality. Quantum set theory
ensures that any contextually well-formed formula provable in ZFC has the probability
assigned to be 1. This extends the classical inference for quantum theoretical pre-
dictions from commuting observables to simultaneously determinate observables. We
apply this new interpretation to construct a theory of measurement of observables in
the state-dependent approach, to which the standard interpretation cannot apply. We
have reported only basic formulations here, but further development in this approach

will be reported elsewhere.

Acknowledgments

The author thanks Minoru Koga for useful comments. The author thanks the anony-
mous referee for their comments to improve the earlier version. This work was sup-
ported by JSPS KAKENHI, No. 26247016 and No. 15K13456, and the John Templeton
Foundation, ID #35771.



30 Masanao Ozawa

References

[1] J. L. Bell, Boolean-valued models and independence proofs in set theory, 2nd ed.,
Oxford UP, Oxford, 1985.

[2] G. Birkhoff and J. von Neumann, The logic of quantum mechanics, Ann. Math.
37 (1936), 823-843.

[3] G. Bruns and G. Kalmbach, Some remarks on free orthomodular lattices, Proc.
Lattice Theory Conf. (Houston, U.S.A.) (J. Schmidt, ed.), 1973, pp. 397—408.

[4] G. Chevalier, Commutators and decompositions of orthomodular lattices, Order
6 (1989), 181-194.

[5] P. J. Cohen, The independence of the continuum hypothesis I, Proc. Nat. Acad.
Sci. U.S.A. 50 (1963), 1143—-1148.

[6] , Set theory and the continuum hypothesis, Benjamin, New York, 1966.

[7] E. B. Davies, Quantum theory of open systems, Academic, London, 1976.

[8] P. Gibbins, Particles and paradoxes: The limits of quantum logic, Cambridge UP,
Cambridge, UK, 1987.
[9] P.R.Halmos, Introduction to Hilbert space and the theory of spectral multiplicity,

Chelsea, New York, 1951.

[10] H. Halvorson and R. Clifton, Maximal beable subalgebras of quantum mechani-
cal observables, Int. J. Theor. Phys. 38 (1999), 2441-2484.

[11] S.S. Holland, Jr., Orthomodularity in infinite dimensions; A theorem of M. Soler,
Bull. Amer. Math. Soc. 32 (1995), 205-234.

[12] G. Kalmbach, Orthomodular lattices, Academic, London, 1983.

[13] S. Kochen and E. P. Specker, The problem of hidden variables in quantum me-
chanics, J. Math. Mech. 17 (1967), 59-87.

[14] E. L. Marsden, The commutator and solvability in a generalized orthomodular
lattice, Pacific J. Math 33 (1970), 357-361.

[15] K. Okamura and M. Ozawa, Measurement theory in local quantum physics, J.
Math. Phys. 57 (2016), (in press), arXiv:1501.00239 [math-ph].

[16] M. Ozawa, Boolean valued analysis and type I AW*-algebras, Proc. Japan Acad.
59 A (1983), 368-371.

, Boolean valued interpretation of Hilbert space theory, J. Math. Soc.

Japan 35 (1983), 609-627.

, A classification of type I AW*-algebras and Boolean valued analysis, J.

Math. Soc. Japan 36 (1984), 589-608.

, Quantum measuring processes of continuous observables, J. Math. Phys.

[17]

[18]

[19]



http://arxiv.org/abs/1501.00239

Quantum Set Theory 31

25 (1984), 79-87.
[20] _ | Nonuniqueness of the cardinality attached to homogeneous AW*-
algebras, Proc. Amer. Math. Soc. 93 (1985), 681-684.
, Uncertainty relations for noise and disturbance in generalized quantum
measurements, Ann. Physics 311 (2004), 350-416.

[21]

[22] , Quantum perfect correlations, Ann. Physics 321 (2006), 744-769.

[23] , Transfer principle in quantum set theory, J. Symbolic Logic 72 (2007),
625-648.

[24] , Quantum reality and measurement: A quantum logical approach,

Found. Phys. 41 (2011), 592-607.

, Universal uncertainty principle, simultaneous measurability, and weak
values, AIP Conf. Proc. 1363 (2011), 53-62, arXiv:1106.5083 [quant-ph].

[26] |, Quantum set theory extending the standard probabilistic interpretation

[25]

of quantum theory (Extended Abstract), Electronic Proceedings in Theoretical
Computer Science (EPTCS) 172 (2014), 15-26, larXiv:1412.8540 [quant-ph].

[27] S. Pulmannova, Commutators in orthomodular lattices, Demonstratio Math. 18
(1985), 187-208.

[28] M. Redhead, Incompleteness, nonlocality, and realism: A prolegomenon to the
philosophy of quantum mechanics, Oxford UP, Oxford, 1987.

[29] D. Scott and R. Solovay, Boolean-valued models for set theory, unpublished
manuscript for Proc. AMS Summer Institute on Set Theory, Los Angeles: Univ.
Cal., 1967.

[30] G. Takeuti, Two applications of logic to mathematics, Princeton UP, Princeton,
1978.

[31] , Quantum set theory, Current Issues in Quantum Logic (E. G. Beltrametti

and B. C. van Fraassen, eds.), Plenum, New York, 1981, pp. 303-322.

, C*-Algebras and Boolean valued analysis, Japan. J. Math. 9 (1983),

207-245.

, Von Neumann algebras and Boolean valued analysis, J. Math. Soc.

Japan 35 (1983), 1-21.
[34] V. S. Varadarajan, Geometry of quantum theory, Springer, New York, 1985.

[32]

[33]

[35] J. von Neumann, Mathematical foundations of quantum mechanics, Princeton
UP, Princeton, NJ, 1955, [Originally published: Mathematische Grundlagen der
Quantenmechanik (Springer, Berlin, 1932)].


http://arxiv.org/abs/1106.5083
http://arxiv.org/abs/1412.8540

	1 Introduction
	2 Quantum set theory
	2.1 Quantum logic
	2.2 Commutators
	2.3 Logic on Hilbert spaces
	2.4 Quantum set theory over logic on Hilbert spaces

	3 Real numbers in quantum set theory
	4 Standard probabilistic interpretation of quantum theory
	5 Simultaneous determinateness
	6 Quantum equality
	7 Measurements of observables
	8 Simultaneous measurability
	9 Conclusion

