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ABSTRACT 
 

In geophysical imaging, the uncertainty of the data has been used to determine how fine resolution the 
image should have. However, method has not been established to deal with the case where the 
uncertainty is not uniform in space. The problem of velocity modeling from the phase velocity in the 
microtremor array method is a typical example of such a case. In this study, the UPM method is applied, 
and discuss an alternative method that employs the mean of the Bayesian posterior distribution (BPM). 
The performance of the BPM was demonstrated by the results of analysis using actual data, and it can 
reduce the computational costs when the resolution guaranteed images are evaluated in practice. As an 
example of the application of this method, data of ESG6 Blind Prediction study was examined.  
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INTRODUCTION 
 
Geophysical imaging is a critical technique to reveal an invisible structure, and the image has been 
utilized to make evident discussions. Understandings in geophysics have dramatically developed since 
the moment when the high-resolution images become available. The images are resolved by 
accumulating large amounts of data and improving the data quality, because the resolution of the image 
highly depends on the quality and quantity of the available data. For this objective, innovative 
observation networks have been deployed, e.g., K-NET (Kinoshita, 1998), USArray (Meltzer et al., 
1999), DONET (Kaneda et al., 2015), etc. Also, open data policy aims to increase the amount of 
available data (Stall et al., 2018). 
 
Information theory quantifies the amount of information contained in the data. If the data contain less 
information, a smoother image or an image composed of large bins (pixels) are preferred. It means that 
the amount of information controls the resolution of images. Various types of information criterion can 
be applied to objectively select the resolution. In geophysics, Akaike’s Bayesian Information Criterion 
(ABIC) (Akaike, 1980) has been widely adopted (e.g., Tamura et al., 1991; Yabuki and Matu’ura, 1992; 
Oda and Shibuya, 1996). Alternatively, checkerboard tests help to check visually whether the resolution 
is appropriate (e.g., Zhao et al., 1992; Laske and Masters, 1996; Symons and Crosson, 1997). 
 
However, the resolution of the image is not always spatially uniform. In the early days, several 
researches on the source rupture imaging have addressed the problems. Page et al. (2009) suggested a 
nonregular layout of fault subdivisions for the source inversions of the 2004 Parkfield earthquake. They 
aimed to reflect the higher resolutions near the free surface so that geodetic data can resolve it efficiently.  
Atzori and Antonioli (2011) proposed an algorithm to obtain the optimal resolution, which automatically 
subdivides the fault mesh based on the geodetic data. Uchide and Ide (2007) proposed a multiscale 
method for waveform inversion of the 2004 mid-Niigata Prefecture earthquake. They adopted a fine 
mesh layout in early stages of the rupture propagation because the waveform signals from the stage are 
clearly observed. Ishii et al. (2008) proposed a dividing scheme of fault mesh for the waveform inversion. 
Trans-dimensional inversion (Green, 1995) is another unique approach to resolve the ununiform spatial 
resolution. This introduces a model indexing parameter, which describes a model dimension, into the 
model parameters, and evaluates the model dimensions together with the other parameters by using 
Markov chain Monte Carlo (MCMC) simulation. Model complexity and resolution are naturally tuned 
so that it satisfies the information contained into the available data. 
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The previous approaches, however, have not well focused on the relation between the smoothness and 
the statistical significance. If the image reflects the statistical significance on its smoothness, the 
resolution of the image is considered to be guaranteed based on the uncertainty with spatial variations.  
Chakraborty and Goto (2018) proposed an idea to project the uncertainty into the model smoothness, 
namely uncertainty projected mapping (UPM), so that a sharp model reflects a low uncertainty, and 
smooth model reflects a high uncertainty. Chakraborty and Goto (2018) applied the UPM to a spatial 
distribution of the site amplification mapping, while no applications have been made to the geophysical 
imaging. 
 
This study addresses how guarantees the image resolution based on the uncertainty with spatial 
variations. It is discussed on the microtremor array method that estimates a shallow velocity profile from 
an observed dispersion curve of the surface waves. The microtremor array method is a good exercise 
for this study because the surface wave dispersion curve is more sensitive to velocity in the shallow 
layer than the deeper one. The images are expected to be fine and well-resolved in the shallow, while 
be smooth in the deep. The image estimated from the UPM is compared with one from Bayesian 
posterior mean (BPM) that is simulated by Markov chain Monte Carlo (MCMC). Anticipated from the 
fact by Chakraborty and Goto (2020), the UPM and BPM results will be almost identical. This suggests 
the BPM can image the uncertainty as its resolution. The nature is discussed in the applications to field 
data that have been observed at the vicinities of five K-NET stations in Japan. Then, the BPM is applied 
to the dataset of ESG6 Blind Prediction study (step 1). 
 
 

METHOD 
 
Bayesian posterior mean (BPM) 
 
Inverse problems in a field of geophysics usually aim to estimate model parameters from a limited set 
of observation data. Let d to be observation data and m to be model parameters. For the microtremor 
array methods, d is the observed phase velocity that is dispersion curve of the surface waves, and m is 
the model parameters composing P- and S-wave velocities and densities. 
 
Let the model parameters to be stochastic variable, and the posterior probability is analyzed on the basis 
of Bayes’ theorem. 

𝑝(𝒎|	𝒅) ∝ 𝑝(𝒅|	𝒎)	𝜙(𝒎) (1) 

where 𝑝(𝒎|	𝒅) is the posterior probability of m under the observation data d.  𝑝(𝒅|	𝒎) is a likelihood 
function, and ϕ(m) is a prior distribution of m.   
 
Markov chain Monte Carlo (MCMC) method (e.g., Hastings, 1970; Geman and Geman, 1984; Goodman 
and Weare, 2010) can simulate sampling from a given probability function. The Bayes’ theorem allows 
us to generate the samples from the posterior probability by using the MCMC simulation, and then the 
characteristics of the posterior distribution can be analyzed based on the samples. In one example, Kubo 
et al. (2016) discussed source rupture models on the basis of samples following the posterior probability. 
 
A Bayesian posterior mean (BPM) is defined by the expectation of the posterior probability 𝐸[𝑝(𝒎|	𝒅)].  
In the numerical implementation by the MCMC method, the posterior mean is simply estimated from 
the sample mean. While the BPM has been adopted to the geophysical imaging (e.g., Mosegaard and 
Tarantola, 1995; Shen et al., 2013; Shen and Ritzwoller, 2016), the resolution obtained from the BPM 
has not been well discussed.  
 
Uncertainty projected mapping (UPM) 
 
Uncertainty projected mapping (UPM) (Chakraborty and Goto, 2018) project the uncertainty with 
spatial variations into the map resolution. The mapped variable at spatial location l is assumed to be a 
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stochastic variable Yl.  Data yil (i = 1,⋯,nl ) are a set of samples from the stochastic variable, which obeys 
the following hierarchical Bayesian model. 

𝑌! 	~	𝑁2𝜇! , 𝜎!"6	 (2) 
𝜇! 	~	𝑁2∑ 𝑤!#𝜇## , 𝑠!"6	 (3)  

𝑐 = 	𝜎! 	𝑠! 	 (4) 

where “~” means that the left side is a sample from the probability density function in the right side. μl 
and σl are model parameters that describe normal stochastic variable Yl.  Equation (3) represents intrinsic 
conditional autoregressive model (CAR) (Besag, 1974; Besag and Kooperberg, 1995; De Oliveira, 2012) 
that can introduce the spatial structure of μl.  wlj is a normalized adjacency matrix (Σ#𝑤!# = 1), whose 
all diagonal terms are zero (wll = 0).  sl is another model parameter that controls a spatial variation, i.e. 
smaller value of sl provides smoother μl distribution. 
 
Chakraborty and Goto (2018) proposed equation (4) that constrains the observation variance and the 
spatial variation. This idea comes from a concept that smoother images are preferred in a vicinity where 
the uncertainty is estimated high. At large values of the standard deviation σl, sl becomes small and 
hence smoother μl distribution is obtained. This can resolve fine images at the vicinity where small 
variations are estimated. Note that the variations σl2, in equations (2) and (4), include both observation 
error (aleatoric uncertainty) and model error (epistemic uncertainty) without any separations. This is 
because we focus on how to handle the uncertainty difference in quantity regardless of their origin. c is 
a hyperparameter of the hierarchal Bayesian model, and it can adjust the overall resolution. 
 
Chakraborty and Goto (2020) found an interesting nature of the UPM image. As the amount of data 
increases, the UPM image converges to a certain image. At the same time, the map image drawn by the 
sample average of the data also converges, and these two images become almost identical. This suggests 
that the sample mean contains the same properties as the UPM that is a resolution guaranteed image 
when enough data is given. The hypothesis is tested through the application to the microtremor array 
observation data.  
 
Application to inverse problem 
 
Inversion problems in a field of geophysics usually aim to estimate model parameters from a limited set 
of observation data. Let d to be observation data series and m to be model parameters. For the 
microtremor array methods, d is the observed phase velocities, and m is model parameters composing 
P- and S-wave velocities and densities. 
 
Let (𝛼! , 𝛽! , 𝜌!) be P- and S-wave velocities and density at each depth l.  𝒚 = (𝛼$, 𝛽$, 𝜌$, ⋯ , 𝛼%, 𝛽%, 𝜌%)& 
is a vector composing all the variables, and each component is regarded as the stochastic variable. The 
posterior probability of 𝒎 = 2𝜇'$, 𝜎'$, 𝜇($, 𝜎($, 𝜇)$, 𝜎)$, ⋯ , 𝜇'%, 𝜎'%, 𝜇(%, 𝜎(%, 𝜇)%, 𝜎)%6

&  is 
estimated under the framework of UPM. From the definition of marginal distribution, the posterior 
probability of 𝒎 under the given observation data is described as follows. 

𝑝(𝒎|	𝒅) = ∫ 𝑝(𝒎|	𝒚)	𝑝(𝒚|	𝒅)	d𝒚 (5) 

where 𝑝(𝒚|	𝒅) is a posterior probability of 𝒚 under the observation data. When samples 𝑦*! following 
the posterior probability 𝑝(𝒚|	𝒅) is available, integration of the right side is naturally considered in 
Bayes inference solving equations (2)-(4). This suggests a simple two-step scheme to solve the inversion 
problem incorporating the UPM fashion.  

Step 1. Create model samples yil that explain the observation data.   
Step 2. Estimate BPM and UPM solutions from the sample data yil.   

 
In this study, the S and P-wave velocities and density profiles are estimated to satisfy the given phase 
velocities. Figure 1 summarizes the procedure to estimate the BPM and UPM. In the first step, MCMC 
samples are simulated to satisfy the given phase velocities. Each sample is a layered-model with 
unknown variables of S-wave velocity, Poisson’s ratio, density and thickness. The phase velocity 
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corresponding to each model sample is calculated assuming that the fundamental mode of Rayleigh 
wave is dominated. Affine invariant MCMC ensemble sampler, emcee (Goodman & Weare, 2010; 
Foreman-Mackey et al., 2013) with parallel tempering, PTSampler class (Vousden et al., 2015) is used.  
The simulated layered models are discretized into depth segments.  Thus, the simulated samples at every 
depth segment are obtained. 
 
BPM solutions are simply taken the average over the sample values. UPM solutions for each parameter, 
S and P-wave velocities and density, are evaluated from the simulated samples. The hyperparameter c 
is searched in 1–107 to minimize the widely applicable Bayesian information criterion (WBIC) 
(Watanabe, 2013), which is calculated from another MCMC simulation.  
 

 
 

Figure 1.  Estimation procedure from the given phase velocities to the velocity model. 
 
 

APPLICATION TO MIROTREMOR ARRAY OBSERVATION DATA 
 
Data and method 
 
Microtremor array observations have been conducted beside the strong motion stations of K-NET. The 
observations aimed to refine velocity models, which are available from K-NET, and estimated the layer 
property deeper than 20m. Five stations are selected in Osaka, Kyoto, and Shiga areas of Japan, in 
considering a variety of shallow deposits, as shown in Figure 2. The observations were conducted from 
August to September 2017. About 10 months later, on 18 June 2018, Mw5.6 seismic event happened to 
occur in the vicinity of OSK002, one of the target sites. Peak ground acceleration 0.82g in horizontal 
component was observed at the OSK002 (Goto, 2018). The microtremor observation data can contribute 
to understand the high acceleration records at the OSK002 in terms of the site amplification. 
 
Table 1 summarizes the condition and configuration of microtremor array observations. Four 
seismometers deployed at vertexes of an equilateral triangle and its center, and they were synchronized 
by a clock of GPS. The array radii were 1m, 2m, 5m, and 10m in standard, whereas only 1m and 10m 
at OSK002 because observation time has not been secured sufficiently. The seismometer consists of 
data loggers (JU210) and accelerometer sensors (JA-40GA04). The microtremors were observed during 
30 minutes for each array radius. The sampling frequency was 100Hz. 
 
The phase velocity in each array is estimated by the SPAC method (e.g., Aki, 1957; Henstridge, 1979). 
From the records of vertical components, 40 time sections with 20.48s of time length are selected. They 
are processed into SPAC coefficients by taking the average over 40 sections, and applying a smoothing 
filter of band width 0.3Hz.  Then, the phase velocities estimated from the SPAC coefficients for each 
array are connected to a single phase velocity curve. The resolved frequency ranges are also summarized 
in Table 1. 
 
The phase velocities are used as the observation data to evaluate the velocity models. Referring to the 
available velocity models from K-NET, P-wave velocity and density, and depth of the layer interfaces 
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above 20m in depth are constrained, whereas S-wave velocities remain unknown values. Two layers, 
whose S and P-wave velocities and density are unknown, are added beneath the constraint layers. The 
MCMC sampler simulates100 walkers and 1000 steps with 10 parallel tempering chains. The last 100 
step samples are used to evaluate the BPM and UPM solutions. The simulated models are discretized 
into every 1m segment up to 150m in depth.  The hyperparameter c for the UPM solution is searched in 
103-107 to minimize the WBIC. For calculating the WBIC, the sampler simulates 1000 walkers and 50 
steps without the parallel tempering. The other conditions are equivalent to the numerical experiments. 
 

 
 

Figure 2.  Location of target sites estimating velocity profiles from microtremor array observations, 
where strong motion stations have been operated by NIED (K-NET). The stations observed 
strong ground motions during the Mw5.6 event whose CMT solution is plotted.  

 
Table 1.  Condition and configuration of microtremor array observations. 

Site Measurement Date Array size (radius) Analysis method Frequency band 

KYT011 
KYT013 
OSK002 
OSK003 
SIG011 

29 Aug. 2017 
1 Sep. 2017 

24 Aug. 2017 
24 Aug. 2017 
23 Aug. 2017 

1m, 2m, 5m, 10m 
1m, 2m, 5m, 10m 

1m, 10m 
1m, 2m, 5m, 10m 
1m, 2m, 5m, 10m 

SPAC 
SPAC 
SPAC 
SPAC 
SPAC 

2.5-20Hz 
2.5-16Hz 
1.5-16Hz 
1.0-16Hz 
3.0-20Hz 

 
 
Result 
 
Figure 3 shows the phase velocities from the microtremor array observations. Thin lines are the 
estimated phase velocities from each size of array. The data is selected based on its quality, and 
connected with single phase velocity data, as denoted by black points in the figure. UPM solutions are 
estimated to fit the phase velocity data. Figure 3 also shows the S-wave velocity profiles of UPM 
solutions at the target sites. The synthetic phase velocity calculated from the UPM solutions can satisfy 
the observation data.   
 
At KYT011, S-wave velocities of 123m/s up to 2m depth and 366m/s up to 12m depth are estimated. 
Layers of 420-450m/s continue to about 100m depth, and the velocity gradually increases to 740m/s at 
150m depth. This suggests that the velocity up to 100m depth may have less uncertainty as compared to 
the layers deeper than 100m. At KYT013, 142m/s up to 2m depth and 278m/s up to 10m depth are 
estimated. The smooth transition of velocity is imaged from 340m/s to 500m/s in the 10-35m depth.  
Almost the constant velocity about 510m/s continues to 85m, and the velocity increases to 1400m/s in 
the layers deeper than 85m. The smooth transitions infer depth uncertainty of the layer interfaces, while 
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the velocity up to 85m depth is well estimated. At SIG011, 180m/s up to 2m, 162m/s up to 4m, 248m/s 
up to 7m, and 261m/s up to 11m are estimated. The velocity is almost constant around 340-360m/s up 
to 35m depth, and increases to 1240m/s in the layers deeper than 35m. This suggests relatively stiff 
layers beneath about the 40m thick sedimentary layers. 
 
At OSK002, 286m/s up to 6m depth is estimated, and the velocity gradually increases to 310m/s up to 
35m depth.  The velocity monotonically increases to 710m/s in the layers deeper than 35m. At OSK003, 
186m/s up to 2m, 178m/s up to 5m, and 187m/s up to 12m depth are estimated. Layers of 300-310m/s 
continue to 55m depth, and the velocity increases to about 400m/s with a transition in 55-90m depth.  
OSK003 is located on the Osaka basin where the soft sediment about 350-1000m/s deposits till about 
500-2000m depth (Kagawa et al., 2004). The velocity image at OSK003 is consistent with the fact that 
about 400m/s of velocity continues at least to 150m depth. In contrast, OSK002 is located close to the 
edge of the basin. The images between OSK002 and OSK003 suggest difference of the velocity profiles 
well. UPM images at OSK002, OSK003, and SIG011 show velocity reversals between the 1st and 2nd 
layers. The sample distributions suggest higher uncertainties for the 1st layer. The origin of the high 
uncertainty is not identified here, whereas it can cause the reversal. 
 
Figure 4 compares the BPM, posterior mean of the MCMC samples, with the UPM solutions. The BPM 
almost coincides with the UPM solutions. UPM organizes the spatial structure on the basis of 
neighboring data, and therefore the original UPM can also be applied to the case that a small amount of 
data or no data are available (Chakraborty and Goto, 2018). On the other hand, UPM can use a large 
number of samples in applications to the inversion problems. Under the conditions, both the BPM and 
UPM may converge to the population mean as discussed in Chakraborty and Goto (2020). More 
clarifications are needed, but in practice, the feature can reduce the computational costs in evaluating 
the resolution guaranteed images because no additional MCMC simulation is required to calculate 
WBIC. 
 
 

 
 
Figure 3. Phase velocities and S-wave velocity profiles estimated from the microtremor array 

observations at the site (a) KYT011, (b) KYT013, (c) OSK002, (d) OSK003, and (e) SIG011. 
Black points are phase velocity data extracted from each array observation, which is plotted 
in black thin lines. Blue thick lines are UPM solutions of S-wave velocity and their synthetic 
phase velocity of fundamental mode of Rayleigh wave. Red lines are the original velocity 
model available from K-NET. Colored background maps show histograms of the marginal 
posterior distributions.  
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Figure 4.  Comparison between UPM solution and posterior mean of MCMC samples (BPM) for the 

cases KYT011, KYT013, OSK002, OSK003, and SIG011. Blue and light blue lines are UPM 
and BPM, respectively.  

 
 

APPLICATION TO ESG6 BLIND PREDICTION DATA 
 
Data and method 
 
The BPM approach is applied to the dataset provided as ESG6 Blind Prediction study (step 1). The 
microtremor data compose 5 sizes of array including pair of triangles, namely KUM-SS1, KUM-S, 
KUM-SM, KUM-M, and KUM-LL. The side lengths of the triangles are 2m, 20m, 78m, 243m, and 
962m, respectively.  
 
Phase velocity of fundamental mode of Rayleigh-wave is estimated by using the SPAC method. The 
microtremor records of the vertical component are divided into segments with 20.48s for KUM-SS1 and 
KUM-S arrays, and 40.96s for KUM-SM, KUM-M, and KUM-LL arrays. 40 segments, whose signals 
give smaller RMSs, in each array size are selected. The SPAC coefficients are calculated from the 
averaged spectra after spectral smoothing by Parzen window with bandwidth 0.1–0.3Hz according to 
the array size. The phase velocities in each array are searched by fitting the SPAC coefficients to the 
zero-order Bessel function of the first kind in a range not exceeding 2.405. The phase velocity is then 
estimated by picking up from envelopes of the phase velocities of each array. Maximum frequency of 
the phase velocity was selected to be 8.0Hz. 
 
The phase velocity is adopted to model a velocity profile of the target site. MCMC simulation is 
conducted to generate 100,000 samples of the velocity profile. Each model sample consists of 10 layers, 
whose P-wave velocity and density are given as 800m/s and 1700kg/m3 for the upper 3 layers in 
reference to neighboring borehole data, JIVSM model for the following 3 layers, and J-SHIS model for 
the bottom 4 layers. S-wave velocity and layer thickness are evaluated from MCMC simulation to fit 
the phase velocities. Their parameter ranges are 100-4200m/s and 1-2000m, respectively. Affine 
invariant MCMC ensemble sampler, emcee with parallel tempering is used. 200 walkers and 2000 steps 
with 20 parallel tempering chains are simulated by the MCMC sampler. The first 1500 steps are 
eliminated as the burn-in process. The simulated model samples are discretized into every 2.5m segment 
up to 3000m depth. Posterior mean of the parameters (BPM) is finally adopted as the velocity model. 
 
Result 
 
The estimated phase velocities by SPAC method are plotted as thin lines in Figure 5. Each line 
corresponds to the phase velocity with respect to each possible circular array. The largest array (KUM-
LL) can estimate about 2700m/s of phase velocity at most. The phase velocities used in the velocity 
modelling are manually picked up from those data, indicated as circle dots in Figure 5.  
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The right panel of the Figure 5 shows the BPM image of the velocity model. The background map 
corresponds to the heat map of the samples by MCMC simulations. The S-wave velocity is almost 
constant up to 30m depth, and gradually increases to 700-900m/s until 150m depth. A constant velocity 
about 1800m/s is estimated 500-1200m depth, and a velocity contrast is expected around 1500-1700m 
depth. The result suggests the velocity up to 30m depth and in 500-1200m depth may have less uncertainty 
as compared to the other sections. 
 

 
 
Figure 5.  Phase velocity of fundamental mode of Rayleigh wave and S-wave velocity profile estimated 

from the microtremor array observations of the blind prediction study.  
 
 
 

CONCLUSIONS 
 
In geophysical imaging, the uncertainty of the data has been used to determine how fine resolution the 
image should have. However, method has not been established to deal with the case where the 
uncertainty is not uniform and varies in space. The problem of velocity modeling from the phase velocity 
in the microtremor array method is a typical example of such a case. In this study, the UPM method is 
applied, and discuss an alternative method that employs the mean of the Bayesian posterior distribution 
(BPM). The performance of the BPM was demonstrated by the results of analysis using actual data, and 
it can reduce the computational costs when the resolution guaranteed images are evaluated in practice.  
 
As an example of the application of this method, data of ESG6 Blind Prediction study was examined. 
The result suggests the velocity up to 30m depth and in 500-1200m depth may have less uncertainty as 
compared to the other sections. 
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