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Abstract

This supplementary material provides concrete arguments omitted in the original manuscript;
the derivation of desingularized vector fields associated with original ones, the proof of Lemma
2.2 and the Jacobian matrix of desingularized vector fields, which are essential for our numeri-
cal validations. Moreover, concrete calculations of blow-up rates of validated blow-up solutions
are presented.

A Transformation of vector fields via directional compacti-
fications

Firstly, we derive the transformed vector field associated with

u) = N2 (—2u1 4 ug) + Ae™,  wly_ | = N?(un_1 — 2un_2) + Ae"N-1,

wf = N2(uimq — 2u; + i) + Xe", (i=2,--+ N —2), (A1)
where ' = %, via the directional compactification
UN/QZS_l, w=s‘x; (i=1,---,N—1,i#N/2). (A.2)
Let
Pl (8) := s Fe™e/s (A.3)
and

Aj =N (i — 22+ 2i41), (1=2,- N —2,i# N/2)
Anjo = N*(xnjo—1 — 2+ xNjo41),  Ar = N?(—2x1+22), An_1:=N?(zy_2—22N_1).
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Direct computations then yield

TN _ 2 TN m
Uy =—5"%s' = N? ( 23 L St 2;1) + xe/®)

&8 =—sANp — AsZel/9)™ = —sANj2 — A(Rgi1im(s)) 7Y,
w, = —s 28’ + 57 el = sTIA; + Ae@/O”
ool = s o’ + Ay + Asel®i /D)
= s {—sANj2 — Mhaam(s) 7 ) + Ay + Ase(@i/s)™
= {-2;Anj2 — $i>\(h1;1;m(s))_1} + A; + dse®@i/9)"

= —2iAns2 — A (h1,1m(8)) T 4 Qi 4+ Ahi e (s) ™0 (0 # N/2).

Therefore, we have the following transformed vector field:
s' = —sApNjo — A ha1m ()71,
.Z‘; = —xiAN/2 - xi)\(hl’l;m(s))_l + A; + )\<h1,a:lm;m(3))_1 (’L # N/2)
Introducing the time-scale desingularization

dr

= 1m -1
a 1,1; (5) ,

we have

d d
di = lhl,lmz(s)
-

/ dt

for any function f and hence

§= _SAN/th,l;m(s) — s\ = —AN/Qeil/sm — SA,
& = —2iANn/2h11m(5) — A + Ajhi 1m () + Ao1—emim(s). (1 # N/2)

i

We leave the calculation of Jacobian matrix later since we need several formulas for Ay g.m-

B Derivations around hj o,

(A.5)

In this section, we calculate differentials of hy o.m defined in (A.3) with several basic properties

stated in Lemma 2.2.

Obviously, for fixed positive integers k,m > 0 and positive number > 0, hg a:m(s) is C! (in
particular, C*°) with respect to s > 0. The limit lims_,o4 Ak, a;m(s) = 0 follows from the following

argument. Let

hk,a;m@)ﬁj, F(s) =" g(s) = s,

Lemma B.1. For a > 0 and positive integer m > 0, the function

ea/s" >0
f<s>_{0 o

is C1 on R. In particular, lim,_,o f'(s) exists and is equal to 0.



Proof. Continuity of f on R and smoothness of f on R\ {0} are obvious. The remaining issue is
the smoothness of f at s = 0. The smoothness with m = 1 is well-known, and hence we assume
m = 1 in the remaining argument. For s > 0, f'(s) = ams~ ("1 f(s). Introducing t = s™, the
function f’(s) is rewritten by

—a/t

m—1_—2m —O(/Sm' m—1 €

— _ m
(m+)e—a/s™ — yms s e =amt m

f'(s) = ams

Using the well-known results that lim;, ¢ t—me—alt

limy_, 19 t¢ =0 for ¢ > 0, we have

m—1 e—a/t m—1 e_o‘/t
lim ¢t m = lim ¢t = lim =0.
t—+0 t2 t—+0 t—40 12
Obviously ¢ — +0 corresponds one-to-one to s — 0 and hence f’(s) — 0 as s — +0, which implies
that fis C! at s = 0. O

= 0 for any nonnegative integer n and

The above proof gives an explicit form of f/(s) via the transformation s = t™. Now we have

I

7(m+1+k)67a/sm _ ksf(kJrl)efa/sm )

= ams

Here, there are positive integers i, s such that 0 < r;y = mym — (m+ 1+ k) < m and that
0 <7y =mgm — (k+ 1) < m. Therefore

—a/t —a/t
amsf(erlJrk)efa/sm _ ksf(k:+1)efa/sm _ amt'rl/m <6 ~/ > 7 ktrg/m (6 ~/ ) )
i Tz

By the same argument as the proof of Lemma B.1, we know that lim,_, ¢ d%hkya;m(s) exists and
is equal to 0. Consequently, the function

- Boaim(s), 5> 0,
e () = {0 T 2o

is a C'l-extension of hg a:m over R for any nonnegative integer k, positive integer m and positive
number a.

Next we check the monotonous behavior of hy o:m(s). Direct calculations yield the following
alternative formula of the derivative of hr q:m:

d d m
—h e :7< -k, —a/s )
ds o () ds 5e

m m d
_ 7k57(k+1)67a/8 + kaefa/s £(7a57m)
_ 7k57(k+1)67a/sm + masf(k:+m+1)efa/sm

= s De=als™ [k 4 mas—m)
mao

— {87 — k} hi1,05m(5).



We see that, for sufficiently small s > 0, hj q.m(s) and d%hk’a;m(s) are positive. Thus hy, q.m(s)
increases monotonously with respect to s € [0,5] as long as “hy, 4. (s) > 0 over [0,5]. Since
hiaim(s) > 0 for all s > 0 and any k > 0, then the monotonous property of hy a.m(s) can break
at s = s such that d%hk,a;m@) = 0, which is equivalent to mas~" — k = 0. Therefore we have

o= ()

for real 5. We easily know that ¢ — k is positive for s € (0,5), and hence we conclude that

sm

Rk a:m () is monotonously increasing over (0, (ma/k)*/™).

C Jacobian matrix for (A.5)

Once we obtain differentials of hy q.m, we can compute the Jacobian matrix of (A.5). Direct
computations with Part 1. of Lemma 2.2 yield

Ofnjz 0
ds  Os

1o}
= s {—ho1m(s)Anj2 — sA} = — {sﬁm} hi Az — A

= _mherl,l;m(s)AN/Z - )‘7

{—e_l/SmAN/Q — s)\}

afN/Q o 0 —1/s™
oz, *%j{*e Anpr =)
m 0
- _ —1/s A
(& O N/2-

Here we note that

0 0
%AN/Q = N267j(331v/271 — 2+ any241) = N2(6j,n/2-1 + 6, n/241),

where d; ; is the Kronecker delta. In particular, we have

8f —1/s™ a .
RELVE NSNS — AN =—(0;n/2-1+ 6j,n/241)N2ho1;m(s) (5 # N/2).
85Uj 8£Uj

Next,

ofi
Os

= {—2ih1,1:m(5)Anyj2 — TA + h1 1m0 () Ai + Aho1—amim(s) }

0 0 0
= _xiAN/Qghl,l;m(S) + Ai%hl,l;m(s) + /\ahm—xr;m(s)
xm

m m(l — ]
= {Az — .’L'ZAN/Q} {Sim — 1} hz’l;m(s) + A {(87'12)} hl,lfm;”;m(s)

= (L=ms™")hg1;m(s)(xiAny2 — Ai) = Mn(zf" — Dhmir,1-amim(s), (i # N/2).



Finally,

afi 0
8wfj = 87% {7Iih1,1;m(5)AN/2 — T A+ h171;m(5)A1‘ + )\h071_$?1;m(3)}
ox 0 Oox;
() A2 () Ay b — A2
{5% hi1m(8)ANy2 + Tiha1,m(5) oz, N/2} )\axj
0 0
+ h171§m( )63? A+ >\6$ hO 1—z ,m(s)
J J

= *h1,1;m(8)AN/251 i+ N22ih1 1m(8) (65,8721 + 65 n/241) — Adij

a m
A (1_% )/s
+ h171 m(S) + )\8‘%]

= —h1,1;m(S)AN/25z i N22ih 10 (8) (65, 8/2—1 + 65, n/241) — Ay

+ hl,l m(S) Amx?fls_m(si’je(l—l‘{")/sm
Zj
= —h1,1;m(8)AN/20i,5 + N2xih1,1;m(s)(6jﬁN/271 + 0 n/241) — Aij
0

+ hl,l;m(s)%Ai - Amx?‘16i7jhnl71_z¢;m(s).
J

Now we consider %Ai in detail. Typically we have

0

5.0 = N?(8i-15 = 2014 + bi41,5)-

J

However, if i = N/2 4+ 1, A contains the term corresponding to x /o, which is identically set as

1 in the present case. Hence 5-— / A; must be identically zero. Note that the case i = N/2 is

eliminated since we have already treated above. Moreover, if i = 1 and N — 1, then §;_; ; and

di+1,; are eliminated, respectively, since we have formally set as zo = xnx = 0. Therefore we have

0

al'j

We also note that, since the 0-Dirichlet boundary condition is imposed, we do not have to pay
extra attentions to the cases i = 1, N — 1 in the present setting!. Consequently, we have

Ofi
81,‘]'

Ay =N?(6i—1,;(1 = 81, n/2)(1 — Gi—1,0) — 26;5 + Sip1,; (1 — Siv1,n/2) (1 — Gim1,n))-

= —h1,1m(8)An/20ij + N2xihy 1,m(5) (8 n/2—1 + 0; n/241) — Adij
+ hl,l;m(S)NQ((si—l,j(l — 5i—1,N/2)(1 —0i—1,0) — 26, 5 + 0ig1,;(1 — 5i+1,N/2)(1 —0;—1,N))
- )\mIzn_l(si’jhm,l_I;n;m,(S). (’L 7é N/?)

D Blow-up behavior : theoretical study

Following arguments of asymptotic behavior [1, 2], we can discuss blow-up rates of validated
solutions. Arguments of blow-up rates begin with asymptotic behavior of solutions of (A.5) tending

1f we consider other boundary conditions such as 0-Neumann boundary, non-trivial treatments involving bound-
ary conditions are necessary.



to equilibria on the horizon {s = 0}. Let p, be a hyperbolic equilibrium for (A.5). Then, the s-
component of solutions asymptotic to p, is written by

s(1) = Ce*"(140(1)), as T — oo,

where C' > 0 denotes a generic constant which can change in each calculation and A\; < 0 is a
negative number such that Reu < Ay < 0 holds for any eigenvalues p of the Jacobian matrix at
p«2. Then we have

50 g=1/s(m™ o0 —maen
tmax = - dnp= C/ e MM e 14 o(1))dn.
= | = (1-+0(1))

Let pr = e~ 7. Then, n = _%\Slogu, p:1— o0 holds as : 0 — oo, s(u) = Cu~t(1+0(1)) as
u— o0 and dy = —Asudn. Thus

e
=

o = C / e Aeneme N g / " (14 o(1))dp. (D.1)
0 1

Remark D.1. As mentioned in the end of Section 3, we can directly prove that tyax < 00 from
the convergence of (D.1). However, the whole arguments in this section do not tell us the concrete
value of tmax-

The same argument yields the following asymptotic behavior of tax — ¢ as t — tmax:

©0 —mAgn e m
tmax —t = / e Mg dn=C e " (1+0(1))du
T e~ AsT
where ¢t = t(7) given by
/T e—1/s(m™ p
t= | ——an.
0 s(n)
In particular, we have
e~ T ~ O [ln(tmax - t)*l] L/m as t — tmax.

Summarizing the argument, we finally have

s = = C Il - D" (L4 o(1)  as p— oo,
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