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In this paper, we aim to establish foundations of measurement theory in local quantum
physics. For this purpose, we discuss a representation theory of completely positive (CP)
instruments on arbitrary von Neumann algebras. We introduce a condition called the nor-
mal extension property (NEP) and establish a one-to-one correspondence between CP in-
struments with the NEP and statistical equivalence classes of measuring processes. We
show that every CP instrument on an atomic von Neumann algebra has the NEP, extending
the well-known result for type I factors. Moreover, we show that every CP instrument on an
injective von Neumann algebra is approximated by CP instruments with the NEP. The con-
cept of posterior states is also discussed to show that the NEP is equivalent to the existence
of a strongly measurable family of posterior states for every normal state. Two examples of
CP instruments without the NEP are obtained from this result. It is thus concluded that in
local quantum physics not every CP instrument represents a measuring process, but in most
of physically relevant cases every CP instrument can be realized by a measuring process
within arbitrary error limits, as every approximately finite dimensional (AFD) von Neu-
mann algebra on a separable Hilbert space is injective. To conclude the paper, the concept
of local measurement in algebraic quantum field theory is examined in our framework. In
the setting of the Doplicher-Haag-Roberts and Doplicher-Roberts (DHR-DR) theory de-
scribing local excitations, we show that an instrument on a local algebra can be extended
to a local instrument on the global algebra if and only if it is a CP instrument with the NEP,
provided that the split property holds for the net of local algebras.

I. INTRODUCTION

This paper represents the first step of our attempt towards establishing measurement theory in
local quantum physics1. Quantum measurement theory is an indispensable part of quantum the-
ory, which was demanded for foundations of quantum theory2 and provided a theoretical basis for
quantum information technology3. In particular, mathematical theory of quantum measurements
established in the 1970s and the 1980s has made a great success in revealing our ability of mak-
ing precision measurements much broader than what was assumed in the conventional approach
established in the 1930s, as shown in the resolution of a dispute about the sensitivity limit for
gravitational wave detectors4–9, and the derivations of universally-valid measurement uncertainty
relations10–23 with their experimental demonstrations24–30.

Mathematical study of quantum measurement began with the famous book2 written by von
Neumann, based on the so-called repeatability hypothesis. Nakamura and Umegaki31 attempted
to generalize von Neumann’s theory to continuous observables by the mathematical concept of
conditional expectation32. Arveson33, however, later showed a no-go theorem for their approach.
Davies and Lewis34 proposed abandoning the repeatability hypothesis to develop a more flexible
approach to quantum measurement theory. To this end, they introduced the mathematical con-
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cept of instrument34,35 as a framework to analyze statistical properties of general quantum mea-
surements which do not necessarily satisfy the repeatability hypothesis, extending the notions of
operation introduced, for instance, by Schwinger36 and Haag and Kastler37 as well as effects in-
troduced, for instance, by Ludwig38. At almost the same time, Kraus39,40 introduced complete
positivity in the concept of operation and studied measurement processes of yes-no measurements.
Following those studies, one of the present authors introduced complete positivity in the concept
of instrument and showed that completely positive (CP) instruments perfectly describe measuring
processes in quantum mechanics up to statistical equivalence41. This result finalized the mathe-
matical characterization of general measurements in quantum mechanics (see also Ref. 16 for an
axiomatic characterization of general quantum measurements).

More specifically, the above result is based on a representation theorem of CP instruments
stating that every CP instrument defined for a quantum system with finite degrees of freedom, al-
gebraically represented by a type I factor, can be obtained from a measuring process specified by a
unitary evolution of the composite system with a measuring apparatus and by a subsequent direct
measurement of a meter in the apparatus, and vice versa. However, this theorem does not have a
straightforward extension to arbitrary von Neumann algebras, since the proof relies on the unique-
ness of irreducible normal representations of a type I factor up to unitary equivalence42. Naturally,
this difficulty is considered one of major obstacles in generalizing quantum measurement theory
to quantum systems with infinite degrees of freedom. In order to overcome this difficulty, here,
we study possible extensions of the above representation theorem of CP instruments to general
(σ -finite) von Neumann algebras and apply to quantum systems of infinite degrees of freedom in
the framework of algebraic quantum field theory43.

One of main results in the present paper is to give a necessary and sufficient condition for a
CP instrument to describe a physical process of measurement. In mathematical description of a
quantum measurement, it is essential to consider both the von Neumann algebra M of bounded
observables of the measured system and the probability measure space (S,F ,µ) describing the
possible outcomes of measurement shown by the meter in the apparatus. An essential role of CP
instruments is to connect them. From an algebraic point of view, the outcome of measurement
is also described by the abelian von Neumann algebra L∞(S,µ) of bounded random variables on
(S,F ,µ), so that it is natural to form a certain tensor product algebra of M and L∞(S,µ). Apart
from their algebraic tensor product M ⊗alg L∞(S,µ), their C*-algebraic binormal tensor product
M ⊗bin L∞(S,µ) arises naturally, since we, first of all, shall show that every CP instrument I
can be uniquely extended to a unital CP map ΨI of M ⊗bin L∞(S,µ) to M . There are many
different kinds of operator algebraic tensor product, but no simple algebraic consideration can
suggest what kind of tensor product is a relevant choice, due to the lack of a general treatment
for compositions of different systems in algebraic quantum theory. On the other hand, in the case
where M is a type I factor, it is known by the previous investigation that a CP instrument is
uniquely extended to a unital normal CP map of the W ∗-tensor product M⊗L∞(S,µ) to M . In
view of this case, it is natural to examine the extendability of the unital CP map ΨI of M ⊗bin

L∞(S,µ) to M to a unital normal CP map Ψ̃I of M⊗L∞(S,µ) to M . We regard this extendability
as a key property of CP instruments and call it the normal extension property (NEP). Then, it is
easily seen that every measuring process determines a CP instrument with the NEP. We shall prove
the converse that every CP instrument with the NEP has a corresponding measuring process by
applying a structure theorem of normal representations of von Neumann algebras to the Stinespring
representation of Ψ̃I . In this way, we can avoid the use of the uniqueness theorem of irreducible
normal representations of a type I factor. Therefore, the NEP for CP instruments is a condition
equivalent to the existence of the corresponding measuring processes.

It should be mentioned that usually it is not easy to check whether a given CP instrument has the
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NEP or not. We consider the problem as to how ubiquitously such CP instruments exist. As above,
the set of instruments describing measuring processes is characterized by the set CPInstNE(M ,S)
of CP instruments with the NEP, which is a subset of the set CPInst(M ,S) of CP instruments. In
the case where M is a type I factor, it is known that CPInstNE(M ,S) = CPInst(M ,S) holds41.
We shall show that this relation also holds if M is a direct sum of type I factors, while the equality
does not hold even for a type I von Neumann algebra as discussed below. Thus, the next problem
is whether CPInstNE(M ,S) is experimentally dense in CPInst(M ,S) in the sense that every CP
instrument can be approximated by a CP instrument with the NEP within arbitrary error limits.
This problem is affirmatively solved for injective von Neumann algebras. In most of physically
relevant cases the algebras of local observables are known to be injective, as they are separable
approximately finite dimensional (AFD) von Neumann algebras, and hence this result will provide
a satisfactory basis for measurement theory in local quantum physics.

In their seminal paper34 Davies and Lewis conjectured the non-existence of (weakly) repeatable
instruments for continuous observables in the standard formulation of quantum mechanics. An
instrument is called weakly repeatable if it satisfies an analogous condition with von Neumann’s
repeatability hypothesis2. In Ref. 44, this conjecture is proved by connecting discreteness of a
weakly repeatable instrument with the existence of a family of posterior states, which determines
the state just after the measurement given each individual value of measurement outcome. In this
paper, we shall prove that the NEP is equivalent to the existence of a strongly measurable family
of posterior states for every normal state. From this result, two examples of CP instruments on
injective von Neumann algebras without the NEP are obtained, which arise from weakly repeatable
CP instruments for continuous observables in a commutative (type I) von Neumann algebra and
a type II1 factor. Thus, in the general case there exists a weakly repeatable CP instrument for
a continuous observable that does not have the corresponding measuring process, whereas for
a separable type I factor every CP instrument has the corresponding measuring process but no
weakly repeatable instrument exists for continuous observables.

By making use of the NEP, we also develop measurement theory in algebraic quantum field the-
ory (AQFT) and characterize local measurements under the Haag duality as postulated in the DHR-
DR theory45,46 and the split property, which is derived, for instance, by the nuclearity condition47.
Under those assumptions, we show that an instrument on a local algebra can be extended to a lo-
cal instrument on the global algebra if and only if it is a CP instrument with the NEP. Thus, we
conclude that the experimental closure of the statistical equivalence classes of local measurements
on a given spacetime region is represented by the set of CP interments defined on the local algebra
of that region. As above, we overcome a difficulty in the previous investigations in mathemati-
cal characterizations of quantum measurement and open up local measurement theory in quantum
systems of infinite degrees of freedom.

The necessary preliminaries are given in section II; several tensor products of operator algebras
and a structure theorem of normal representations of von Neumann algebras are summarized. In
section III, we discuss a representation theory of CP instruments and establish a one-to-one corre-
spondence between CP instruments with the NEP and statistical equivalence classes of measuring
processes. In section IV, it is shown that every CP instrument on an atomic von Neumann algebra
has the NEP. Moreover, we prove a density theorem stating that every CP instrument on an injective
von Neumann algebra can be approximated by CP instruments with the NEP. Thus, we establish
that the NEP holds approximately in most of physically relevant cases. In section V, the existence
problem of a family of posterior states is discussed. It is proved that the NEP is equivalent to the
existence of a strongly measurable family of posterior states for every normal state. From this
result, two examples of CP instruments without the NEP are obtained. In section VI, the concept
of local measurements in algebraic quantum field theory is examined in our framework. In the
setting of the DHR-DR theory describing local excitations, we show that any physically relevant
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local measurement carried out in a local spacetime region is represented by a CP instrument with
NEP defined on the corresponding local algebra and conversely that every CP instrument defined
on a local algebra represents a local measurement within arbitrary error limits.

II. PRELIMINARIES

A representation of a C*-algebra X on a Hilbert space H is a *-homomorphism of X into
the algebra B(H ) of bounded linear operators on H . Let X and Y be C*-algebras and H a
Hilbert space. We denote by Rep(X ) the class of representations of X , by Rep(X ;H ) the set
of representations of X on H , and by Hilb the class of Hilbert spaces. We define two norms
‖ · ‖min and ‖ · ‖max on the algebraic tensor product X ⊗alg Y of X and Y by

‖A‖min = sup
(π1,π2)∈Rep(X )×Rep(Y )

‖
n

∑
j=1

π1(X j)⊗π2(Y j)‖, (1)

‖A‖max = sup
(π1,π2)∈Imax(X ,Y )

‖
n

∑
j=1

π1(X j)π2(Y j)‖, (2)

respectively, for every A = ∑n
j=1 X j ⊗alg Yj ∈ X ⊗alg Y , where

Imax(X ,Y ) =
∪

H ∈Hilb
Imax(X ,Y ;H ), (3)

Imax(X ,Y ;H ) = {(π1,π2) ∈ Rep(X ;H )×Rep(Y ;H )|
[π1(X),π2(Y )] = 0 for all X ∈ X and Y ∈ Y }. (4)

We call the completion X ⊗min Y (X ⊗max Y , resp.) of X ⊗alg Y with respect to the norm
‖ · ‖min (‖ · ‖max, resp.) the minimal (maximal, resp.) tensor product of X and Y .

Let M be a von Neumann algebra and Y a C*-algebra. We denote by Repn(M ;H ) the set of
normal representations of M on H . We call the completion M ⊗nor Y of M ⊗alg Y with respect
to the norm ‖ · ‖nor defined below the normal tensor product of M and Y :

‖X‖nor = sup
(π1,π2)∈Inor(M ,Y )

‖
n

∑
j=1

π1(M j)π2(Y j)‖ (5)

for every X = ∑n
j=1 M j ⊗alg Yj ∈ M ⊗alg Y , where

Inor(M ,Y ) =
∪

H ∈Hilb
Inor(M ,Y ;H ), (6)

Inor(M ,Y ;H ) = {(π1,π2) ∈ Repn(M ;H )×Rep(Y ;H )|
[π1(M),π2(Y )] = 0 for all M ∈ M and Y ∈ Y }. (7)

Let M and N be von Neumann algebras. We call the completion M ⊗bin N of M ⊗alg N
with respect to the norm ‖ · ‖bin defined below the binormal tensor product of M and N :

‖X‖bin = sup
(π1,π2)∈Ibin(M ,N )

‖
n

∑
j=1

π1(M j)π2(N j)‖ (8)
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for every X = ∑n
j=1 M j ⊗alg N j ∈ M ⊗alg N , where

Ibin(M ,N ) =
∪

H ∈Hilb
Ibin(M ,N ;H ), (9)

Ibin(M ,N ;H ) = {(π1,π2) ∈ Repn(M ;H )×Repn(N ;H )|
[π1(M),π2(N)] = 0 for all M ∈ M and N ∈ N }. (10)

The maximal tensor product X ⊗max Y , the normal tensor product M ⊗nor Y , and the binor-
mal tensor product M ⊗bin N have the following properties:

Proposition II.1 (Ref. 48, Chapter IV, Proposition 4.7). Let X and Y be C*-algebras. Let M
and N be W*-algebras. Let H be a Hilbert space. For every (π1,π2) ∈ Imax(X ,Y ;H ),
[(π1,π2) ∈ Inor(M ,Y ;H ), or (π1,π2) ∈ Ibin(M ,N ;H ), resp.] there exists a representation
π of X ⊗max Y [M ⊗nor Y , or M ⊗bin N , resp.] on H such that

π(X ⊗Y ) = π1(X)π2(Y ) (11)

for all X ∈ X and Y ∈ Y [X ∈ M and Y ∈ Y , or X ∈ M and Y ∈ N , resp.].

A C*-algebra X is said to be nuclear if

X ⊗min Y = X ⊗max Y (12)

for every C*-algebra Y 49. It is known that C*-tensor products with nuclear C*-algebras are
unique. A C*-algebra X on a Hilbert space H is said to be injective if there exists a norm one
projection of B(H ) onto X . It is proven by Effros and Lance50 that a von Neumann algebras M
is injective if and only if

M ⊗min Y = M ⊗nor Y (13)

for every C*-algebra Y . Abelian C*-algebras are both nuclear and injective. A characterization of
von Neumann algebras which are nuclear as C*-algebras is given in Brown-Ozawa51 (Proposition
2.4.9).

Theorem II.2 (Arveson52 (Theorem 1.3.1), Ref. 53, Theorem 12.7). Let H , K be Hilbert spaces,
and B a unital C*-subalgebra of B(K ). Let V ∈ B(H ,K ) be such that K = span(BVH ).
For every A ∈ (V ∗BV )′, there exists a unique A1 ∈B′ such that VA = A1V . Furthermore, the map
π ′ : A ∈ (V ∗BV )′ 3 A 7→ A1 ∈ B′∩{VV ∗}′ is a normal surjective *-homomorphism.

Let X and Y be C*-algebras. We denote by CP(X ,Y ) the set of completely positive lin-
ear maps on X to Y . Let M be a von Neumann algebra on a Hilbert space H . For every
T ∈ CP(X ,M ), we denote by (πT ,KT ,VT ) the minimal Stinespring representation of T . The
following theorem is known as the Arveson extension theorem.

Theorem II.3 (Arveson52 (Theorem 1.2.3), Ref. 53, Theorem 7.5). Let X and Y be C*-algebras
such that X ⊂ Y . Let H be a Hilbert space. For every T ∈ CP(X ,B(H )), there exists T̃ ∈
CP(Y ,B(H )) such that T̃ (X) = T (X), X ∈ X .

Let M be a von Neumann algebra on a Hilbert space H . Denote by M∗ the predual of M , i.e.,
the space of ultraweakly continuous linear functionals on M . Denote by 〈·, ·〉 the duality pairing
between M∗ (or M ∗) and M . We adopt the following notations:

M∗,+ = {ϕ ∈ M∗|ϕ ≥ 0},
Sn(M ) = {ϕ ∈ M∗,+|ϕ(1) = 1}. (14)



6

A measurable space is a pair (S,F ) of a set S and a σ -algebra, (equivalently, a σ -field, or a
tribe) of subsets of S. As in some of our previous works41,44,54 a measurable space (S,F ) is also
called a Borel space whether S is a topological space and F is the σ -algebra generated by open
subsets of S or not48,55.

Let (S,F ,µ) be a finite measure space, i.e, a measurable space (S,F ) with a finite measure
µ on F . Denote by L (S,µ) be the *-algebra of complex-valued µ-measurable functions on
(S,F ,µ). A µ-measurable function f is called negligible if f (s) = 0 for µ-a.e. s ∈ S. Denote
by N (S,µ) the ideal of µ-negligible functions on S. Denote by L(S,µ) the quotient *-algebra
modulo the negligible functions, i.e., L(S,µ) = L (S,µ)/N (S,µ). We write [ f ] = f +N (S,µ)
for any f ∈ L (S,µ). Denote by L 1(S,µ) the space of complex-valued µ-integrable functions
on S. The quotient space of L 1(S,µ) modulo the negligible functions, denoted by L1(S,µ), is a
Banach space with the L1 norm defined by ‖[ f ]‖1 =

∫
S | f (s)|dµ(s) for all f ∈L 1(S,µ). Denote by

M∞(S,µ) the *-subalgebra of bounded complex-valued µ-measurable functions on S. A function
g ∈ M∞(S,µ) is called µ-negligible if g(s) = 0 for µ-a.e. s ∈ S. The quotient algebra of M∞(S,µ)
modulo the negligible functions, denoted by L∞(S,µ), is a commutative W∗-algebra, with the
predual L1(S,µ), with respect to the essential supremum norm defined by ‖[g]‖∞ = ess sups∈S|g(s)|
for all g ∈ M∞(S,µ).

Definition II.1 (CP measure space, Ref. 56, Definition 5.1). A triplet (S,F ,Φ) is called a CP
measure space if it satisfies the following two conditions.

(i) (S,F ) is a measurable space.
(ii) Φ is a CP(X ,M )-valued map on F satisfying

〈ρ,Φ(∪i∆i)X〉 = ∑
i
〈ρ,Φ(∆i)X〉 (15)

for any mutually disjoint sequence {∆i}i∈N in F , ρ ∈ M∗, and X ∈ X .
A CP measure space (S,F ,Φ) is called a CP measure space with barycenter T ∈ CP(X ,M )

or a CP measure space of T if T = Φ(S).

For a normal positive linear functional ρ on M , the positive finite measure ρ ◦Φ on S is defined
by (ρ ◦Φ)(∆) = 〈ρ,Φ(∆)1〉 for all ∆ ∈ F . If ρ is faithful, L∞(S,ρ ◦Φ) is identical with the space
L∞(S,Φ) of essentially bounded Φ-measurable functions.

Lemma II.4 (Ref. 56, Lemma 5.3). If (S,F ,Φ) is a CP measure space of T ∈ CP(X ,M ), then
there exists a unique positive contractive linear map L∞(S,Φ) 3 f 7→ κΦ( f ) ∈ πT (X )′ satisfying

V ∗
T κΦ( f )πT (X)VT =

∫
f (s)dΦ(s)X =: Φ( f )X , f ∈ L∞(S,Φ),X ∈ X , (16)

i.e., for every ρ ∈ M∗,

〈ρ,V ∗
T κΦ( f )πT (X)VT 〉 =

∫
f (s)d 〈ρ,Φ(s)X〉 , f ∈ L∞(S,Φ),X ∈ X . (17)

Furthermore, if f ∈ L∞(S,Φ)+ satisfies κΦ( f ) = 0, then f = 0. If L∞(S,Φ) is equipped with the
σ(L∞(S,µ),L1(S,µ))-topology and πT (X )′ with the weak topology, where µ = ϕ ◦Φ for some
normal faithful state ϕ on M , then the map κΦ is continuous.

Theorem II.5 (Ref. 57, Part I, Chapter 4, Theorem 3; Ref. 48, Chapter IV, Theorem 5.5). Let M1
and M2 be von Neumann algebras on Hilbert spaces H1 and H2, respectively. If π is a normal
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*-homomorphism of M1 onto M2, there exist a Hilbert space K , a projection E of M ′
1⊗B(K ),

and an isometry U of H2 onto E(H1 ⊗K ) such that

π(M) = U∗ jE(M⊗1K )U, M ∈ M1, (18)

where jE is a CP map of B(H1 ⊗K ) onto EB(H1 ⊗K )E defined by jE(X) = EXE, X ∈
B(H1 ⊗K ).

We also use the following form of Theorem II.5:

Corollary II.6. Let H1 and H2 be Hilbert spaces. If π is a normal representation of B(H1) on
H2, there exist a Hilbert space K and a unitary operator U of H2 onto H1 ⊗K such that

π(X) = U∗(X ⊗1K )U, X ∈ B(H1). (19)

III. COMPLETELY POSITIVE INSTRUMENTS AND QUANTUM MEASURING

PROCESSES

Let M be a von Neumann algebra on a Hilbert space H and (S,F ) a measurable space. In
the rest of this paper, we assume that von Neumann algebras are σ -finite. We denote by P(M∗)
[or, CP(M∗)] the set of positive [or, completely positive48] linear maps on M and Pn(M ) [or,
CPn(M )] the set of normal positive [or, completely positive, resp.] linear maps on M . Note
that every Φ ∈ Pn(M ) has the unique predual map Φ∗ ∈ P(M∗) such that (Φ∗)∗ = Φ and the
corresponding Φ 7→ Φ∗ is a bijection between Pn(M ) and P(M∗) and also implements a bijection
between CPn(M ) and CP(M∗). Now we introduce the concept of instrument, which plays a
central role in quantum measurement theory.

Definition III.1 (Instruments, Davies-Lewis34 (Section 3)). An instrument I for (M ,S) is a
P(M∗)-valued map on F satisfying the following two conditions.

(i) ‖I (S)ρ‖ = ‖ρ‖ for all ρ ∈ M∗.
(ii) For each countable mutually disjoint sequence {∆ j} ⊂ F ,

I (∪ j∆ j)ρ = ∑
j

I (∆ j)ρ (20)

for all ρ ∈ M∗.
An instrument I for (M ,S) is called completely positive (CP) if I (∆) is a completely positive

map on M∗ for every ∆ ∈ F . We denote by CPInst(M ,S) the set of CP instruments for (M ,S).

Let I ∗(∆) be the dual map on M of I (∆) defined by 〈ρ,I ∗(∆)M〉 = 〈I (∆)ρ,M)〉 for all
ρ ∈M∗ and M ∈M . In this case, I ∗ is a Pn(M )-valued measure on F . We also write I (M,∆) =
I ∗(∆)M for all ∆ ∈ F and M ∈ M . Then, a map I (·, ·) of M ×F into M arises from an
instrument in this way if and only if the following three conditions hold58.

(i) M 7→ I (M,∆) is a normal positive linear map on M for all ∆ ∈ F .
(ii) ∆ 7→ 〈ρ,I (M,∆)〉 is a countably additive finite signed measure for all ρ ∈M∗ and M ∈M .
(iii) I (1,S) = 1.
If I is completely positive, (S,F ,I ∗) is a CP measure space. For any normal state ρ on M ,

denote by I ρ the M∗-valued measure on (S,F ) defined by I ρ(∆) = I (∆)ρ , where ∆ ∈ F ,
and by ‖I ρ‖ the probability measure on (S,F ) defined by ‖I ρ‖(∆) = ‖I (∆)ρ‖. For any
M ∈M , 〈I ρ,M〉 stands for the signed measure such that 〈I ρ,M〉(∆) = 〈ρ,I (M,∆)〉. We have
‖I ρ‖(∆) = 〈ρ,I (1,∆)〉.



8

To discuss the role of CP instruments in quantum measurement theory, here we assume that the
system S of interest is described by a von Neumann algebra M on a Hilbert space H ; observables
of S are represented by self-adjoint operators affiliated with M and states of S are described
by normal states on M . Consider an apparatus A(x) measuring S having the output variable x
with values in a measurable space (S,F ). In standard experimental situations, the measuring
apparatus A(x) is naturally assumed to have the following statistical properties: (i) The probability
Pr{x∈∆‖ρ} of the outcome event x∈∆ for any input state ρ of S. (ii) The state change ρ 7→ ρ{x∈∆}
from any input state ρ to the output state ρ{x∈∆} given the outcome event x ∈ ∆ provided that
Pr{x ∈ ∆‖ρ} > 0, otherwise ρ{x∈∆} is indefinite. Consider the successive measurements carried
out by two apparatuses A(x) with the output variable x and A(y) with the output variable y in
this order, where y values in a measurable space (S′,F ′). Then, the joint probability distribution
Pr{(y,x) ∈ ∆‖ρ} of x and y on (S′×S,F ′×F ) is uniquely determined by the formula

Pr{y ∈ ∆2,x ∈ ∆1‖ρ} = Pr{y ∈ ∆2‖ρ{x∈∆1}}Pr{x ∈ ∆1‖ρ} (21)

for all ∆1 ∈F and ∆2 ∈F ′, where Pr{y ∈ ∆2,x ∈ ∆1‖ρ}= Pr{(y,x) ∈ (∆2,∆1)‖ρ}. We naturally
assume that the joint probability distribution Pr{y ∈ ∆2,x ∈ ∆1‖ρ} is an affine function of ρ ∈
Sn(M ). For every ∆ ∈ F , we then define a map I (∆) : Sn(M ) → M∗,+ by

I (∆)ρ = Pr{x ∈ ∆‖ρ}ρ{x∈∆} (22)

for all ρ ∈Sn(M ). Under the above assumptions, it is shown in Refs. 16 and 59 that ρ 7→I (∆)ρ
is an affine map of Sn(M ) for all ∆ ∈ F , so that it uniquely extends to a positive linear map on
M∗ satisfying 〈I (S)ρ,1〉= 〈ρ,1〉 for all ρ ∈M∗, and 〈I (∪ j∆ j)ρ,M〉= ∑ j 〈I (∆ j)ρ,M〉 for all
M ∈ M , ρ ∈ M∗, and mutually disjoint sequence {∆ j} ⊂ F . Then, the map ∆ → I (∆) is an
instrument for (M ,S). Thus, every measuring apparatus A(x) defines an instrument I satisfying
the following characteristic conditions proposed by Davies and Lewis34 (see Ref. 16, Sections
2.2–2.6, for more detailed discussions).

(i) Pr{x ∈ ∆‖ρ} = ‖I (∆)ρ‖.

(ii) ρ{x∈∆} =
I (∆)ρ

‖I (∆)ρ‖
.

For quantum systems with finite degrees of freedom, we can further advance our analysis of
statistical properties of measuring apparatuses. In this case, every observable A of S can be iden-
tified with the observable A⊗ I of the extended system S+S′ with any external system S′. By the
same token, it is natural to require the trivial extendability condition stating that every instrument
I for S can be extended to an instrument I ′ for S + S′ such that I ′(∆) = I (∆)⊗ id for all
∆ ∈ F . Then, it is concluded that the instrument I should be completely positive, if it describes
a physically realizable measurement at all. See Ref. 16, Section 2.9 for more detailed discussion.
We shall reconstruct the above argument for algebraic quantum field theory in the last section.

The next problem is to determine which CP instrument arises from a measuring apparatus. To
discuss this problem, we introduce the concept of measuring process as a general class of models
of quantum measurement for the system described by a von Neumann algebra.

Let M and N be von Neumann algebras. For every σ ∈ N∗, the normal unital CP map
id⊗σ : M⊗N →M is defined by 〈ρ,(id⊗σ)X〉= 〈ρ ⊗σ ,X〉 for all X ∈M⊗N and ρ ∈M∗.

Definition III.2 (Measuring processes, Ref. 41, Definition 3.1). A measuring process M for
(M ,S) is a 4-tuple M = (K ,σ ,U,E) consisting of a Hilbert space K , a normal state σ on
B(K ), a unitary operator U on H ⊗K , and a spectral measure E : F → B(K ) satisfying

(id⊗σ)[U∗(M⊗E(∆))U ] ∈ M (23)

for every M ∈ M and ∆ ∈ F .
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As shown in Section 5 in Ref. 41 for any measuring process M = (K ,σ ,U,E) the relation

IM(X ,∆) = (id⊗σ)[U∗(X ⊗E(∆))U ], (24)

where X ∈ B(H ) and ∆ ∈ F , defines a CP instrument IM for (B(H ),S), which describes the
statistical properties of the measuring process M. Condition (23) ensures that the restriction IM|M
of IM to M defined by IM|M (M,∆) = IM(M,∆) for all ∆ ∈ F and M ∈ M is a CP instrument
for (M ,S). We say that a measuring process M = (K ,σ ,U,E) for (M ,S) realizes an instrument
I for (M ,S) if I = IM|M .

Now, the converse problem is posed naturally: Does every CP instrument on B(H ) arise
from a measuring apparatus A(x) for S? In the previous investigation41 this problem was solved
affirmatively as follows.

Theorem III.1 (Ref. 41, Theorem 5.1). Let H be a Hilbert space and (S,F ) be a measur-
able space. For every CP instrument I for (B(H ),S) there exists a measuring process M =
(K ,σ ,U,E) for (B(H ),S) that realizes I .

Thus, the measurement described by any CP instrument I is realized by an interaction de-
scribed by a unitary operator U with the probe prepared in a state σ and the subsequent mea-
surement of the meter observable described by the spectral measure E in the probe, and we can
conclude that the description of measurement by every CP instrument is consistent with the de-
scription of measurement by the unitary evolution of the system plus the probe based on von
Neumann’s postulates for quantum mechanics. We refer the reader to Refs. 16 and 60 for detailed
expositions on quantum measurement theory for systems with finite degrees of freedom. We now
try to generalize the above correspondence between CP instruments and measuring processes to
quantum systems of infinite degrees of freedom as follows.

We first observe that every CP instrument admits the following representation.

Proposition III.2 (Ref. 41, Proposition 4.2). For any CP instrument I for (M ,S), there are
a Hilbert space K , a nondegenerate normal faithful representation E : L∞(S,I ) → B(K ), a
nondegenerate normal representation π : M →B(K ) and an isometry V ∈B(H ,K ) satisfying

I (M,∆) = V ∗E([χ∆])π(M)V, (25)
E([χ∆])π(M) = π(M)E([χ∆]) (26)

for any ∆ ∈ F and M ∈ M .

Proof. By Lemma II.4, there exists a positive contractive linear map κ : L∞(S,I )→ πT (X )′ such
that

I (M,∆) = I ∗(∆)M = V ∗
T κ([χ∆])πT (M)VT (27)

for all M ∈ M and ∆ ∈ F . Let (E,K ,W ) be the minimal Stinespring representation of κ . By
Theorem II.2, there exists a nondegenerate normal representation π of M on K such that

π(M)W = WπT (M), (28)
E([χ∆])π(M) = π(M)E([χ∆]) (29)

for all M ∈ M and ∆ ∈ F . We denote WVT by V , which is seen to be an isometry. Then, we have

I (M,∆) = V ∗
T κ([χ∆])πT (M)VT = V ∗

T W ∗E([χ∆])WπT (M)VT

= (WVT )∗E([χ∆])π(M)WVT = V ∗E([χ∆])π(M)V (30)

for all M ∈ M and ∆ ∈ F , which concludes the proof.
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Remark. An alternative proof using Proposition 4.2 of Ref. 41 instead of Lemma II.4 runs as
follows. From Proposition 4.2 of Ref. 41 we can construct a Hilbert space K , a spectral measure
E0 : F → B(K ), a nondegenerate normal representation π : M → B(K ), and an isometry
V ∈ B(H ,K ) satisfying relations analogous to (25) and (26). By modifying the construction it
is easy to see that we can assume that K is spanned by {E0(∆)π(M)V ξ |∆∈F ,M ∈M ,ξ ∈H }.
Then, E0(∆) = 0 if and only if I (∆) = 0 for any ∆ ∈ F , and the relation E([ f ]) =

∫
S f (s)dE0(s)

defines a nondegenerate normal faithful representation E : L∞(S,I ) → B(K ), which satisfies all
the assertions of Proposition III.2.

Let M be a von Neumann algebra and (S,F ) a measurable space. Let M ⊗alg L∞(S,I ) be
the algebraic tensor product of M and L∞(S,I ). Any ρ ∈ M∗ and M ∈ M defines a finite signed
measure ∆ 7→ 〈ρ,I (M,∆)〉 on (S,F ) absolutely continuous with respect to I . Thus, the relation

ΦI (M⊗ [ f ]) =
∫

S
f (s)d 〈ρ,I (M,s)〉 , (31)

where M ∈ M and f ∈ M∞(S,I ), defines a unique positive linear map ΦI of M ⊗alg L∞(S,I )
into M . The positive map ΦI determined above is called the linear extension of I . The following
proposition shows that if I is a CP instrument, ΦI can be further extended to the unique C*-norm
closure of M ⊗alg L∞(S,I ).

Proposition III.3. Let M be a von Neumann algebra and (S,F ) a measurable space. Every CP
instrument I for (M ,S) can be uniquely extended to a completely positive map ΨI of M ⊗min
L∞(S,I ) into M such that ΨI (M ⊗ [χ∆]) = I (M,∆) for all ∆ ∈ F and M ∈ M . In this case,
ΨI is binormal, i.e., normal on each tensor factor, and extends ΦI .

Proof. Let I be a CP instrument for (M ,S). By Proposition III.2 and by a universal property of
binormal tensor product (Proposition II.1), there exists a representation π̃ : M ⊗bin L∞(S,I ) →
B(K ) such that π̃(M⊗ f ) = π(M)E( f ) for every M ∈M and f ∈ L∞(S,I ). We can define a CP
map ΨI : M ⊗bin L∞(S,I ) → B(H ) by

ΨI (X) = V ∗π̃(X)V, X ∈ M ⊗bin L∞(S,I ), (32)

which is binormal. Since every commutative C*-algebra is nuclear, it holds that

M ⊗bin L∞(S,I ) = M ⊗min L∞(S,I )(= M ⊗max L∞(S,I )), (33)

and the assertion follows.

Note that M ⊗min L∞(S,I ) is a weakly dense C*-subalgebra of the von Neumann algebra
M⊗L∞(S,I ). By the Arveson extension theorem (Theorem II.3), ΨI can be extended to a (not
necessarily normal) CP map Ψ̃I : M⊗L∞(S,I ) → B(H ), which satisfies Ψ̃I |M⊗minL∞(S,I ) =
ΨI . In the following, we shall show that a CP instrument I has a measuring process M if and
only if the binormal CP map ΨI on M ⊗min L∞(S,I ) has a normal extension to M⊗L∞(S,I ).
Motivated as above we introduce the following definitions, where we call the above property the
normal extension property.

Definition III.3 (Normal extension property). Let I be a CP instrument for (M ,S).
(i) I has the normal extension property (NEP) if there exists a unital normal CP map Ψ̃I :

M⊗L∞(S,I ) → B(H ) such that Ψ̃I |M⊗minL∞(S,I ) = ΨI .
(ii) I has the unique normal extension property (UNEP) if there exists a unique unital normal

CP map Ψ̃I : M⊗L∞(S,I ) → B(H ) such that Ψ̃I |M⊗minL∞(S,I ) = ΨI .
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We denote by CPInstNE(M ,S) the set of CP instruments for (M ,S) with the NEP. We gave the
name “normal extension property” in the light of the unique extension property61 used in operator
system theory. Let I be a CP instrument for (M ,S) with the NEP and Ψ̃I : M⊗L∞(S,I ) →
B(H ) a unital normal CP map such that Ψ̃I |M⊗minL∞(S,I ) = ΨI . Since M⊗L∞(S,I ) =
M ⊗alg L∞(S,I )

uw
and Ψ̃I is ultraweakly continuous, it follows that Ψ̃I (M⊗L∞(S,I )) ⊂ M .

Thus, any normal extension Ψ̃I of ΨI ranges in M .
To show that every CP instrument I having a measuring process M has the NEP, we begin

with examining faithful measuring processes defined below.

Definition III.4 (Faithfulness of measuring process). A measuring process M = (K ,σ ,U,E) for
(M ,S) is said to be faithful if there exists a normal faithful representation Ẽ : L∞(S,IM)→B(K )
such that Ẽ([χ∆]) = E(∆) for all ∆ ∈ F .

Let M = (K ,σ ,U,E) be a faithful measuring process for (M ,S) and IM the CP instrument
of M. Then, a unital normal CP map ΨM : M⊗L∞(S,IM) → M is defined by

ΨM(X) = (id⊗σ)[U∗((idM ⊗ Ẽ)(X))U ] (34)

for all X ∈ M⊗L∞(S,IM), where Ẽ is a normal faithful representation of L∞(S,IM) on K such
that Ẽ([χ∆]) = E(∆) for all ∆ ∈ F . In this case, we have

ΨM(M⊗ [χ∆]) = IM(M,∆) = ΨIM(M⊗ [χ∆]) (35)

for all M ∈M and ∆ ∈F , and hence ΨM|M⊗minL∞(S,I ) = ΨIM . Thus, the CP instrument IM has
the NEP.

Now we shall show that an instrument has a measuring process if and only if it is completely
positive and has the NEP.

Theorem III.4. For a CP instrument I for (M ,S), the following conditions are equivalent:
(i) I has the NEP.
(ii) I has the UNEP.
(iii) There exists a CP instrument Ĩ for (B(H ),S) such that Ĩ (M,∆) = I (M,∆) for all

∆ ∈ F and M ∈ M .
(iv) There exists a faithful measuring process M = (K ,σ ,U,E) for (M ,S) such that

I (M,∆) = (id⊗σ)[U∗(M⊗E(∆))U ] (36)

for all ∆ ∈ F and M ∈ M .
(v) There exists a measuring process M = (K ,σ ,U,E) for (M ,S) such that

I (M,∆) = (id⊗σ)[U∗(M⊗E(∆))U ] (37)

for all ∆ ∈ F and M ∈ M .

Proof. (ii)⇒(i) Obvious.
(i)⇒(ii) Let T1,T2 : M⊗L∞(S,I ) → B(H ) be normal CP maps such that

Tj|M⊗minL∞(S,I ) = ΨI (38)

for j = 1,2. By assumption, for every M ∈ M ⊗alg L∞(S,I ), we have T1(M) = T2(M). Since
M ⊗alg L∞(S,I ) is dense in M⊗L∞(S,I ), and T1 and T2 are normal on M⊗L∞(S,I ), it is seen
that T1 is equal to T2 on M⊗L∞(S,I ).
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(iv)⇒(v) Obvious.
(v)⇒(iii) Obvious.
(iv)⇒(i) Let M = (K ,σ ,U,E) be a faithful measuring process for (M ,S) such that

I (M,∆) = (id⊗σ)[U∗(M⊗E(∆))U ] = ΨM(M⊗ [χ∆]) (39)

for all ∆ ∈ F and M ∈ M . Then ΨM satisfies ΨM|M⊗minL∞(S,I ) = ΨI .
(i)⇒(iii) By assumption, there exists a unital normal CP map Ψ̃I : M⊗L∞(S,I ) → M such

that Ψ̃I |M⊗minL∞(S,I ) = ΨI . There then exists a minimal Stinespring representation (π,L1,W1)
of Ψ̃I , i.e.,

Ψ̃I (X) = W ∗
1 π(X)W1, X ∈ M⊗L∞(S,I ). (40)

Furthermore, by Theorem II.5, there exist a Hilbert space L2, a projection E of (M⊗L∞(S,I ))′

⊗B(L2) and an isometry W2 : L1 → E(H ⊗L2(S,I )⊗L2) such that

π(X) = W ∗
2 jE(X ⊗1L2)W2, X ∈ M⊗L∞(S,I ), (41)

where a normal CP map jE : B(H ⊗ L2(S,I )⊗L2) → E(B(H ⊗ L2(S,I )⊗L2))E is de-
fined by jE(X) = EXE, X ∈ B(H ⊗ L2(S,I ) ⊗ L2). We then define a normal CP map
π̃ : B(H )⊗L∞(S,I ) → B(L1) by

π̃(X) = W ∗
2 jE(X ⊗1L2)W2, X ∈ B(H )⊗L∞(S,I ). (42)

A CP instrument Ĩ for (B(H ),S) is defined by

Ĩ (X ,∆) = W ∗
1 π̃(X ⊗ [χ∆])W1 (43)

for every X ∈ B(H ) and ∆ ∈ F . For every M ∈ M and ∆ ∈ F , it is seen that

Ĩ (M,∆) = W ∗
1 π̃(M⊗ [χ∆])W1

= W ∗
1 π(M⊗ [χ∆])W1 = Ψ̃I (M⊗ [χ∆]) = I (M,∆) (44)

for every M ∈ M and ∆ ∈ F .
(iii)⇒(iv) Let Ĩ be a CP instrument for (B(H ),S) such that Ĩ (M,∆) = I (M,∆) for all

∆ ∈ F and M ∈ M . Let T̃ = Ĩ ∗(S). By Corollary II.6, a normal representation of B(H ) is
unitarily equivalent to the representation id⊗ 1L , where L is a Hilbert space. Therefore, there
exist a Hilbert space L1 and a unitary operator W1 : KT̃ → H ⊗L1 such that

T̃ (X) = V ∗
T̃

W ∗
1 (X ⊗1)W1VT̃ (45)

for all X ∈B(H ). By Lemma II.4, there exists a positive contractive map κ : L∞(S,I )→B(L1)
such that

Ĩ (X ,∆) = V ∗
T̃

W ∗
1 (X ⊗κ([χ∆]))W1VT̃ (46)

for all X ∈ B(H ) and ∆ ∈ F , and that, if f ∈ L∞(S,I )+ satisfies κ( f ) = 0 then f = 0. Let
(E0,L2,W2) be the minimal Stinespring representation of κ . Then E0 is a normal faithful repre-
sentation of L∞(S,I ) on L2. Denote W2W1VT̃ by V . It holds that

Ĩ (X ,∆) = V ∗(X ⊗E0([χ∆]))V (47)
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for all X ∈ B(H ) and ∆ ∈ F . Let L3 = H ⊗L2. Let η3 be a unit vector of L3, and η2 a unit
vector of L2. We define an isometry U0 from H ⊗Cη2 ⊗Cη3 to H ⊗L2 ⊗L3 by

U0(ξ ⊗η2 ⊗η3) = V ξ ⊗η3, (48)

for all ξ ∈ H . Then, we have

dim(H ⊗L2 ⊗L3 	H ⊗Cη2 ⊗Cη3) = dim(H ⊗L2 ⊗L3 	U0(H ⊗Cη2 ⊗Cη3)), (49)

since both sides equal dim(H ⊗ L2 ⊗ L3) if dim(L3) is infinite, and otherwise they equal
dim(L3)2−dim(H ). It follows that U0 can be extended to a unitary operator U on H ⊗L2⊗L3.
We then define a Hilbert space K by K = L2 ⊗L3, a state σ on B(K ) by

σ(Y ) = 〈η2 ⊗η3|Y (η2 ⊗η3)〉 (50)

for all Y ∈ B(K ), and a spectral measure E : F → B(K ) by

E(∆) = E0([χ∆])⊗1L3 (51)

for all ∆ ∈ F . We have

〈ξ |Ĩ (X ,∆)ξ 〉 = 〈ξ |V ∗(X ⊗E0([χ∆]))V ξ 〉
= 〈V ξ ⊗η3|(X ⊗E0([χ∆]))(V ξ ⊗η3)〉
= 〈U(ξ ⊗η2 ⊗η3)|(X ⊗E0([χ∆])⊗1L3)U(ξ ⊗η2 ⊗η3)〉
= 〈ξ ⊗η2 ⊗η3|U∗(X ⊗E(∆))U(ξ ⊗η2 ⊗η3)〉
= 〈ξ |{(id⊗σ)[U∗(X ⊗E(∆))U ]}ξ 〉 (52)

for all X ∈ B(H ), ∆ ∈ F , and ξ ∈ H . By the definition of E, there exists a normal faithful
representation Ẽ of L∞(S,I ) on K such that Ẽ([χ∆]) = E(∆) for all ∆ ∈ F . Thus there exists a
faithful measuring process M = (K ,σ ,U,E) for (M ,S) such that

Ĩ (X ,∆) = (id⊗σ)[U∗(X ⊗E(∆))U ] (53)

for all X ∈ B(H ) and ∆ ∈ F . Therefore, for every M ∈ M and ∆ ∈ F , it holds that

I (M,∆) = (id⊗σ)[U∗(M⊗E(∆))U ]. (54)

Remark. From the above proof, it can be seen that every CP instrument I for (M ,S) with the
NEP has a measuring process M = (K ,σ ,U,E) such that σ is a pure state of B(K ). If M is a
von Neumann algebra on a separable Hilbert space H and (S,F ) is a standard Borel space, i.e.,
a Borel space associated to a Polish space, it can be shown that every CP instrument for (S,M )
with the NEP has a measuring process M = (K ,σ ,U,E) such that K is separable and σ is a pure
state on B(K ) (cf. Ref. 41, Corollary 5.3).

Remark. We can directly prove the implication (iii)⇒(v) without assuming the σ -finiteness of
M by applying Theorem III.1 to the CP instrument Ĩ for (B(H ),S) assumed in (iii) to obtain
a measuring process M = (K ,σ ,U,E) for (B(H ),S) that realizes I . Nevertheless, to show
(v)⇒(iv) we still need to rework the proof of Theorem III.1 using Proposition III.2, where M is
assumed σ -finite, similarly with the above proof of the implication (iii)⇒(iv).
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We note that Theorem III.4 is also a natural generalization of Raginsky62 (Theorem IV.2). The
following is an immediate consequence of Theorem III.4.

Corollary III.5. For any instrument I for (M ,S), the following conditions are equivalent:
(i) For every ∆ ∈ F , I (∆) is completely positive and I has the NEP.
(ii) There exists a measuring process M = (K ,σ ,U,E) for (M ,S) such that

I (M,∆) = (id⊗σ)[U∗(M⊗E(∆))U ] (55)

for all ∆ ∈ F and M ∈ M .

Many different measuring processes may describe essentially the same measurement, where
two measurements are considered to be essentially the same if they are indistinguishable from
the statistical data operationally accessible from experiment. Thus, it is an important problem to
determine statistical equivalence classes of measuring processes. We say that two measuring appa-
ratuses A(x) and A(y) are statistically equivalent if for any measuring apparatuses A(a) and A(b),
the joint probability distribution of the output variables a,x,b and that of a,y,b in the successive
measurements using A(a),A(x),A(b) in this order and using A(a),A(y),A(b) in this order with
the same initial state are identical. Let Ix,Iy,Ia, and Ib be the corresponding instruments.
Then, it is easy to see that if the initial state is ρ , the corresponding joint probability distribu-
tions are determined by ‖Ib(∆3)Ix(∆2)Ia(∆1)ρ‖ and ‖Ib(∆3)Iy(∆2)Ia(∆1)ρ‖, where ∆ j for
j = 1,2,3 are measurable subsets in their respective value spaces. It follows that A(x) and A(y)
are statistically equivalent if and only if Ix = Iy. Thus, the statistical equivalence of measuring
processes are naturally intrduced as follows.

Definition III.5 (Statistical equivalence of measuring processes41). Two measuring processes
M1 = (K1,σ1,E1,U1) and M2 = (K2,σ2,E2,U2) for (M ,S) are said to be statistically equiva-
lent if their CP instruments IM1 and IM2 are identical.

Then, the result of this section can be summarized as follows (cf. Ref. 41 [Theorem 5.1]).

Theorem III.6. Let M be a von Neumann algebra on a Hilbert space H and (S,F ) a measurable
space. Then the relation

I (M,∆) = (id⊗σ)[U∗(M⊗E(∆))U ], (56)

where ∆ ∈ F and M ∈ M , sets up a one-to-one correspondence between statistical equivalence
classes of measuring processes M = (K ,σ ,U,E) for (M ,S) and CP instruments I for (M ,S)
with the NEP.

IV. APPROXIMATIONS BY CP INSTRUMENTS WITH THE NEP

In the previous section, we have shown that the set of instruments describing measuring pro-
cesses is characterized by the set CPInstNE(M ,S) of CP instruments with the NEP. Since this
is a subset of the set CPInst(M ,S) of CP instruments, it is an interesting problem how large
CPInstNE(M ,S) is in CPInst(M ,S). In the case where M is a type I factor, or M describes a
quantum system of finite degrees of freedom, it is known that CPInstNE(M ,S) = CPInst(M ,S)
holds for any measurable space (S,F )41. Thus, it is natural to ask if this holds generally. In this
section, we shall show an affirmative aspect by proving that the equality holds if M is a direct sum
of type I factors, while in the next section we shall show that the equality does not hold even for a
type I von Neumann algebra, which is generally represented as a direct integral of type I factors.
Thus, the next problem is whether CPInstNE(M ,S) is dense in CPInst(M ,S) in an appropriate
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sense. In this section, we show a partial affirmative answer with the help of the structure theory
of von Neumann algebras, in which the injectivity of von Neumann algebras plays a central role.
One of the conditions equivalent to the injectivity of a von Neumann algenbra M on a Hilbert
space H is the existence of a norm one projection of B(H ) onto it. This condition will turn
out to be a powerful tool to show that every CP instrument defined on an injective von Neumann
algebra can be approximated by CP instruments with the NEP. Thus, CPInstNE(M ,S) is dense in
CPInst(M ,S) for injective von Neuamann algebras. Since in most of physically relevant cases
the algebras of local observables are injective, this result will provide a satisfactory basis for mea-
surement theory of local quantum physics. In the above results, if we may add, we will put no
restriction to measurable spaces (S,F ).

We shall begin with an easier case, where there exists a normal conditional expectation, or
equivalently a normal norm one projection, of B(H ) onto M . A von Neumann algebra M on
H is said to be atomic if it is a direct sum of type I factors. It is known that there exists a normal
conditional expectation of B(H ) onto M if and only if M is atomic (Ref. 48 [Chapter V, Section
2, Excercise 8]). In the following theorem we shall show that for any atomic von Neumann algebra
M the equality CPInstNE(M ,S) = CPInst(M ,S) holds, which generalizes the previous result for
type I factors (Ref. 41, Theorem 5.1).

Theorem IV.1. Let M be an atomic von Neumann algebra and (S,F ) a measurable space. Then,
every CP instrument I for (M ,S) has the NEP.

Proof. Let E : B(H ) → M be a normal conditional expectation. Let I be a CP instrument for
(M ,S). We define a CP instrument Ĩ for (B(H ),S) by

Ĩ (X ,∆) = I (E (X),∆) (57)

for ∆ ∈ F and X ∈ B(H ). For every ∆ ∈ F and M ∈ M ,

Ĩ (M,∆) = I (E (M),∆) = I (M,∆). (58)

It follows from Theorem III.4 (iii) that I has the NEP.

We call the CP instrument Ĩ for (B(H ),S) defined by Eq. (57) the E -canonical extension
of I . We have Ĩ (∆) = E ∗ ◦I (∆) ◦ eM for all ∆ ∈ F , where the map eM : B(H )∗ → M∗ is
defined by eM (ρ) = ρ|M for all ρ ∈ B(H )∗, and we shall write Ĩ = E ∗I .

Let M be a von Neumann algebra on a Hilbert space H and (S,F ) a measurable space. We
write Mα →uw M if a net {Mα} in M ultraweakly converges to an element M of M . Let I
be a CP instrument for (M ,S) and {Iα} a net of CP instruments for (M ,S). We say that Iα
ultraweakly converges to I and write Iα →uw I if Iα(M,∆) →uw I (M,∆) for all M ∈ M and
∆ ∈ F . In the rest of this section, we shall consider the case where M is injective, or equivalently
there exists a (not necessarily normal) norm one projection of B(H ) onto M , and show that in
this case CPInstNE(M ,S) is ultraweakly dense in CPInst(M ,S).

We begin with the following proposition useful in the later argument.

Proposition IV.2 (Anantharaman-Delaroche63). Let M ⊂N be a pair of von Neumann algebras.
Assume that there exists a normal faithful semifinite weight ϕ on M such that, for all t ∈ R, the
modular automorphism σϕ

t is induced by a unitary operator in N . Then the following conditions
are equivalent:

(i) There exists a norm one projection of N onto M .
(ii) There exists a net {Tα} of normal CP maps from N to M such that Tα(1) ≤ 1 for all α

and that Tα(M) →uw M for all M ∈ M .
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(iii) There exists a net {Tα} of unital normal CP maps from N to M such that Tα(M) →uw M
for all M ∈ M .

Proof. The proof of the equivalence between (i) and (ii) is given in Ref. 63, Corollary 3.9.
(ii)⇒(iii) Let {Tα} be a net of normal CP maps from N to M such that Tα(1) ≤ 1 for all α ,

and Tα(M)→uw M for all M ∈M . Choose a normal state ω on M . We define a net {T ′
α} of unital

normal CP maps from N to M by

T ′
α(M) = Tα(M)+(1−Tα(1))ω(M), M ∈ M . (59)

Then, since (1−Tα(1))ω(M) →uw 0, we have T ′
α(M) →uw M for all M ∈ M , and assertion (iii)

follows.
(iii)⇒(ii) Obvious.

The following theorem holds as previously announced.

Theorem IV.3. Let M be an injective von Neumann algebra, and (S,F ) a measurable space. For
every CP instrument I for (M ,S), there exists a net {Iα} of CP instruments with the NEP such
that Iα →uw I .

Proof. Suppose that M acts on a Hilbert space H in a standard form without loss of generality.
Then, for every faithful normal state ϕ on M and for all t ∈ R, the modular automorphism σϕ

t
is induced by a unitary operator in B(H ). By Proposition IV.2, there exists a net {Tα} of unital
normal CP maps from B(H ) to M , such that Tα(M) →uw M for all M ∈ M . Let I be a CP
instrument for (M ,S). For every α , let Ĩα be a CP instrument for (B(H ),S) defined by

Ĩα(X ,∆) = I (Tα(X),∆) (60)

for ∆ ∈F and X ∈B(H ), and let Iα be a CP instrument for (M ,S) obtained by restricting Ĩα
∗

to M , i.e., Iα(M,∆) = Ĩα(M,∆) for all ∆ ∈F and M ∈M . Then, it follows from Theorem III.4
(iii) that {Iα} is a net of CP instruments for (M ,S) with the NEP, and it is easy to see that {Iα}
ultraweakly converges to I . Thus, the assertion follows.

Definition IV.1 (Approximately normal extension property). Let M be a von Neumann algebra
on a Hilbert space H , and (S,F ) a measurable space. A CP instrument I for (M ,S) has the
approximately normal extension property (ANEP) if there exists a net {Iα} of CP instruments
with the NEP such that Iα →uw I . We denote by CPInstAN(M ,S) the set of CP instruments for
(M ,S) with ANEP. Note that CPInstAN(M ,S) is the ultraweak closure of CPInstNE(M ,S).

By definitions of the NEP and the ANEP, we have

CPInstNE(M ,S) ⊂ CPInstAN(M ,S) ⊂ CPInst(M ,S). (61)

By Proposition IV.1 and Theorem IV.3, more strict relations among these three sets for two classes
of von Neumann algebras are summarized as the following theorem.

Theorem IV.4. Let M be a von Neumann algebra on a Hilbert space H , and (S,F ) a measurable
space. The following statements holds:

(i) CPInstNE(M ,S) = CPInstAN(M ,S) = CPInst(M ,S) if M is atomic.
(ii) CPInstAN(M ,S) = CPInst(M ,S) if M is injective.
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We believe that there is a (non-injective) von Neumann algebra M such that CPInstAN(M ,S) (
CPInst(M ,S), though we are not aware of such an example up to now. In the next section, we
will give examples of CP instruments without the NEP to show the existence of (non-atomic but
injective) von Neumann algebras M such that CPInstNE(M ,S) ( CPInstAN(M ,S) .

By the way, we have the following stronger results than Theorem IV.4. M is atomic if and only
if every CP instrument I for (M ,S) has the following property: There exists a CP instrument Ĩ

for (B(H ),S) such that Ĩ (M,∆) = I (M,∆) for all ∆ ∈ F and M ∈ M and that Ĩ (X ,∆) ∈ M
for all ∆ ∈ F and X ∈ B(H ). Similarly, by Proposition IV.2 M is injective if and only if for
every CP instrument I for (M ,S) there exists a a net of CP instruments {Iα} for (M ,S) such
that Iα →uw I and that each Iα has the above property. These are mathematically meaningful
results but their physical significance is not clear to the best of our knowledge.

From a physical point of view, Theorem IV.4 (ii) will provide a satisfactory basis for measure-
ment theory of local quantum physics. A von Neumann algebra M is said to be approximately
finite dimensional (AFD) if there exists an increasing net {Mα} of finite-dimensional von Neu-
mann subalgebras of M such that

M =
∪
α

Mα
uw

. (62)

It is known that von Neumann algebras describing local observables in quantum field theory are
AFD and separable (i.e., with a separable predual) under very general postulates, e.g., the Wight-
man axioms, nuclearity, and asymptotic scale invariance64. In addition, a separable von Neumann
algebra is injective if and only if it is AFD. This famous result is established by Connes, Wasser-
mann, Haagerup, Popa and other researchers48,65. Therefore, the relation CPInstAN(M ,S) =
CPInst(M ,S) holds for von Neumann algebras M describing observable algebras of most of phys-
ically relevant systems; in those situations every CP instrument on the observable algebra can be
considered as a realizable measurement within arbitrarily given error limit ε > 0, i.e., for every CP
instrument I and φ j ∈ S (M ), M j ∈ M , and ∆ j ∈ F with j = 1, . . . ,n there exists a measuring
process M such that

| 〈φ j,I (M j,∆ j)〉−〈φ j,IM(M j,∆ j)〉 | < ε (63)

for all j = 1, . . . ,n. As above, accepting that local algebras are AFD and separable, we conclude
that all CP instruments defined on a local algebra are physically realizable within arbitrary error
limit.

V. EXISTENCE OF A FAMILY OF POSTERIOR STATES AND ITS CONSEQUENCES

In this section, we discuss the existence of a family of posterior states for a given instrument
and normal state. We follow notations used in the beginning of section III. In each instance of
measurement using a measuring apparatus A(x) the output variable x is assumed to take a value
x = s in a measurable space (S,F ) independent from how accurately the output variable x is read
out by the observer. Suppose that the measured system S is in a state ρ ∈ Sn(M ) just before
the measurement and the measurement leads to the output value x = s. Let ρ{x=s} be the state
just after the measurement. How is the state ρ{x=s} determined by the instrument I of A(x)? If
Pr{x ∈ {s}‖ρ} > 0, the state ρ{x=s} should be given by the relation

ρ{x=s} = ρ{x∈{s}} =
I ({s})ρ

‖I ({s})ρ‖
. (64)

It is, however, impossible to apply this method generally to an arbitrary measuring apparatus A(x),
since the output probability Pr{x ∈ ∆‖ρ} is often assumed to be continuously distributed. To re-
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solve this difficulty, being inspired by the concept of conditional probability in classical probability
theory, the concept of a family of posterior states for any instruments and any normal states was in-
troduced in Refs. 44 and 54. Let A(y) be an arbitrary apparatus described by an instrument I ′ for
(M ,S′) with measurable space (S′,F ′). Suppose that a measurement using the apparatus A(x) in a
state ρ is immediately followed by another measurement using the apparatus A(y). Then, we have
the joint probability distribution of x and y defined by Pr{y ∈ ∆′,x ∈ ∆‖ρ} = ‖I ′(∆′)I (∆)ρ‖,
where ∆ ∈ F and ∆′ ∈ F ′. According to classical probability theory, the conditional probability
distribution Pr{y ∈ ∆|x = s‖ρ} of the output variable y given the value x = s of the output variable
x is defined by

Pr{y ∈ ∆′,x ∈ ∆‖ρ} =
∫

∆
Pr{y ∈ ∆′|x = s‖ρ}d Pr{x ∈ s‖ρ}. (65)

If the output variable x takes the value x = s, the second measurement must be carried out on the
state ρ{x=s} and hence the probability distribution of the output y should satisfy the relation

Pr{y ∈ ∆′|x = s‖ρ} = Pr{y ∈ ∆′‖ρ{x=s}}. (66)

A family of state {ρ{x=s}}s∈S satisfying the above condition for any instrument I ′ is called a
family of posterior states for (I ,ρ). If Pr{x ∈ {s}‖ρ} > 0, we have

Pr{y ∈ ∆′|x = s‖ρ} = Pr
{

y ∈ ∆′
∥∥∥∥ I ({s})ρ
‖I ({s})ρ‖

}
(67)

and hence Eq. (66) generalizes Eq. (64) to the continuous case.
In quantum mechanical systems, described by a type I factor, there always exists a family of

posterior states for any instruments and normal states (Ref. 44, Theorem 4.5). In contrast to this
case, it is already established also in Ref. 44 that its existence for any instruments and normal states
is not always guaranteed in general quantum systems. This has been derived from an interesting
conflict between the weak repeatability for continuous observables and the existence of a family of
posterior states. In this section, we study an interesting connection between the concept of posterior
states and the NEP introduced in the previous section, and prove that for any CP instrument the
NEP is equivalent to the existence of a strongly measurable family of posterior states for every
normal state. From this result, we shall also obtain a condition for general instrument to have
a family of posterior states for every normal state (see Corollary V.6). On the other hand, we
shall give two examples of CP instruments without the NEP, which arise from weakly repeatable
instruments for continuous observables in a commutative (type I) von Neumann algebra and a type
II1 factor. Thus, we shall conclude that in the general case there exists a weakly repeatable CP
instrument for a continuous observable that does not have the corresponding measuring process,
whereas for separable type I factors every CP instrument has the corresponding measuring process
but no weakly repeatable instrument exists for continuous observables.

Let M be a von Neumann algebra on a Hilbert space H and (S,F ) a measurable space.

Definition V.1. Let µ be a positive finite measure on (S,F ).
(i) A family {ρs}s∈S of (not necessarily normal) positive linear functionals on M is said to be

weakly∗ F -measurable if the function s 7→ 〈ρs,M〉 is F -measurable for all M ∈ M .
(ii) A family {ρs}s∈S of (not necessarily normal) positive linear functionals on M is said to be

weakly∗ µ-measurable if the function s 7→ 〈ρs,M〉 is µ-measurable for all M ∈ M .
(iii) A family {ρs}s∈S of normal positive linear functionals on M is said to be strongly

(F -)measurable if there exists a sequence {Fn} of M∗-valued simple functions on S such that
limn ‖ρs −Fn(s)‖ = 0 for all s ∈ S.
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Definition V.2 (Disintegrations and families of posterior states). Let I be an instrument for
(M ,S) and ρ a normal state on M . A weakly∗ ‖I ρ‖-measurable family {ρs}s∈S of (not nec-
essarily normal) states on M is called a disintegration with respect to (I ,ρ) if the relation

〈I (∆)ρ,M〉 =
∫

∆
〈ρs,M〉d‖I (s)ρ‖. (68)

holds for all M ∈ M and ∆ ∈ F . A disintegration {ρs}s∈S with respect to (I ,ρ) is said to be
proper if it satisfies that for any positive M ∈ M , if 〈ρ,I (M,S)〉 = 0 then 〈ρs,M〉 = 0 for all
s ∈ S. A disintegration {ρs}s∈S with respect to (I ,ρ) is called a family of posterior states with
respect to (I ,ρ) if ρs is a normal state, i.e., ρs ∈ Sn(M ), for all s ∈ S.

A disintegration {ρs}s∈S with respect to (I ,ρ) is unique in the following sense: If {ρ ′}s∈S is
another disintegration with respect to (I ,ρ), then 〈ρs,M〉 = 〈ρ ′

s,M〉 for ‖I ρ‖-a.e. s ∈ S and all
M ∈ M .

From a measurement theoretical point of view, a family {ρs}s∈S of posterior states with respect
to (I ,ρ) is naturally required to satisfy the following two conditions.

(i) (Uniqueness) The state ρs is uniquely determined by the instrument I and the input state ρ
with probability one, in the sense that if {ρ ′

s}s∈S is another family of posterior states, then we have
ρs = ρ ′

s for ‖I ρ‖-a.e. s ∈ S.
(ii) (Integrability) For any ∆ ∈ F , the state I (∆)ρ/‖I (∆)ρ‖ after the measurement in any

state ρ ∈ Sn(M ) conditional upon the outcome event x ∈ ∆ is the mixture of all state ρs with the
conditional probability distribution d‖I (s)ρ‖/‖I (∆)ρ‖, i.e., the Bochner integral formula

I (∆)ρ
‖I (∆)ρ‖

=
∫

∆
ρs

d‖I (s)ρ‖
‖I (∆)ρ‖

(69)

holds for all ∆ ∈ F .
If a family {ρs}s∈S of posterior states with respect to (I ,ρ) is strongly F -measurable, then the

Sn(M )-valued function s 7→ ρs is Bochner integrable with respect to every probability measure on
(S,F ). In addition, for two strongly F -measurable families {ρs}s∈S, {ρ ′

s}s∈S of posterior states
with respect to (I ,ρ), it holds that ρs = ρ ′

s for ‖I ρ‖-a.e. s ∈ S. Thus, a family of posterior states
{ρs}s∈S satisfies the above two conditions, (i) and (ii), if and only if it is strongly measurable.
Thus, the most physically relevant concept to describe the state after the measurement conditional
upon the value of the output variable is considered to be defined as a strongly measurable family
of posterior states.

The following results were obtained in the previous investigations.

Theorem V.1 (Ref. 54, Theorem 4.3). Let M be a von Neumann algebra on a Hilbert space H
and (S,F ) a measurable space. For any instrument I for (M ,S) and normal state ρ on M , a
proper disintegration {ρs}s∈S with respect to (I ,ρ) always exists.

Theorem V.2 (Ref. 44, Theorem 4.5). Let H be a Hilbert space and (S,F ) a measurable space.
For any CP instrument I for (B(H ),S) and normal state ρ on B(H ), a strongly measurable
family {ρs}s∈S of posterior states with respect to (I ,ρ) always exists.

The next example shows that not all CP instruments defined on injective von Neumann algebras
have the NEP, and is strongly related to Theorems V.5 and V.10 below.

Example V.1 (Ref. 44, pp. 292–293). Let m be Lebesgue measure on [0,1] and I a CP instrument
for (L∞([0,1],m), [0,1]) defined by I ( f ,∆) = [χ∆] f . for all ∆ ∈ B([0,1]) and f ∈ L∞([0,1],m).
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Let ρ = m ∈ Sn(L∞([0,1],m)), i.e., 〈ρ, [ f ]〉 =
∫ 1

0 f (x)dx for all f ∈ M∞([0,1],m). Then, there
exists no family {ρx}x∈[0,1] of posterior states with respect to (I ,ρ). L∞([0,1],m) is an injec-
tive (maximal abelian) von Neumann subalgebra of the von Neumann algebra B(L2([0,1],m))
of bounded operators on a separable Hilbert space L2([0,1],m). It is well-known that there is no
normal conditional expectation of B(L2([0,1],m)) onto L∞([0,1],m).

By the above example and Theorem IV.4, we have

CPInstNE(L∞([0,1],m), [0,1]) ( CPInst(L∞([0,1],m), [0,1]). (70)

Let (S,F ,µ) be a finite measure space. Let E be a Banach space. Denote by L 1(S,µ,E)
the space of Bochner µ-integrable E-valued functions on S. A function f ∈ L 1(S,µ,E) is called
strongly µ-negligible if f (s) = 0 holds for µ-a.e. s ∈ S. The quotient space of L 1(S,µ,E) modulo
the strongly µ-negligible functions, denoted by L1(S,µ,E), is a Banach space with the L1 norm
defined by ‖[ f ]‖1 =

∫
S ‖ f (s)‖dµ(s).

Let M and N are von Neumann algebras on Hilbert spaces H and K , respectively. Then, the
algebraic tensor product M ⊗alg N can be defined on the tensor product Hilbert space H ⊗K .
The uniform norm closure of the *-algebra M ⊗alg N on H ⊗K is *-isomorphic with the
injective C*-tensor product H ⊗min K and the weak closure of M ⊗alg N on H ⊗K is *-
isomorphic with the W*-tensor product M⊗N . The predual of M⊗N is isometrically iso-
morphic to the Banach space tensor product M∗⊗min∗ N∗ of the preduals M∗ and N∗ with the
adjoint cross norm to the injective C*-cross norm ‖ · ‖min. For the case where N = L∞(S,µ),
we have M ⊗min L∞(S,µ) = M ⊗λ L∞(S,µ), where λ stands for the least cross norm, and
L∞(S,µ)∗ = L1(S,µ). Thus, we have (M⊗L∞(S,µ))∗ ∼= M∗⊗γ L1(S,µ), where γ stands for the
greatest cross norm, and by the Grothendieck theorem66 we have M∗⊗γ L1(S,µ) ∼= L1(S,µ,M∗).
Thus, we have the following.

Theorem V.3 (Ref. 67, Proposition 1.22.12). Let M be a von Neumann algebra and (S,F ,µ) a
finite measure space. Then, the relation

〈φ ,M⊗ [g]〉 =
∫

S
g(s)〈 fφ (s),M〉 dµ(s), (71)

where g ∈ M∞(S,µ) and M ∈ M , sets up an isometric isomorphism φ 7→ [ fφ ] of (M⊗L∞(S,µ))∗
onto L1(S,µ,M∗).

For further information about vector-valued integrals and tensor products of operator algebras
we refer the reader to Refs. 48, 67, and 68.

Proposition V.4. Let M be a von Neumann algebra on a Hilbert space H and (S,F ) a measur-
able space. For every CP instrument I for (M ,S) with the NEP and normal state ρ on M , a
strongly measurable family {ρs}s∈S of posterior states with respect to (I ,ρ) always exists.

Proof. Let I be a CP instrument for (M ,S) with the NEP. Let ϕ be a faithful normal state on
M . Let µ and ν be the probability measures on (S,F ) defined by µ = ‖I ϕ‖ and ν = ‖I ρ‖.
Then, it is easy to see that ν � µ , so that there is Γ ∈ F such that ν ≡ µΓ, where µΓ(∆) =
µ(∆∩Γ) for all ∆ ∈ F (Ref. 69, Theorem 47. 2), and hence L∞(S,ν) is naturally identified with
the direct summand L∞(Γ,µ) of L∞(S,µ) by the correspondence ∆ 7→ ∆∩Γ. By the NEP there
exists a unital normal CP map Φ : M⊗L∞(S,µ) → M such that Φ(M ⊗ [χ∆]) = I (M,∆) for all
M ∈ M and ∆ ∈ F . Let ΦΓ be the unital normal CP map ΦΓ : M⊗L∞(S,ν) → M defined by
ΦΓ(M⊗ [χ∆]) = Φ(M⊗ [χΓχ∆]) for all M ∈M and ∆∈F . By the normality of ΦΓ there exists the
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predual map (ΦΓ)∗ : M∗ → (M⊗L∞(S,ν))∗ of ΦΓ. Hence, we have (ΦΓ)∗ρ ∈ (M⊗L∞(S,ν))∗.
Since ‖I (S \Γ)ρ‖ = ν(S \Γ) = 0, we have I (∆∩Γ)ρ = I (∆)ρ for all ∆ ∈ F , and hence we
have 〈(ΦΓ)∗ρ,M⊗ [χ∆]〉 = 〈I (∆)ρ,M〉 for all ∆ ∈ F and M ∈ M . Thus, by Theorem V.3 there
exists fρ ∈ L 1(S,ν ,M∗) such that

〈I (∆)ρ,M〉 =
∫

∆
〈 fρ(s),M〉 dν(s) (72)

for all ∆ ∈ F and M ∈ M . It follows that the function s 7→ 〈 fρ(s),M〉 is the Radon-Nikodym
derivative of the signed measure 〈I ρ,M〉 with respect to ν , i.e.,

〈 fρ(s),M〉 =
d 〈I ρ,M〉

dν
(s).

By the properties of Radon-Nikodym derivative, there exists N ∈ F such that ν(N) = 0 and that
fρ(s) ≥ 0 and 〈 fρ(s),1〉 = 1 hold for all s ∈ S\N. Now, we define ρs = fρ(s) if s ∈ S\N and
ρs = I (S)ρ if s ∈ N. Then, it is easy to see that {ρs} is a strongly measurable family of posterior
states for (I ,ρ).

Proposition V.4 states that there exists a family of posterior states for (I ,ρ) for every normal
state ρ on M if I has the NEP. The converse is also true.

Theorem V.5. Let M be a von Neumann algebra on a Hilbert space H , (S,F ) a measurable
space, and I a CP instrument for (M ,S). The following conditions are equivalent:

(i) I has the NEP.
(ii) For every normal state ρ on M , there exists a strongly F -measurable family {ρs}s∈S of

posterior states with respect to (I ,ρ).

Proof. (i)⇒(ii) This part has been given as Proposition V.4.
(ii)⇒(i) Let I be a CP instrument for (M ,S) satisfying assumption (ii) and ΦI : M ⊗alg

L∞(S,I ) → M its linear extension. In order to show (i) holds, it suffices to show that for
any normal state ρ on M the linear functional ρ ◦ ΦI is ultraweakly continuous on M ⊗alg
L∞(S,I ). Then, ΦI is ultraweakly continuous on M ⊗alg L∞(S,I ) and uniquely extends
to Ψ̃I : M⊗L∞(S,I ) → M to conclude (i). Let ϕ be a normal faithful state on M and
µ = ‖I ϕ‖. Then, L∞(S,I ) is *-isomorphic with L∞(S,µ) and (M⊗L∞(S,µ))∗ is isomor-
phic with L1(S,µ,M∗) by Theorem V.3. Let ρ ∈ Sn(M ) and ν = ‖I ρ‖. Then there exists a
strongly F -measurable family {ρs}s∈S of posterior states with respect to (I ,ρ). By definition,
ρs ∈ L1(S,µ,M∗). In addition, it holds that ν � µ . There exists a non-negative F -measurable
function λ on S such that λ = dν/dµ , µ-a.e. The family {λ (s)ρs}s∈S is strongly F -measurable,
and ∫

S
‖λ (s)ρs‖dµ(s) =

∫
S

λ (s)‖ρs‖dµ(s) =
∫

S

dν
dµ

(s)dµ(s) = 1.

Thus, {λ (s)ρs}s∈S ∈ L1(S,µ,M∗). By Theorem V.3 there exists an element φ ∈ (M⊗L∞(S,µ))∗
such that the function fφ (s) = λ (s)ρs satisfies Eq. (71). Let M ⊗ [χ∆] ∈ M ⊗alg L∞(S,µ), where
∆ ∈ F and M ∈ M . By the definition of a family of posterior states, we have

〈ρ ◦ΦI ,M⊗ [χ∆]〉 = 〈ρ,I (M,∆)〉 =
∫

∆
〈ρs,M〉dν(s)

=
∫

∆
〈λ (s)ρs,M〉dµ(s) = 〈φ ,M⊗ [χ∆]〉

Thus, ρ ◦ΦI coincides with an ultraweakly continuous linear functional on M⊗L∞(S,µ), and the
assertion follows.
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By the proof of Theorem V.5, we see that the following holds for (not necessarily CP) instru-
ments and gives a condition equivalent to the existence of a family of posterior states for every
normal state.

Corollary V.6. Let M be a von Neumann algebra on a Hilbert space H , (S,F ) a measurable
space, and I an instrument for (M ,S). The following conditions are equivalent:

(i) There exists a unital normal positive map ΦI : M⊗L∞(S,I ) → M such that

I (M,∆) = ΦI (M⊗ [χ∆]) (73)

for all M ∈ M and ∆ ∈ F .
(ii) For every normal state ρ on M , there exists a strongly measurable family {ρs}s∈S of poste-

rior states with respect to (I ,ρ).

In the following, we discuss the repeatability of instruments. The repeatability hypothesis as a
general principle has been abandoned, but the class of instruments satisfying the repeatability is
still worth reconsidering. We shall give a condition for repeatable CP instruments to have the NEP.

Definition V.3 (Repeatability, weak repeatability and discreteness). Let M be a von Neumann
algebra and (S,F ) a measurable space.

(i) An instrument I for (M ,S) is said to be repeatable if it satisfies I (∆1)I (∆2) = I (∆1 ∩
∆2) for all ∆1,∆2 ∈ F .

(ii) An instrument I for (M ,S) is said to be weakly repeatable if it satisfies I (I (1,∆2),∆1) =
I (1,∆1 ∩∆2) for all ∆1,∆2 ∈ F .

(iii) An instrument I for (M ,S) is said to be discrete if there exists a countable subset S0 of S
and a map T : S0 7→ P(M∗) such that

I (∆) = ∑
s∈∆

T (s) (74)

for all ∆ ∈ F .

It is obvious that every repeatable instrument is weakly repeatable.

Remark. Suppose that (S,F ) is a standard Borel space. In Ref. 44, an instrument I for (M ,S)
is said to be discrete if there exists a countable subset S0 of S such that I (S \ S0) = 0. For any
standard Borel spaces, two definitions of discreteness are equivalent. The definition of discreteness
in this paper is a natural generalization of that for measures70.

Davies and Lewis34 conjectured that every repeatable instrument for B(H ) is discrete. This
conjecture was affirmatively resolved for CP instruments in Ref. 41, Theorem 6.6, and for the
general case in Ref. 44, Theorem 5.1 as follows.

Theorem V.7 (Ref. 54, Theorems 5.1 and 5.2). Let M be a von Neumann algebra, (S,F ) be a
standard Borel space. and I a weakly repeatable instrument for (M ,S). If for a faithful normal
state ϕ on M there is a family {ρs}s∈S of posterior states with respect to (I ,ϕ), then I is
discrete. In particular, for a separable Hilbert space H , every weakly repeatable instrument I
for (B(H ),S) is discrete.

We shall strengthen the former result to arbitrary CP instruments with the NEP on a standard
Borel space by using the above theorem and the method in this section as shown below.

Let (S,F ) be a measurable space and S0 be a countable subset of S. We define a binary relation
∼ on S0 by s1 ∼ s2 if {s1,s2} ⊂ ∆ or {s1,s2} ⊂ ∆c for every ∆ ∈ F . Denote by [s] the equivalence
class of s ∈ S0, i.e., [s] = {s′ ∈ S0|s′ ∼ s}.
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Lemma V.8. Let (S,F ) be a measurable space and S0 a countable subset of S. There is an at most
countable, mutually disjoint family {[̃s]}[s]∈S0/∼ ⊂ F such that [s] ⊂ [̃s] for all s ∈ S0.

Proof. Let R = {(s1,s2) ∈ S0 ×S0|s1 ∼ s2}. By the definition of the equivalence ∼ on S0, there is
a map F : (S0 ×S0)\R → F such that s1 ∈ F(s1,s2), s2 /∈ F(s1,s2) and F(s1,s2) = F(s2,s1)c for
every (s1,s2) ∈ (S0 ×S0)\R. For every s ∈ S0, we define [̃s] ∈ F by

[̃s] =
∩

s1∼s

∩
s2 6∼s1

F(s1,s2). (75)

Then, this {[̃s]}[s]∈S0/∼ is the desired family.

Proposition V.9. Let M be a von Neumann algebra on a Hilbert space H and (S,F ) a measur-
able space. Every discrete CP instrument I for (M ,S) has the NEP.

Proof. Let I be a discrete CP instrument for (M ,S) such that I (∆) = ∑s∈∆ T (s), where T is
a P(M∗)-valued map on a countable set S0 ⊂ S. By Lemma V.8, there is an at most countable,
mutually disjoint family {[̃s]}[s]∈S0/∼ ⊂ F such that [s] ⊂ [̃s] for all s ∈ S0. Then, a strongly
measurable family {ρs}s∈S of posterior states with respect to (I ,ρ) is defined by

ρs =


I ([̃s])ρ

‖I ([̃s])ρ‖
, if ‖I ([̃s])ρ‖ > 0,

I (S)ρ, otherwise.

By Theorem V.5, I has the NEP.

Theorem V.10. Let M be a von Neumann algebra on a Hilbert space H and (S,F ) a standard
Borel space. A weakly repeatable CP instrument I for (S,F ) has the NEP if and only if it is
discrete.

Proof. By Proposition V.9, discreteness implies the NEP. The converse follows from Theorem V.5
and Theorem V.7.

By Corollary V.6, the proof of Proposition V.9 and Theorem V.7, we have the following.

Corollary V.11. Let M be a von Neumann algebra on a Hilbert space H and (S,F ) a standard
Borel space. For a weakly repeatable instrument I for (M ,S), the following conditions are
equivalent:

(i) There exists a unital normal positive map ΦI : M⊗L∞(S,I ) → M such that

I (M,∆) = ΦI (M⊗ [χ∆]) (76)

for all M ∈ M and ∆ ∈ F .
(ii) For every normal state ρ on M , there exists a strongly measurable family {ρs}s∈S of poste-

rior states with respect to (I ,ρ).
(iii) For a normal faithful state ϕ on M , there exists a family {ϕs}s∈S of posterior states with

respect to (I ,ϕ).
(iv) I is discrete.

We shall show another example of a CP instrument without the NEP in addition to Example
V.1.
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Example V.2. Let M be an AFD von Neumann algebra of type II1 on a separable Hilbert
space H . Let A be a self-adjoint operator with continuous spectrum affiliated with M , EA the
spectral measure of A, and E a normal conditional expectation of M onto {A}′ ∩M , where
{A}′ = {EA(∆) | ∆ ∈ B(R)}′; the existence of a normal conditional expectation of a σ -finite and
finite von Neumann algebra onto its subalgebras was first found by Umegaki32. We define a CP
instrument IA for (M ,R) by

IA(M,∆) = E (M)EA(∆) (77)

for all M ∈ M and ∆ ∈ B(R). Then, IA is not discrete by the continuity of the spectrum of A,
and by the property of conditional expectation IA is (weakly) repeatable as discussed by Davies-
Lewis34 (Theorem 9). Hence it does not have the NEP but has ANEP by the injectivity of M .

Instruments and measuring processes play different but a sort of complementary roles in quan-
tum measurement theory. Von Neumann2 introduced the repeatability hypothesis solely from a
statistical requirement extracted from the Compton-Simmons experiment, and derived the famous
measurement-induced state change rule, called the projection postulate, for non-degenerate observ-
ables, which was eventually extended to degenerate observables by Lüders71. Then, von Neumann2

raised the problem as to the consistency of the projection postulate with fundamental postulates for
the standard quantum mechanics. To solve this problem, von Neumann introduced quantum me-
chanical description for process of measurement by the interaction, consistent with the Schrödinger
equation, between the object and the apparatus as well as by the subsequent direct measurement,
consistent with the Born rule, of the meter observable in the apparatus, and showed that the state
change described by the projection postulate can be consistently described by such a description
of the process of measurement.

In out attempt to local quantum measurement theory, the above scenario has been ultimately
generalized as the representation theorem (Theorem III.6) and the density theorem (Theorem IV.4)
for CP instruments with the NEP. The representation theorem states that every CP instruments with
the NEP, as a statistical description of measurement, is consistent with the dynamical description
represented by a measuring process. The density theorem states that every CP instrument on an
injective von Neumann algebra can be realized by a measuring process within arbitrary error lim-
its. Note that in local quantum physics, a local algebra M is broadly shown to be an AFD von
Neumann algebra on a separable Hilbert space, so that M is injective, An interesting aspect of this
new scenario is to allow a more flexible approach to the repeatability hypothesis for continuous
observables. By Theorem V.10 no weakly repeatable instrument for a continuous observable has
the corresponding measuring process. However, accepting that local algebras are injective, a con-
tinuous observable affiliated with a local algebra may have a weakly repeatable CP instrument as
defined by Eq. (77) and this instrument is considered to be realizable within arbitrary error limit
by the density theorem. This is a strong contrast to measurement theory for quantum systems with
finite degrees of freedom, in which no weakly repeatable instruments for continuous observables
exists.

In the present and the preceding sections, we have developed the theory of CP instruments de-
fined on general von Neumann algebras, and greatly deepened our understanding of measurement
in quantum systems with infinite degrees of freedom. Especially, the normal extension property
introduced in Section III plays a decisive role, which was shown to be equivalent to the existence
of a measuring process and that of a strongly measurable family of posterior state for every normal
state. Furthermore, we established that all CP instruments defined on von Neumann algebras de-
scribing most of physical systems have ANEP. We finally apply our method to local measurements
in AQFT in the next section.
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VI. DHR-DR THEORY AND LOCAL MEASUREMENT

First, we shall list assumptions for algebraic quantum field theory. We refer readers to Refs. 1
and 43 for standard references on algebraic quantum field theory (AQFT). In AQFT it is taken for
granted that we can measure only elements of the set A (O) of observables in bounded regions
O of four-dimensional Minkowski space and that each A (O) forms an operator algebra. Thus,
in AQFT, we approach the nature of quantum fields exactly through the family {A (O)}O∈K of
observable algebras. The purpose of AQFT is to select families of operator algebras suitable for
the description of quantum fields. We introduce the concept of local nets of observables as follows.

1 (Local net): Let {A (O)}O∈K be a family of W ∗-algebras over a causal poset K of bounded
subregions of four-dimensional Minkowski space (R4,η), where η is the Minkowski metric
on R4, satisfying the following four conditions:

(i) O1 ⊂ O2 ∈ K ⇒ A (O1) ⊂ A (O2).

(ii) if O1 and O2 are causally separated from each other, then A (O1) and A (O2) mutually
commute.

(iii)
∪

O∈K A (O) is a dense *-subalgebra of a C*-algebra A .

(iv) there is a strongly continuous automorphic action α on A of the Poincare group P↑
+

such that α(a,L)(A (O)) = A (LO + a) = A (k(a,L)O) for any g = (a,L) ∈ P↑
+ = R4 oL ↑

+

and O ∈ K , where L ↑
+ is the Lorentz group and kg : R4 → R4 is defined for every g =

(a,L) ∈ P↑
+ by k(a,L)x = Lx+a for all x ∈ R4.

We call a family {A (O)}O∈K of W*-algebras satisfyng the above conditions a (W*-)local net
of observables.

Next, we shall consider physical states and representations of A in the case where a vacuum
is fixed as a reference state72. In the setting of algebraic quantum field theory, it is assumed that
all physically realizable states on A and representations of A are locally normal, i.e., normal on
A (O) for all O ∈ K . One of the most typical reference states is a vacuum state, which is a state
on lowest every in some coordinate (Ref. 43, Definition 4.3). For simplicity, we define a vacuum
state ω0 as follows (see also Ref. 43, Theorem 4.5 and Ref. 1 for details).

2 (Vacuum state and representation): A vacuum state ω0 is a P↑
+-invariant locally normal pure

state on A . We denote by (π0,H0,U,Ω) the GNS representation of (A ,P↑
+,α,ω0). In

addition, it is assumed that the spectrum of the generator P = (Pµ) of the translation part of
U is contained in the closed future lightcone V+.

For every O ∈ K , we denote by O the closure of O and define the causal complement O ′ of O
by

O ′ = {x ∈ R4 | η(x− y,x− y)(= (x− y)2) < 0,y ∈ O}. (78)

For O1,O2 ∈K , we denote by O1 b O2 whenever O1 ( O2. We denote by K DC the subset of K
consisting of double cones, i.e.,

K DC = {(a+V+)∩ (b−V+) ∈ K | a,b ∈ R4}. (79)

Furthermore, we adopt the following notations:

Kb = {(O1,O2) ∈ K ×K | O1 b O2}, (80)

K DC
b = {(O1,O2) ∈ Kb | O1 and O2 are double cones}. (81)
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For a local net {A (O)}O∈K and a vacuum state ω0 on A , we assume the following three condi-
tions:

A (Property B): {A (O)}O∈K has property B, i.e., for every pair (O1,O2) ∈ Kb of regions and
projection operator E ∈A (O1), there is an isometry operator W ∈A (O2) such that WW ∗ =
E and W ∗W = 1.

B (Haag duality): We define the dual net {A d(O)}O∈K DC of {A (O)}O∈K with respect to the
vacuum representation π0 by A d(O) = π0(A (O ′))′ for all O ∈ K DC, where A (O ′) =∪

O1∈K ,O1⊂O ′ A (O1)
‖·‖

. Then, {A (O)}O∈K satisfies Haag duality in π0, i.e., A d(O) =
π0(A (O))′′ for all O ∈ K DC.

C (Separability): H0 is separable.

In the case where a local net {A (O)}O∈K and a vacuum state ω0 on A are fixed and satisfy
the above conditions, we are in a typical situation appearing in the Doplicher-Haag-Roberts and
Doplicher-Roberts theory (DHR-DR theory, for short), which selects a local excitations. A well-
known condition selecting physical representations which describe local excitations is called the
DHR selection criterion. A representation π of A on a Hilbert space H is said to satisfy the DHR
selection criterion in support with a bounded region O if the restriction π|A (O ′) of π to A (O ′) is
unitarily equivalent to π0|A (O ′), i.e.,

π|A (O ′)
∼= π0|A (O ′). (82)

This condition means that, if a local excitation specified by π is localized in O , we cannot distin-
guish the excitation and the vacuum in the causal complement O ′.

For a representation π of A on H satisfying the DHR selection criterion in support with a
bounded region O , there exists a unitary operator U : H0 → H such that π(A)U = Uπ0(A) for all
A ∈ A (O ′). We can define a representation π ′ on H0 by

π ′(A) = U∗π(A)U (83)

for all A ∈ A . Then π ′ satisfies

π ′(A) = U∗π(A)U = U∗Uπ0(A) = π0(A) (84)

for all A ∈ A (O ′), i.e., π ′|A (O ′) = π0|A (O ′). Therefore, we may only consider representations π
of A on H0 satisfying

π|A (O ′) = π0|A (O ′) (85)

from the beginning, instead of representations of A on different Hilbert spaces satisfying the DHR
criterion.

In the DHR-DR theory, it is usually assumed that all physically relevant factor representations
satisfying the DHR selection criterion are quasi-equivalent to irreducible ones. Here, we also
assume this. By this assumption and the categorical analysis by Doplicher and Roberts46, all
representations satisfying the DHR selection criterion generate atomic von Neumann algebras.
There then exists a normal conditional expectation Eπ : B(H0) → π(A )′′ for any representation
π on H0 satisfying the DHR selection criterion.

Now, we shall enter into measurement theory in AQFT, the main subject of this section. Mea-
surement theory in AQFT has been discussed in several investigations. For example, Doplicher73
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deepened the relation between concepts of traditional measurement theory and those of AQFT.
Here, we develop the theory by applying the results given in the previous sections.

We have mentioned in section IV that local algebras A (O) are AFD and separable under very
general postulates, e.g., the Wightman axioms, nuclearity, and asymptotic scale invariance64; then
we can assume that A acts on H0 from the beginning, i.e., π0 = id. These postulates are strongly
related to standard settings of quantum field theory and are supposed to hold for typical models to
which we can apply the DHR-DR theory. In particular, the nuclearity condition is often assumed
since a quantum field modeled by a local net satisfying this condition possesses a reasonable par-
ticle interpretation. Furthermore, it is shown in Ref. 47 that the nuclearity condition implies the
split property introduced as follows.

Definition VI.1 (Split property). Let {A (O)}O∈K be a family of W∗-algebras. A pair (O1,O2)∈
Kb is called a split pair for {A (O)}O∈K if there exists a type I factor N such that A (O1) ⊂
N ⊂ A (O2). We say that {A (O)}O∈K satisfies the split property if every (O1,O2) ∈ Kb is a
split pair for {A (O)}O∈K .

If a local net {A (O)}O∈K , which are von Neumann algebras on a Hilbert space, satisfies the
split property, then

A (O1)∨A (O2) ∼= A (O1) ⊗ A (O2) (86)

holds for any O1,O2 ∈ K such that O1 ( (O2)′.
In the spirit of algebraic quantum theory, it is natural to consider the observable algebra

π(A (O1)) only for a double cone O1, where π is a representation of A on H0 such that
π|A ((O1)′) = π0|A ((O1)′), or the case where local excitations exist only in a double cone O1 for
simplicity, since for every O ∈ K there is a double cone O1 such that O ⊂ O1. Then a measur-
ing apparatus for the system specified by π(A (O1)), with the output variable taking values in a
measurable space (S,F ), corresponds to an instrument I for (π(A (O1)),S). On the other hand,
we have to accept an obvious fact that π(A (O1)) is just one of observable algebras of a quantum
field described by the local net {π(A (O))}O∈K , and that any measurement carried out in a local
region O1 can also be consistently described as a measurement taking place in any larger region O
including the original region O1. Hence we demand that I can be regarded as the restriction of
an instrument Ĩ for (π(A )′′,S) satisfying some locality condition to π(A (O1)). Then Ĩ and I

have to satisfy Ĩ (A,∆) = I (A,∆) for all ∆ ∈ F and A ∈ π(A (O1)), and we call Ĩ a global ex-
tension of I . Here, we define a local instrument I on π(A )′′ as follows: We will see later that it
is adequate to ensure the existence of a global extension Ĩ of an instrument I for (π(A (O1)),S).

Definition VI.2. Let (S,F ) be a measurable space. Let π be a representation of A on H0 such
that π|A ((O0)′) = π0|A ((O0)′) for a bounded region O0 ∈ K . Let (O1,O2) ∈ Kb be a split pair for
{π(A (O))}O∈K . A local instrument I for (π(A )′′,S,O1,O2) is an instrument for (π(A )′′,S)
satisfying

I (AB,∆) = I (A,∆)B (87)

for all ∆ ∈ F , A ∈ π(A )′′ and B ∈ π(A ((O2)′))′′, and

I (A,∆) ∈ π(A (O1)) (88)

for all ∆ ∈ F and A ∈ π(A (O1)).

Let O1 be a double cone and π a representation of A on H0 such that π|A ((O1)′) = π0|A ((O1)′).
Suppose that {π0(A (O))}O∈K satisfies the split property. Let (S,F ) be a measurable space. Let
I be an instrument for (π(A (O1)),S). By the above assumption, for every instrument I for
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(A (O1),S), there exists a local instrument Ĩ for (π(A )′′,S,O1,O2) such that (O1,O2)∈Kb and
Ĩ (A,∆) = I (A,∆) for all ∆∈F and A∈ π(A (O1)). Under the W∗-isomorphism ι : π(A (O1))∨
π0(A (O3))→ π(A (O))⊗ π0(A (O3)), the restriction I ′ of Ĩ to π(A (O1))⊗ π0(A (O3)) must
satisfy the following equality, where O3 ∈ K such that O1 ( (O3)′ and that there exists O4 ∈ K
satisfying O4 ( O3:

I ′(A⊗B,∆) = I (A,∆)⊗ idπ0(A (O3))(B) (89)

for all ∆ ∈ F , A ∈ π(A (O1)) and B ∈ π0(A (O3)). The split property implies the existence of
a type I factor N such that π0(A (O4)) ⊂ N ⊂ π0(A (O3)). Thus I is completely positive
since I ′(·,∆) is positive for all ∆ ∈ F and N contains a weakly dense C∗-algebra isomorphic to
the algebra of compact operators on a separable infinite-dimensional Hilbert space. Therefore, an
instrument having a global extension is always completely positive.

Definition VI.3 (Minimal dilation). For a CP instrument for (B(H ),S), the triplet (K ,E,V ) is
called a minimal dilation of I if K is a Hilbert space, E : F → B(K ) is a spectral measure and
V is an isometry from H into H ⊗K such that

I (X ,∆) = V ∗(X ⊗E(∆))V (90)

for all X ∈ B(H ), and

H ⊗K = span{(X ⊗E(∆))V ξ | ξ ∈ H ,X ∈ B(H ),∆ ∈ F}. (91)

Let (S,F ) be a measurable space, O1 a double cone, and π a representation of A on H0 such
that π|A ((O1)′) = π0|A ((O1)′). Under the split property, we can prove that, for every CP instrument
I for (π(A (O1)),S) with the NEP, there exists a local CP instrument Ĩ for (π(A )′′,S,O1,O2),
a global extension of I , as follows.

Theorem VI.1. Suppose that {π0(A (O))}O∈K satisfies the split property. Let (S,F ) be a mea-
surable space, O1 a double cone, and π a representation of A on H0 such that π|A ((O1)′) =
π0|A ((O1)′). For every CP instrument I for (π(A (O1)),S) with the NEP and any double cone O2

such that (O1,O2) ∈ K DC
b , there exists a local CP instrument Ĩ for (π(A )′′,S,O1,O2) with the

NEP such that Ĩ (A,∆) = I (A,∆) for all A ∈ π(A (O1)) and ∆ ∈ F . For the above local CP
instrument Ĩ and every CP instrument I ′ for (B(H0),S) such that I ′(A,∆) = Ĩ (A,∆) for all
A ∈ π(A )′′ and ∆ ∈ F , the minimal dilation (K ,E,V ) of I ′ satisfies the following intertwining
relation:

VA = (A⊗1)V (92)

for all A ∈ π(A ((O2)′))′′.

Proof. Let I be a CP instrument for (π(A (O1)),S) with the NEP. Let O2 be such that
(O1,O2) ∈ K DC

b . Since there exists a type I factor N such that π(A (O1)) ⊂ π0(A (O1)) ⊂
N ⊂ π0(A (O2)), it holds by Ref. 74 that

π(A (O1))∨π0(A (O2))
′ ∼= π(A (O1)) ⊗ π0(A (O2))

′
. (93)

There then exists a CP instrument Ĩ0 for (π(A (O1)) ⊗ π(A ((O2)′)′′,S) with the NEP such that

Ĩ0(X ⊗Y,∆) = I (X ,∆)⊗Y (94)

for all ∆ ∈ F , X ∈ π(A (O1)) and Y ∈ π(A ((O2)′))′′. We identify the CP instrument Ĩ0
for (π(A (O1)) ⊗ π(A ((O2)′))′′,S) with that for (π(A (O1))∨π(A ((O2)′))′′,S) with the NEP.
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Let Ĩ1 be a CP instrument for (B(H0),S) obtained by Theorem III.4 (iii) the NEP such that
Ĩ1(X ,∆) = Ĩ0(X ,∆) for all ∆ ∈ F and X ∈ π(A (O))∨π0(A ((O2)′))′′. We define a CP instru-
ment Ĩ2 for (B(H0),S) by

Ĩ2(X ,∆) = Eπ(Ĩ1(X ,∆)) (95)

for all ∆ ∈ F and X ∈ B(H0), and a CP instrument Ĩ for (π(A )′′,S) by

Ĩ (X ,∆) = Ĩ2(X ,∆) (96)

for all ∆ ∈ F and X ∈ π(A )′′. It is easily seen that Ĩ is a local CP instrument for
(π(A )′′,S,O1,O2) such that Ĩ (A,∆) = I (A,∆) for all ∆ ∈ F and A ∈ π(A (O1)), and that
Ĩ (X ,∆) = Ĩ2(X ,∆) for all ∆ ∈ F and X ∈ π(A )′′.

Let I ′ be a CP instrument for (B(H0),S) such that I ′(A,∆) = Ĩ (A,∆) for all A ∈ π(A )′′

and ∆ ∈ F , and (K ,E,V ) the minimal dilation of I ′. For every A ∈ π(A ((O2)′))′′, it holds that

(VA− (A⊗1)V )∗(VA− (A⊗1)V )
= A∗V ∗VA−V ∗(A∗⊗1)VA−A∗V ∗(A⊗1)V +V ∗(A∗A⊗1)V
= A∗A−I ′(A∗,S)A−A∗I ′(A,S)+I ′(A∗A,S)
= A∗A−I (A∗,S)A−A∗I (A,S)+I (A∗A,S)
= A∗A−A∗A−A∗A+A∗A = 0. (97)

We used here Eq.(87) to derive the last line from the fourth line. Thus we have VA = (A⊗1)V for
all A ∈ π(A ((O2)′))′′.

In the case where each A (O) is injective and acts on H0, each π(A (O)) is also injective
for every representation π of A on H0 such that π|A ((O1)′) = π0|A ((O1)′) for some double cone
O1. Then we have CPInstAN(π(A (O1),S) = CPInst(π(A (O1)),S). By Theorem VI.1 and by
the previous discussions in this section and in section IV, we established, in physically reasonable
situations for a quantum field modeled by a local net {A (O)}O∈K , that for every measuring
apparatus A(x) in a double cone O1, where excitations specified by a representation π are localized,
there exists a CP instrument I defined on π(A (O1)) that describes the statistical properties of
A(x), and for any ε > 0 there exists a measuring process M on π(A )′′ that defines a local CP
instrument, which approximates I within the error limit ε .

We would like to emphasize that there is much room for improvement of Theorem VI.1. For
example, the following theorem holds as a variant of Theorem VI.1.

Theorem VI.2. Let (S,F ) be a measurable space, and π a representation of A on H0 such that
π|A ((O0)′) = π0|A ((O0)′) for a bounded region O0. Let O1 ∈ K . If there is a split pair (O1,O2) ∈
Kb for {π(A (O))}O∈K , for every CP instrument I for (π(A (O1)),S) with the NEP, there exists
a local CP instrument Ĩ for (π(A )′′,S,O1,O2) with the NEP such that Ĩ (A,∆) = I (A,∆) for
all A ∈ π(A (O1)) and ∆ ∈ F .

The proof is almost the same as that of Theorem VI.1. The existence of a conditional expecta-
tion Eπ : B(H0) → π(A )′′ due to the atomicity of π(A )′′ is crucial also here.

We can consider another locality condition for CP instruments. Strictly local CP instruments
are defined as follows.
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Definition VI.4. Let (S,F ) be a measurable space and π a representation of A on H0 such that
π|A ((O0)′) = π0|A ((O0)′) for a bouned region O0 ∈ K . Let O1 ∈ K . A strictly local instrument I
for (π(A )′′,S,O1) is an instrument for (π(A )′′,S) satisfying

I (AB,∆) = I (A,∆)B (98)

for all ∆ ∈ F , A ∈ π(A )′′ and B ∈ π(A ((O1)′))′′, and

I (A,∆) ∈ π(A (O1)) (99)

for all ∆ ∈ F and A ∈ π(A (O1)).

If there is a split pair (O1,O2) ∈ Kb for {π(A (O))}O∈K , a strictly local instrument I for
(π(A )′′,S,O1) is of course a local instrument I for (π(A )′′,S,O1,O2). This definition is a gen-
eralization of that of Halvorson75 to general representations satisfying the DHR selection criterion.
The following proposition then holds:

Proposition VI.3. Let (S,F ) be a measurable space and O1 a double cone, π a representation
of A on H0 such that π|A ((O1)′) = π0|A ((O1)′). Then every strictly local CP instrument I for
(π(A )′′,S,O1) has the NEP, and the minimal dilation (K ,E,V ) of the Eπ -canonical extension
Ĩ = E ∗

π I of I satisfies the following intertwining relation:

VA = (A⊗1)V (100)

for all A ∈ π(A ((O1)′))′′.

The proof of this proposition is similar to the last part of the proof of Theorem VI.1.
A typical example of strictly local CP instruments is the instrument I for a von Neumann

model of measurement of an observable A affiliated to π(A (O1)) (cf. Ref. 76), i.e.,

I (M,∆) =
∫

∆
α(x1−A)∗M α(x1−A)dx, (101)

where α ∈ L2(R), ‖α‖2 = 1, ∆ ∈ B(R), and M ∈ π(A )′′. Even if a CP instrument I for
(π(A (O1)),S) has the NEP, there does not always exist a strictly local CP instrument Ĩ for
(π(A )′′,S,O1) such that Ĩ (A,∆) = I (A,∆) for all A ∈ π(A (O1)) and ∆ ∈ F . A future work is
to find a condition that a CP instrument I for (π(A (O1)),S) has a strictly local CP instrument Ĩ

for (π(A )′′,S,O1) such that I (A,∆) = Ĩ (A,∆) for all A ∈ π(A (O)) and ∆ ∈ F .
In this section, we formulated local measurement on the basis of algebraic quantum field theory.

Our attempt is very natural because actual measurements are genuinely local. On the other hand,
there exist observables such as charges and as particle numbers, both of which are affiliated to
global algebras but not to local algebras77,78. This fact follows from origins of them. It is, however,
known that we can actually measure them in local regions. A typical example is photon counting
measurement in quantum theoretical light detections, which should be taken into account even
when we treat light as quantum electro-magnetic field. It is proved in Ref. 78 that there exists a net
of self-adjoint operators affiliated to W*-algebras of local observables which converges to a global
charge under the split property. In addition, in terms of nonstandard analysis79,80, we can describe
“infinitely large” local regions. Therefore, it is expected that we can mathematically justify local
measurements of global charges and of particle numbers. This may be related to the reason why
particle numbers should be treated as non-conserved quantities in wide situations in contrast to
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low-energy situations in which their amounts are conserved. Temperature and chemical potential
are of the same kind in thermal situations.

In conclusion, it should be mentioned that any mathematical frameworks of quantum field the-
ory are incomplete yet, and algebraic quantum field theory is not an exception; the most impor-
tant and longstanding difficulty in AQFT is to show the existence of models on four-dimensional
Minkowski space with non-trivial interactions. For further development in analysis of local mea-
surements especially in concrete models in the near future, considerable difficulties would be antic-
ipated to be originated from those difficulties, compared with quantum measurement theory for the
systems with finite degrees of freedom. On the other hand, we expect that quantum measurement
theory gives new insights into the description of interactions in AQFT. We hope this paper stim-
ulates readers to participate the development in this attractive field of interplay between quantum
measurement theory and AQFT.
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