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1. Introduction

The competition graph C(D) of a digraph D is the (simple undirected) graph G defined by V(G) = V(D) and E(G) =
{uv | u,v € V(D),u # v,Ng (u) NN (v) # @}, where N (x) denotes the set of out-neighbors of a vertex x in D. We
denote the set of in-neighbors of a vertex x in a digraph D by N (x) and denote the set of neighbors of a vertex x in a graph
G by Ng(x). Competition graphs arose in connection with an application in ecology (see [2]) and also have applications in
coding, radio transmission, and modeling of complex economic systems. Early literature of the study on competition graphs
is summarized in the survey papers by Kim [6] and Lundgren [10].

For a digraph D, the underlying graph of D is the graph G such that V(G) = V(D) and E(G) = {uv | (u,v) € A(D)}. An
orientation of a graph G is a digraph having no directed 2-cycles, no loops, and no multiple arcs whose underlying graph is
G. An oriented graph is a graph with an orientation. A tournament is an oriented complete graph. The competition graphs of
tournaments have been actively studied (see [1,3,5], and [4] for papers related to this topic).

It seems to be a natural shift to take a look at the competition graphs of orientations of complete bipartite graphs. First,
we can observe that the competition graph of an orientation of a complete bipartite graph is a disconnected graph as follows.

Proposition 1.1. Let D be an orientation of a complete bipartite graph K, , with bipartition (U, V), where [U| = mand |V| = n.
Then, the competition graph of D has no edges between the vertices in U and the vertices in V.

Proof. Since D is an orientation of K, ,, Ng (x) UNp (x) = N, ,(x) holds for any vertex x in D. Take any vertex u in U
and any vertex v in V. Since N, ,(u) € V, Nk, ,(v) € U,and U NV = @, we have N, , (1) N Ng,, ,(v) = @. Therefore,
N; (u) ﬂN;(v) = (J. Thus, there is no edge between u and v in the competition graph of D. Hence the proposition holds. O
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Fig. 1. An orientation D of the complete bipartite graph Ks 4 and its competition graph G; U G,. (A pair of parallel arrows means that there is an arc from
each vertex in the ellipse from which the arc initiates to each vertex in the ellipse to which the arc terminates.)

Based on Proposition 1.1, we introduce the notion of competition-realizable pairs.

Definition 1. Let G; and G, be graphs with m vertices and n vertices, respectively. The pair (G, G,) is said to be competition-
realizable through Kn, , (in this paper, we only consider orientations of Ky, , and therefore we omit “through K, ,") if the
disjoint union of G; and G, is the competition graph of an orientation of the complete bipartite graph Ky, , with bipartition
(V(G1), V(G2)).

Let us see an example. Let G; be the graph defined by V(G;) = {uy, ua, us, u4, us} and E(Gy) = {uju, uqus, tpls, Uglis},
and let G, be the graph defined by V(G,) = {v1, vy, v3, v4} and E(Gy) = {vqv3, v3v4}. Then the pair (G1, Gy) = (K3UK,, Ko U
K3) is competition-realizable through K 4 (see Fig. 1).

In this paper, we study the competition graphs of oriented complete bipartite graphs by using the notion of competition-
realizable pairs. We characterize graphs that can be represented as the competition graphs of oriented complete bipartite
graphs. We also present the graphs having the maximum number of edges and the graphs having the minimum number of
edges among such graphs.

2. A characterization of competition-realizable pairs in terms of edge clique covers

In this section, we present a theorem which characterizes a competition-realizable pair (G1, G) in terms of edge clique
covers of the graphs G, and G, without mentioning oriented complete bipartite graphs.

By a family, we mean a multiset of subsets of a set. A clique of a graph G is a set of vertices of G in which any two vertices
are adjacent in G. We also consider an empty set ¢ as a clique. An edge clique cover of a graph G is a family # of cliques of
G such that, for any two adjacent vertices of G, there is a clique in ¥ containing both of them. For a graph G, we denote by
0k (G) the minimum size of an edge clique cover of G.

The intersection graph 2 (F) of a family F is the graph whose vertex set is £ and in which two sets X and Y in F are
adjacent if and only if X N'Y # (. Recall that a graph isomorphism from G, to G is a bijection ¢ from V(G;) to V(G,) such
that xy € E(Gy) if and only if o(X)¢(y) € E(G,). For a family F of subsets of a set V, the dual family of ¥ is the family F*
definedby F* ={V\S|S € F}.

Theorem 2.1. Let G, and G, be graphs. Then, (G1, G,) is a competition-realizable pair if and only if there exist edge clique covers
F1and % of Gy and G, respectively, such that
(i) there exist graph isomorphisms @1 : G, — 2(F7") and @, : Gi — Q(F,"), where F* .= {V(G) \S | S € F}fori=1,2;
(ii) for u € V(Gy) and v € V(Gy), u € ¢1(v) ifand only if v & @, (u).

Before proving the theorem, let us see an example. Let

Fi = {{uy, uz, us}, {uy, uy, us}, {ug, us}, {us, us}},

Fr = {{v1, v2}, {v1, v2}, {v1, v2}, {v3, va}, {v3, v4}}.
Then #; and ¥, are edge clique covers of G; := K3 U K; and G, := K, U K>, respectively, and we have " = %7 and " =
(F2 — {{v1, v2}}) U{{vs, v4}}. We define maps ¢; from V(G,) to ;" and ¢, from V(Gy) to F," by ¢1(v1) = ¢1(v2) = {ug, us};

01(v3) = @1(vg) = {uy, Uy, us}; Y2(u1) = P2(uz) = @y (us) = {v1, V2}; P2(ug) = @3(us) = {vs, v4}. It is easy to check that
F1 and F; satisfy conditions (i) and (ii) of Theorem 2.1.

Lemma 2.2. Let G, and G, be graphs. Let D be an orientation of a complete bipartite graph with bipartition (V(G1), V(G;)) such
that the competition graph of D is Gy U G,. Then, the family {N; (v) | v € V(G,)} is an edge clique cover of Gy, and the family
{Np (u) | u € V(Gy)} is an edge clique cover of G,.
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Proof. By the definition of the competition graph of a digraph, Ny, () is a clique of the competition graph of D. Since D has
no arcs between two vertices in V(G,), the family {N; (v) | v € V(G,)} forms an edge clique cover of G;. Similarly, it holds
that the family {N, (v) | v € V(Gy)} forms an edge clique cover of G,. O

Lemma 2.3. If (Gq, G;) is a competition-realizable pair, then 0g(G,) < |V(Gy)| and 0 (G,) < |V (Gy)|.
Proof. The lemma follows from Lemma 2.2. O

Proof of Theorem 2.1. First, we show the “only if” part. Let (G, G;) be a competition-realizable pair. Then there exists
an orientation D of the complete bipartite graph K, , where m = |V(G;)| and n = |V(Gy)|. Let #; be the family
{N; (v) | v € V(G)}, and let #, be the family {N, (u) | u € V(Gy)}. By Lemma 2.2, ¥; and %, are edge clique covers of G;
and Gy, respectively. Since D is an orientation of a complete bipartite graph, N (v) U Ng(v) = V(Gy) forany v € V(G;) and
that N (1) UNg (u) = V(Gy) for any u € V(G;). Since D is loopless, N, (x) NN (x) = ¢ for any x € V(D) = V(G;) UV (Gy).
Therefore, £, = {Ng(v) | veV(G)}and £ = {N,;r(u) | u € V(Gy)}. We define a map ¢, from V(G,) to F* by ¢1(v) =
Ng(v) and a map ¢, from V(G,) to " by ¢, (u) = Ng(u). It is easy to check that ¢; is well-defined and bijective. To show
that ¢; (i = 1, 2) preserves the adjacency, take two vertices x and x’ in Gs_;. Then, x and X’ are adjacent in C(D) if and only
ing x)N Ng (x') # ©. Therefore ¢; is an isomorphism from G;_; to the intersection graph of #;* and thus the condition (i)
holds. Furthermore, x € ND+ (v)ifand only ify € Ny (x) for any vertices x and y of D. Therefore it follows from the definitions
of ¢1(v) and ¢, (u) that u € ¢ (v) ifand only if v & ¢, (u) for u € V(G;) and v € V(G;). Thus the condition (ii) holds.

Now we show the “if” part. Suppose that there exist edge clique covers #; and %, of Gy and G,, respectively, satisfying
the conditions (i) and (ii). We define an orientation D of K, ,, where m = |V(G;)| and n = |V (G,)|, by

A(D) = U ({w,v) [vep@}U{@ ulveV(G)\ g1}

ueV(Gy)

U lJ dwwlueo®iufwv)ueVG)\ o).

veV(Gy)

To show that D is an orientation of Ky, ,, take an arc (x, y) in D. Without loss of generality, we may assume thatx € V(G;) and
y € V(Gy).Theny € ¢,(x) orx € V(Gy)\¢1(y) by the definition of A(D). By the condition (ii),y € ¢,(x) andx € V(G1)\¢1 ().
Thus (y, x) &€ A(D). To show that every edge of Ky, , is oriented by A(D), take a vertex x € V(Gy) and a vertexy € V(Gy).
Thenx € V(G1) \ p1(y) orx € p1(y). If x € V(G1) \ ¢1(¥), then (x,y) € A(D).If x € ¢1(y), then (y,x) € A(D). Thus D is
an orientation of K, ,. We now show that the competition graph of D is G; U G,. Take any edge xy of G; U G,. Without loss
of generality, we may assume that xy is an edge of G,. Then ¢;(x) N ¢1(y) # @ by the definition of an intersection graph.
Therefore, there exists a vertex z € ¢1(x) N ¢1(y) and, by the definition of A(D), (x, z) € A(D) and (y, z) € A(D). Thus xy is
an edge in the competition graph of D. To show that any edge in the competition graph of D is an edge in G; U G,, take two
vertices x and y which are adjacent in C(D). Then there is a vertex w such that (x, w) € A(D) and (y, w) € A(D). Without loss
of generality, we may assume that x € V(G,). By Proposition 1.1,y € V(G;). By the definition of A(D), we have w € ¢1(x).
Since w € V(G1) and (y, w) € A(D), we have w € ¢;(y). Therefore w € ¢1(x) N ¢1(y), which implies that x and y belong to
V(Gy) \ ¢2(w), by the condition (ii). Thus x and y are adjacent in G,.
Hence the theorem holds. O

3. Competition-realizable pairs and the independence numbers of graphs

Recall that the independence number of a graph G is the maximum number of vertices in G that are pairwise nonadjacent,
and is denoted by o (G).

Lemma 3.1. Let (Gq, G,) be a competition-realizable pair. If «(G,) > 3, then G is a complete graph.

Proof. Suppose that G; is not a complete graph. Then, we have «(G;) > 2. Let {uy, u,} and {vq, v, v3} be independent sets
of Gy and G, respectively. Since (G1, G,) is a competition-realizable pair, there exists an orientation D of a complete bipartite
graph such that C(D) = G; U G,. Note that the subgraph of C(D) induced by {u;, u,} U {v1, vy, v3} has no edges and also
note that the subgraph of the underlying graph of D induced by {u1, u,} U {vy, vy, v3} is the complete bipartite graph K; 3.
We can check that the competition graph of any orientation of K, 5 has at least one edge, which is a contradiction. Thus the
lemma holds. O

Note that, if (G1, G,) is a competition-realizable pair, then (G,, G1) is also a competition-realizable pair.

Theorem 3.2. Let (G4, G;) be a competition-realizable pair. Then, one of the following holds:
(i) 2(G) =1ora(Gy) = 1;
(i) 2(G1) = a(Gy) = 2.

Proof. Suppose that (i) does not hold, i.e.,, «(G;) > 2 and «(G,) > 2. Then, neither G; nor G, is a complete graph. By
Lemma 3.1, we have @(G;) < 2 and a(G,) < 2. Thus (ii) holds. Hence the theorem holds. O
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Based on Theorem 3.2, we consider the following two cases to characterize competition-realizable pairs: (i) G; or G; is a
complete graph; (ii) @(Gy) = x(Gy) = 2.

In Case (i), we may assume without loss of generality that G, is a complete graph. Moreover, we divide Case (i) into the
following two cases:

(i-a) G has an isolated vertex (and G, is a complete graph);
(i-b) Gq has no isolated vertices (and G, is a complete graph).

In the next section, we investigate competition-realizable pairs for these three cases.
4. Structural characterizations of competition-realizable pairs (G;, G;)

4.1. The case where Gy has an isolated vertex and a(G,) = 1

When one of Gy and G; is a complete graph and the other graph has an isolated vertex, the necessary condition given in
Lemma 2.3 is also a sufficient condition for a pair of graphs being competition-realizable.

Theorem 4.1. Let G be a graph and let n be a positive integer. Suppose that G has at least one isolated vertex. Then, (G, Ky,) is a
competition-realizable pair if and only if 6¢(G) < n.
Proof. The “only if” part follows from Lemma 2.3. We show the “if” part. Suppose that 9 (G) < n.Let S, be the set of isolated

vertices in G. Since G has at least one isolated vertex, Sy # . Since 0 (G — Sp) = 6:(G) < n, there exists an edge clique cover
{S1, ..., Sy} of G — Sp. Let D be a digraph defined by V(D) = V(G) UV (K,) = V(G) U {vy, ..., vy} and

A(D) = (U{(u, v lue sj}> u (U{(vj, u) [ue Vv —sj}) :
j=1 j=1

Then the underlying graph of D is the complete bipartite graph Ky, ,, where m = |V (G)|. Since Sp # @ and Sy < V(G) — S; for
eachj e {1, ..., n}, each vertex in Sy is an out-neighbor of v; for eachj € {1, ..., n}. Therefore, the vertices v4, .. ., v, form
a clique in the competition graph of D. Thus, the competition graph of D is G U K;,. Hence, (G, K;,) is a competition-realizable
pair. O

Corollary 4.2. For any graph G, there exists a positive integer n such that the pair (G U K1, K;,) is competition-realizable.

Proof. Let n be a positive integer such that n > 6¢(G). Note that 6 (G U K;) = 0¢(G). By Theorem 4.1, the pair (G U Ky, K,)
is competition-realizable. O

4.2. The case where Gy has no isolated vertices and «(G,) = 1

In this subsection, we consider competition-realizable pairs (G;, G;) where G; has no isolated vertices and «(G;) = 1.
We present a characterization for a pair (G, K;;) being competition-realizable.

Theorem 4.3. Let G be a graph and let n be a positive integer. Suppose that G has no isolated vertices. Then, (G, K,) is a
competition-realizable pair if and only if there exists an edge clique cover F of G of size at most n such that

ISUS'| < [V(G)| -1
holds for any two cliques S and S’ in F .

Proof. Let G; := G and G, = K,. To show the “only if” part, suppose that (G, G;) = (G, K,,) is a competition-realizable
pair. Then there exist edge clique covers %7 and %, of G; and G, respectively, and graph isomorphisms ¢; : G, — £2(¥7")
and @, : G; — 2(¥F;") satisfying the conditions (i) and (ii) of Theorem 2.1. Then 2 (¥") = K, and therefore |#}"| = n, or
equivalently | ;| = n. We show that #7 is a desired edge clique cover of G;. Take any two elements S and S in #;. Then
1(v) = V(Gy)\Sand ¢1(v') = V(Gy) \ S’ for some vertices v and v’ in G,. Since the intersection graph of #;* is isomorphic
to the complete graph K,,, we have ¢ (v) N ¢ (v") # @. Since

e1() NP1 (V) = (V(G) \S) N (VG \S) = V(G \ (SUS),

we have V(G;) \ (SUS’) £ @. Thus |SUS'| < |[V(Gy)| — 1.

To show the “if” part, suppose that there exists an edge clique cover #; of G; of size at most n such that |S U S'| <
|[V(Gy)| — 1 for any cliques S and S’ in #. If the size of # is less than n, then we add empty sets to the family #; to make the
size of #1 is equal to n. We label the vertices of G, as v1, . . . , v, and label the elements of #; as Sf)}), . S,(J;). Foru € V(Gy),let

S = (v € V(G) | u e V(G \SP),

and let %, be the family {SL(,Z) | u € V(Gy)}. We now show that £ and #, satisfy the conditions (i) and (ii) of Theorem 2.1.
To show that %, is an edge clique cover of G, = K, take two distinct vertices v; and v; of G,. Then there exists a vertex
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ugsdu Séj” by the hypothesis, and therefore u € V(Gy) \ S{" and u € V(Gy) \Sf,j”. Thus S§> contains v; and v;, which
implies that #; is an edge clique cover of G,. Let #;* denote the family {V(G;) \ S | S € F} fori = 1, 2. We define maps
¢1:V(G) — Fand ¢, : V(G1) — £, by

1) =VGD\SY,  @au) =V(Gy) \SP.

We show that ¢; and ¢, satisfy the conditions (i) and (ii) of Theorem 2.1. For u € V(G;) and v; € V(G,), it follows from the
definition ofo‘Z) that v; € Sﬁz) ifand only ifu € V(Gy) \ Sf)l_l), or equivalently u & ¢;(v;) if and only if v; € ¢, (u). Thus ¢ and
¢, satisfy the condition (ii) of Theorem 2.1. We now show that ¢; and ¢, satisfy the condition (i) of Theorem 2.1. For two
vertices u and v’ of Gy, we can easily check that the following statements are equivalent:

u and v’ are adjacent in Gy;

S,Eil) contains both u and v’ for some v; € V(Gy);

vi € V(Gy) \ S and v; € V(G,) \ S for some v; € V(Gy);

vi € (V(G) \ SP) N (V(G) \ S) = g2 (1) N g2 (t) for some v; € V(Gy);

@2(u) N ga(u') # 0.

Therefore ¢, is an isomorphism from G; to the intersection graph of #'. For two vertices v; and v; of G, since v; and v;
are adjacent in G, and %5 is an edge clique cover of G,, there exists u € V(G;) such that 5152) contains both v; and v,
ie,ue (V(Gy) \S:S,-])) N(V(Gy) \Sf)j”) = ¢1(v;)) N1 (v;) for some u € V(Gy). Therefore ¢y is an isomorphism from G, to the
intersection graph of #,". Thus ¢; and ¢, satisfy the condition (i) of Theorem 2.1. Hence, by Theorem 2.1, (G1, G2) = (G, Ky)
is a competition-realizable pair. O

By using this theorem, we can obtain several results.

Proposition 4.4. Let m and n be integers such that m > 6 and n > 6. Then, the pair (K, K;,) is competition-realizable.

Proof. Without loss of generality, we may assume that m > n.Let V(Ky,,) = {uy, ..., un}. Let
Ry = {u1, ug, ug}, Ry = {uy, uy, us}, R3 = {us, us, us},
Ry={uz,u3,wa},  Rs={us,us,us},  Re = {uy, u, us}.

Note that {Ry, ..., Rs} is an edge clique cover of Kg. Let S; == RiU{uy; | 7 <j<mjfori=1,...,6andlet ¥ = {S; | 1 <
i < 6}. Then the family ¥ is an edge clique cover of K. Moreover, for any i and jwith 1 <i,j <6, |S;US;| = |Ri UR;| +
(m—6) <5+ (m—6) =m — 1. By Theorem 4.3, the pair (K,;, K;,) is competition-realizable. O

Proposition 4.5. Let n be a positive integer. Then, the pair (K, K;) is competition-realizable if and only if n = 1orn > 6.

Proof. By Proposition 4.4, the pair (K, K,) is competition-realizable for n > 6. Moreover, (K7, K;) is competition-realizable.
Thus the “if” part holds.

To show the “only if” part, let (K, K;) be a competition-realizable pair for a positive integer n. Assume that n # 1,
i.e, n > 2. By Theorem 4.3, there exists an edge clique cover # consisting at most n cliques of K;, such that the union of any
two cliques in ¥ is not the whole vertex set of K,,. If # has an element S of size n — 1, then the union of S and any clique in
F containing the vertex that is not contained in S is the whole vertex set of K,,. Therefore, |S| < n — 2 forany S € . Since
any element of ¥ has size at least two, we have n > 4. Suppose that n = 4. Then |S| < 2 forany S € ¥. This implies that
F must contain at least (‘21) = 6 cliques, which is a contradiction to || < 4. Therefore n > 5. Suppose that n = 5. Then ¥
has at most 5 cliques and the maximum size of a clique in ¥ is at most 3. Since K5 has 10 edges, ¥ contains at least three
cliques of size 3. Let S and S, be cliques of size 3 in . Since |S; U S;| < 4 by the choice of £, we have |S; N S,| > 2, which
implies that the triangles induced by S; and S, share an edge. Therefore a subset of # consisting of three cliques of size 3
covers at most seven edges of K5, which implies that £ must contain at least four cliques of size 3. However, it is impossible
that four triangles of Ks mutually share an edge. Thus n > 6. Hence the proposition holds. O

We denote by K" the complete multipartite graph on m partite sets in which each partite set has n vertices.

Proposition 4.6. Let m and n be positive integers such that 2 < m < n. Then, the pair (K", K,,) is competition-realizable.

Proof. Let {x;, y;} be the Ith partite set of K" for each | € [m] := {1, ..., m}. Let Sp = {X1, X2, ..., Xy} and S; == ({y1, y2,

. Ym) \ {¥i}) U {x;} fori € [m], and let ¥ = {So, S1, . . ., Sm}. Since no two vertices in S; belong to the same partite set, S;
forms a clique in KJ" for each | € {0}U[m]. Now we take an edge e of KJ*. Then, e = x;xj, e = x;yj, ore = y;y; for somei, j € [m]
with i # j. If e = x;x;, then e is covered by the set Sy. If e = x;y;, then e is covered by S;. If e = y;y;, then e is covered by S; for
some | € [m] \ {i, j}. Thus ¥ is an edge clique cover of KJ* of size at most n (by the hypothesis thatn > m + 1). Since S; has
exactlyone ofxq,...,xyandm—10fyy,...,ynfori € [mland Sy = {x1, ..., X}, we have |S;NS;| > 1foranyi, j € {0}U[m].
Thus [S;US;| < 2m—1 = |[V(K]")|—1foranyi,j € {0} U[m]. Hence (K", K;,) is competition-realizable by Theorem 4.3. O
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By Proposition 4.6, we know that the pair (K,f, K,) is competition-realizable if n = 2. For n > 3, the following holds. Let
L(n) denote the largest size of a family of mutually orthogonal Latin squares of order n. Park et. al [ 11] showed that, if m and
n are positive integers such that 3 < m < L(n) + 2, then there is a minimum edge clique cover of K" of size n? in which
each clique in the cover is a complete graph of size m (see also [7] and [9]).

Proposition 4.7. Let m, n, and t be positive integers such that 3 < m < L(n)+2. Then, the pair (K, K;) is competition-realizable
ifand only if n®> < t.

Proof. Suppose that n? < t. Since K" has an edge clique cover ¥ of size n® (at most t) in which each clique has size m, the
union of any two cliques in ¥ has size at most 2m < 3m — 1 < nm — 1 = |[V(K]")| — 1. Thus, by Theorem 4.3, (K", K;) is
competition-realizable.

Suppose that (K", K;) is competition-realizable. Then, by Theorem 4.3, there exists an edge clique cover ¥ of K" with
size at most t. Thus, n? = G (K™) < |F| <t. O

We now consider (G, K;;) where G is a triangle-free graph having no isolated vertices.

Proposition 4.8. Let G be a triangle-free graph having no isolated vertices. Then, the pair (G, K,,) is competition-realizable if and
only if either n = |E(G)| = 1or n > |E(G)| > 3 and G # P4, where P4 is the path on 4 vertices.

Proof. Let ¥ := {{u, v} | uv € E(G)}. Then the family # is an edge clique cover of G.If n = |[E(G)| = 1,then G = K,
since G has no isolated vertices and (G, K,) = (K3, K7) is clearly a competition-realizable pair. Suppose thatn > |E(G)| > 3.
Then |V(G)| > 4 since G is triangle-free. If |V (G)| = 4, then G = K; 5 since G # P4. Let V(K7 3) = {x,¥, z, w}, where x is
the vertex of degree 3. Then & = {{x, v}, {x, z}, {x, w}} and F satisfies the condition of Theorem 4.3. If |V(G)| > 5, then
{u, v} U {x, y}| <4 < |V(G)| — 1 for any two edges uv and xy of G and so (G, K,) is competition-realizable by Theorem 4.3.

To show the converse, suppose that a pair (G, K;;) is competition-realizable. If |[E(G)| = 1, then G = K, since G has no
isolated vertices and, by Proposition 4.5, n = 1. Suppose that |E(G)| = 2. Then G = Kj , or K; U K; since G is triangle-free
and has no isolated vertices. By Theorem 4.3, neither (Kj 2, K;) nor (K; U K3, K;) is competition-realizable. Suppose that
|[E(G)| = 3.Thenn > 0¢(G) = |E(G)| > 3 by Lemma 2.3. By Theorem 4.3, the pair (P4, K;;) is not competition-realizable.
Therefore G # P4. Hence the proposition holds. O

4.3. The case where a(G1) = a(Gy) = 2

Let G, denote the cycle with n vertices. By checking all the orientations of the complete bipartite graph Ks s, we can
confirm that (Cs, Cs) is not a competition-realizable pair. Since «(Cs) = 2, we can observe that the condition «(G;) =
a(G,) = 2 does not guarantee the pair (G, G) to be competition-realizable. For a graph G, we denote the complement of
G by G. Note that Cs = Cs. More generally, we can show that the pairs of the complements of odd cycles are such examples
(see [8] for a related topic).

Proposition 4.9. Let s and t be positive integers. Let (Gq, G3) = (Cas+3, Cory3) Then (Gq, Gy) is not competition-realizable and
O((G]) = O((Gz) =2

We use the following lemma to prove this proposition.

Lemma 4.10. Let (Gq, Gy) be a competition-realizable pair. If G; is not a complete graph, then the vertex set of G, can be
partitioned into two cliques V, and V; of G,.

Proof. Since (G1, G;) is a competition-realizable pair, there exists an orientation D of the complete bipartite graph K, , such
that C(D) = Gy U G,, where m = |V (G;)| and n = |V(G;)|. Since G, is not a complete graph, there are two vertices u; and
U, in V(G1) which are not adjacent in G;. Let V; = N;r(ul) and V; := V(Gy) \ V;. Note that V; C V(Gy) and V, C V(Gy).
Take any vertex v; in V. Since v is an out-neighbor of u; and since v; cannot be a common out-neighbor of u; and u,, we
have v; ¢ N;(uz). Then v, € N, (uy). Therefore (vy, up) € A(D). Since vq was arbitrarily taken from Vj, u; is a common
out-neighbor of all the vertices in V; and thus V; is a clique in G,. Take any vertex v, in V,. Since v, is not an out-neighbor of
Uy, vy is an in-neighbor of u;. Therefore (v,, uy) € A(D). Since v, is arbitrarily taken from V5, u; is a common out-neighbor
of all the vertices in V, and thus V, isa clique in G,. O

Proof of Proposition 4.9. Let (G, G;) = (Casy3, Coer3). It is easy to see that (G;) = «(G,) = 2. Since the vertex set of
an odd cycle of length at least 5 cannot be partitioned into two independent sets, the vertices of the complement Cy 3 of
an odd cycle cannot be covered by two cliques of Cys 3. Thus it follows from Lemma 4.10 that (G1, G,) is not competition-
realizable. O

We can characterize the competition-realizable pairs (G, G;) when both G, and G, are cycles.

Proposition 4.11. Let m and n be integers greater than or equal to 3. Then, the pair (C,, C,) is competition-realizable if and only
if (m,n) = (4, 4).
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Fig. 2. The digraphs Dy, D,, and Ds.

Proof. Let (C;;, C,) be a competition-realizable pair. By Lemma 2.3, we have m = n. By Theorem 3.2, we have m < 5. By
Proposition 4.5, (C3, C3) = (K3, K3) is not a competition-realizable pair. Since neither (Cs, C3) nor (Cs, Cs) is a competition-
realizable pair, we have (m, n) = (4, 4). In fact, the pair (C4, C4) is competition-realizable. To show this, we consider a
digraph D; defined by V(D) = {uy, up, us, us} U {v1, v, v3, v4} and A(D1) = {(u1, v1), (U1, va), (U2, v1), (U2, v2), (U3, v2),
(u3, v3), (Ug, v3), (Ug, Va), (V2, U1), (v3, U1), (3, U2), (V4, U2), (V1, U3), (V4, U3), (V1, Ua), (v2, Ug)} (see Fig. 2). Then, the
underlying graph of D; is the complete bipartite graph K, 4 and the competition graph of D is C4 U C4. Thus the pair (C4, C4)
is competition-realizable. Hence the proposition holds. O

We can also characterize a competition-realizable pair (Gy, G;) when both G; and G, are paths by using the following
lemma.

Lemma 4.12. Let (G, G,) be a competition-realizable pair. If G, and G, are connected triangle-free graphs, then |V (Gy)| — 1 <
V(G| < V(G| + 1.

Proof. Since G; and G; are triangle-free, 0 (G1) = |E(G1)| and 6¢(G,) = |E(G,)|.Since Gy and G, are connected, |V (G1)|—1
|[E(G1)] and |V(G2)| — 1 < |E(Gy)|. By Lemma 2.3, 0g(Gy) < |V(Gy)| and 6g(Gy) < |V(Gy)|. Therefore |V (Gy)| — 1
[E(G2)| = 0(G2) < V(G| < [E(G)|+1=06(G1) +1 < [V(G)|+ 1. O

INTA

Let P, denote the path with n vertices.

Proposition 4.13. Let m and n be positive integers such that m > n. Then, the pair (P, P,) is competition-realizable if and only
if (m,n)isoneof (1,1), (2, 1), (3, 3), and (4, 3).

Proof. First, we show the “if” part. Since P; = K; and P, = K>, the pairs (P;, P1) and (P,, P;) are competition-realizable by
Theorem 4.1. Consider the case where (m, n) = (3, 3). Let D, be the digraph defined by V(D,) = {uy, uy, us} U {vq, v2, v3}
and A(D;) = {(u1, v1), (uz, v1), (Uz, v2), (Uz, v3), (U3, V3), (V1, U3), (V2, U1), (V2, U3), (v3, U1)} (see Fig. 2). Then the under-
lying graph of D, is the complete bipartite graph K3 3 and the competition graph of D, is P3 U P5. Thus the pair (Ps, P3) is
competition-realizable. Consider the case where (m, n) = (4, 3). Let D3 be a digraph defined by V(D3) = {uy, uy, us3, us} U
{v1, v2, v3}and A(Ds) = {(u1, v1), (Uz, v1), (U2, v2), (U3, V2), (U3, V3), (Ug, V3), (V1, U3), (V1, Us), (V2, U1), (V2, Us), (V3, U1),
(vs3, uy)} (see Fig. 2). Then the underlying graph of D5 is the complete bipartite graph K, 3 and the competition graph of D3
is P4 U P3. Thus the pair (P4, P3) is competition-realizable.

We now show the “only if” part. Assume that (P, P;) is a competition-realizable pair. Note that, if n > 5, then
aPy) = f%'l > 3. By Theorem 3.2, we have 1 < n < 4. By Lemma 4.12, we have m = nor m = n + 1. Therefore,
(m,n) € {(1,1), (2,1),(2,2),(3,2),(3,3), (4,3), (4,4)}.If (G, P,) is a competition-realizable pair, then G must contain
an isolated vertex which is a common out-neighbor of the two vertices of P, in an orientation D of the complete bipartite
graph K, ». Therefore neither (Ps, P;) nor (P,, P,) is a competition-realizable pair. To show by contradiction that (P4, Py4) is
not competition-realizable, suppose that P4 U P, is the competition graph of some orientation D of the complete bipartite
graph Ky 4. Since P4 is triangle-free, [N, (x)| < 2 for any vertex x of D. Then we have

16=[AD)= ) IN, | < 16.
xeV(D)

Therefore, [N, (x)| = 2 holds for any vertex x of D. Moreover, |N§ (x)] =4 — |Ny (x)| = 2 holds for any vertex x of D. Since
there are only six edges in P4 U P4, there exists an edge e such that the endvertices x and y of e have two common out-
neighbors in D. Then, at least one of x and y, say x, has degree 2 in P4 U P,4. Therefore, the vertex x has an out-neighbor other
than the two common out-neighbors of x and y in D. This implies that there is a vertex of out-degree at least 3 in D, which
is a contradiction. Thus, (P4, P4) is not a competition-realizable pair. Hence (m, n) € {(1, 1), (2, 1), (3, 3), (4,3)}. O

5. Extremal competition-realizable pairs

In this section, we present competition-realizable pairs with the maximum number of edges and with the minimum
number of edges.
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5.1. The maximum number of edges in a competition-realizable pair

Theorem 5.1. Let m and n be positive integers. If m > 6 and n > 6, then the pair (K, K,,) has the maximum number of edges
among all the competition realizable pairs (G, Gy) with |[V(Gy)| = mand |V(G,)| = n.

Proof. The theorem immediately follows from Proposition 4.4. O

Therefore we have an upper bound for the number of edges of the competition graph of an oriented bipartite graph.

Corollary 5.2. Let m and n be positive integers. Let G be the competition graph of an orientation D of the complete bipartite graph
Kmn. If m > 6andn > 6, then

E(G)| < 3m(m — 1) + in(n — 1).
Proof. The corollary follows from Theorem 5.1. O

5.2. The minimum number of edges in a competition-realizable pair

Lemma 5.3. Let m and n be positive integers. Let G be the competition graph of an orientation D of the complete bipartite graph
Kin n. Then

|E(G)| > min {t(m, n), m(m—1) n(n—1) } ’

2 ’ 2
where t(m, n) is the number of edges in KL%J U KT%T U KL%J U KF%P ie.,

1ymyrmjy|n|rn m m n n
=[S Z GG -0 (3= G -0 (5]-1)-
8 L2 2 2412 2 2 2 2
Proof. Let D be any orientation of the complete bipartite graph K, ,,, and let G be the competition graph of D. Let (U, V) be
the bipartition of Ky, , where |U| = m and |[V| = n.If one of U and V is a clique of G, then |E(G)| > min{™Z-1 "1}

2
and therefore the lemma holds. Suppose that neither U nor V is a clique of G. Then there are four vertices uq, u; € U and vy,

v, € V such that u; and u; are not adjacent in G and v; and v, are not adjacent in G. By Lemma 4.10, U can be partitioned
into two cliques U, and U, of G, and V can be partitioned into two cliques V; and V; of G. Therefore,
[E(G)| = [E(GIU1DI + [E(G[U2D| + [E(GIViDI + [E(G[V2D)|
= [EKu, )| + [EEn—ju, )| + [EE v, D1+ 1EKn—jvy))]
= [E(K m )|+ [E(Kpmy)| 4+ [E(K 2 )| 4 [E(K29)]
= t(m, n).
Hence the lemma holds. O

Theorem 5.4. Let m and n be positive integers with m > n. Then, either the pair (KL%J UKF%W , KL%J UKF%W) or the pair (K, K)
has the minimum number of edges among all the competition-realizable pairs (G1, G,) with |V(G1)| = mand |V (Gy)| = n.

Proof. We first show that the pair (KL%J UKT%W , KL%J UKF%W) is competition-realizable. Let Uy, U, V4, and V; be disjoint sets
with [U| = | 5], |U2| = [57, [Vi] = [5], and |V, = [5]. Let D be the digraph defined by V(D) = U; U U, U V; U V; and
AD) = {(u,v) |[ue Uj,v e Vi}U{(u,v) [ue Uy, v € Vo}U{(v,u) |ue Uy, veVr}U{(v,u) | ue U,,v € Vi}.Then, the
underlying graph of D is the complete bipartite graph Ky, », and the competition graph of D is (KL%J U Kr%]) U (KL%J U Kr%1 ).
Thus (KL%J U KT%T , KL%J U KF%1) is competition-realizable.

Second, we show that the pair (K, K,) is competition-realizable. Let U and V be disjoint sets with |[U| = mand |V| = n.
Let D be the digraph defined by V(D) = U UV and A(D) = {(v,u) | u € U, v € V}. Then, the underlying graph of D is the
complete bipartite graph K, », and the competition graph of D is K, U K;,. Thus the pair (Ky,, K;) is competition-realizable.

Since |E((KL%J UKT%W)U(KL%J UKT%T)N = t(m, n) and |E(KnUK,)| = %n(n—l), the theorem follows from Lemma5.3. O
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