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Abstract14

Tsunami deposits provide important clues to understand ancient tsunami events. Several in-15

verse models have been proposed to estimate the magnitude of paleotsunamis from their de-16

posits. However, existing models consider neither non-uniform transport of suspended sed-17

iment nor turbulent mixing, which are essential factors governing sedimentation from sus-18

pension in tsunami flows. Here we propose a new inverse model of tsunami deposit emplace-19

ment, considering both transport of non-uniform suspended load and entrainment of basal20

sediments. This inversion model requires the spatial distribution of deposit thickness and21

the pattern of grain-size distributions of the tsunami deposit along a 1D shoreline-normal22

transect as input data. It produces as output run-up flow velocity, inundation depth and con-23

centration of suspended sediment. To solve for advection of non-uniform suspended load, a24

transformed coordinate system is adopted, which increases computational efficiency. Tests of25

model inversions using artificial data successfully allow reconstruction of the original input26

values, suggesting the effectiveness of our optimization method. We apply our new inversion27

model to the 2011 Tohoku-Oki Tsunami deposit on Sendai Plain, Japan. The thickness and28

grain-size distribution of the tsunami deposit was measured along a 4 km long transect nor-29

mal to the coastline. The result of our inversion fits well with the observations from aerial30

videos and field surveys. We conclude that this method is suitable for the analysis of ancient31

tsunami deposits, and that it has the advantage of requiring relatively little information about32

the condition of the emplacing paleotsunami for reconstruction.33

1 Introduction34

Tsunamis represent one of the most serious natural hazards. However, risk assessment35

of this hazard is impeded by the difficulty of observation of the event itself. In many regions36

the recurrence interval of tsunamis often exceeds the time scale of historic records. Estimates37

of the frequency and magnitudes of prehistoric tsunamis help fill this gap. From this view-38

point, tsunami deposits have been studied in order to understand the ancient tsunamis that39

created them [Atwater, 1987; Minoura et al., 2001]. Tsunamis can cause immense amounts40

of sediment transport and deposition near coastal areas, and forms sedimentary layers known41

as tsunami deposits. Research on tsunami deposits can provide useful information about42

the occurrence of past tsunamis, and can aid in the estimation of their recurrence intervals,43

knowledge of which is helpful for future risk assessment of tsunami hazards [Goff et al.,44

2012]. Tsunami deposits on coastal lowlands are especially useful because the preservation45
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potential of the deposits is relatively high, and the influence of local topography is often min-46

imal in such regions. The study of tsunami deposits enable us to expand our knowledge of47

tsunamis into the time before written records were kept.48

In addition to recurrence intervals, estimates of typical magnitude of flow velocity and49

depth of inundation are essential for planning for disaster prevention due to tsunamis. For50

instance, a knowledge of the inundation depth of past tsunamis is needed on order to design51

coastal levees. With this in mind, several inverse models of tsunami deposits have been pro-52

posed to estimate the magnitude of paleotsunamis [Jaffe et al., 2016].53

There are two types of inverse models of the tsunami deposits: the point and 1D line54

models [Jaffe et al., 2016]. Point models such as Moore et al. [2007], Jaffe and Gelfenbaum55

[2007] or Naruse et al. [2012] consider flow properties from input data of the tsunami de-56

posits at a single location, whereas the 1D line models such as Soulsby et al. [2007] or Tang57

and Weiss [2015] reconstruct the behavior of the tsunami from data of the tsunami deposit58

collected at multiple sampling points on a transect normal to the shoreline. 2D models are59

potentially possible, but they have not been proposed.60

Point models have an advantage in regard to ease to collect data from the deposit, but61

the models are strongly limited in their applications. Deposition is a process caused by spa-62

tially non-uniform sediment transport as captured by the Exner equation [Kneller, 1995].63

The sedimentation rates are decided by the spatial differentiation of sediment transport rates.64

Even if the flow velocities and other properties at a certain point are the same, erosion occurs65

where the sediment transport rate is increasing, and deposition occurs where the transport66

rate is decreasing. The depositional processes considered here depend on the spatial distribu-67

tion of volume of transported sediments, so that reconstruction of the flow conditions from a68

single locality is possible only when a specific condition is achieved. Jaffe and Gelfenbaum69

[2007] proposed the point model TsuSedMod which analyzes the pattern of normal grading70

in tsunami deposits, assuming that the deposits have settled from suspended sediments obey-71

ing the Rouse concentration profile. Temporal variation of deceleration of the flow is not72

considered in this model, so that the calculated result of deposition is essentially similar to73

the assumption in which deposition occurs only in the stagnant phase after run-up. Sediment74

concentration is assumed to be uniform along a streamwise direction, and thus a sediment75

flux exceeding the capacity of suspension from upstream need not be supposed. Because of76

this model assumption, application of TsuSedMod should be limited to study sites situated77
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in areas where the run-up flow is expected to approach the condition of uniform steady flow.78

Results of inversions using TsuSedMod strongly depends on identification of the line of divi-79

sion demarcating the lower part of the deposit emplaced by run-up flow itself and the upper80

part emplaced by subsequent stagnant flow. If the division formed from non-uniform sus-81

pension transport is included in this analysis, very high flow velocity is typically estimated.82

Indeed, Choowong et al. [2008] reported that TsuSedMod estimates extremely high flow ve-83

locities of the 2004 Indian Ocean Tsunami on Phuket, Thailand as 19–21 m/s at a location84

corresponding to 30 m landward from the shoreline. This model also requires information on85

the inundation depth, which is rarely available in cases of paleo-tsunami deposits.86

On the other hand, estimates of the critical velocity of motion of sediment particles87

have been commonly used for the estimation of flow velocity from the deposits [Komar,88

1985; Kubo et al., 1998; Choowong et al., 2008; Naruse et al., 2012]. This kind of analysis89

can be regarded as another type of point inversion model. For example, Naruse et al. [2012]90

estimated that the run-up velocity of the 2011 Tohoku-Oki Tsunami on Rikuzentakata City91

was at least in the range from 2.4 to 2.7 m/s on the basis of the critical velocity for the bed-92

load motion of the largest grain size in the tsunami deposit. In this analysis, the exposure93

(hiding) effect associated with multiple grain sizes was considered in estimating the incipient94

motion of sediment particles. Also, Moore et al. [2007] analyzed the 1929 Newfoundland95

Tsunami deposit in terms of the critical velocity for particles to be suspended. These meth-96

ods using critical velocity, however, provide only estimates of minimum values of flow veloc-97

ity, because deposition can occur even at velocities higher than threshold of particle motion98

when the volume flux of supplied sediment exceeds capacity of sediment transport at the site99

in question.100

On the one hand, 1D line models are superior to point models because they are appli-101

cable to non-equilibrium conditions. However, they require larger efforts for data acquisi-102

tion than point models. A simple 1D line model has been proposed by Soulsby et al. [2007];103

it was used to reconstruct the conditions of both the 1929 Newfoundland Tsunami on Tay-104

lor Bay and the ancient tsunami in Fullerton, Scotland. These were rather small-scale as105

compared to the 2011 Tohoku-Oki Tsunami considered here. As described in the previous106

section, the model of Soulsby et al. [2007] assumes that no turbulent mixing occurs in the107

flow, and that all sediment settles out during the run-up flow. This “moving settling column”108

model supposes that sediments are suspended uniformly in a water column and are trans-109

ported inland until the finest sediment particle at the top of the water column settles to the110
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bottom. Judging from the model assumptions, the applicability of their method should be111

limited to the cases for which flow velocity is relatively small. Higher flow velocities (and112

thus higher bed shear stresses) cause both strong turbulent mixing and sediment entrainment,113

conditions at which their model assumptions cannot be justified. Much larger tsunamis such114

as the Tohoku-Oki event considered here have inundated as much as several hundreds of me-115

ters inland; the relatively well-documented Tohoku-Oki event in particular showed very high116

velocities. Such large-scale run-up flows are out of the scope of the method of Soulsby et al.117

[2007]. In fact, Sugawara [2014] reported a large discrepancy in the distribution of sand118

deposits between the predictions of Soulsby et al. [2007] and observations. In case of the119

Sendai Plain, medium sand reaches 2500 m inland (Figure 9), so that their model predicts120

that the flow velocity must exceed 24 m/s at the flow height of 5 m, whereas the observed121

flow velocity is 6.9 m/s at maximum. Settling-advection models such as Moore et al. [2007]122

or Woodruff et al. [2008] also neglect turbulent mixing processes in tsunamis, so that their123

application should be limited to small-scale tsunamis.124

To summarize, the strongly non-equilibrium assumption of Soulsby et al. [2007] sharply125

contradicts that of Jaffe and Gelfenbaum [2007], so that these these two models should be126

applied only to situations appropriate to the model itself. Another 1D line inverse model,127

TSUFLIND, reconstructs the behavior of tsunamis based on the shallow-water equations128

[Tang and Weiss, 2015]. It is of notable value that the model incorporates hydrodynamics129

of tsunamis. In so far as the model employs both TsuSedMod and Soulsby et al.’s model as130

components in the prediction of depositional processes, however, this model shares limita-131

tions of applicability with these two models.132

To remove these restrictions, we propose a new inverse model named FITTNUSS133

(Framework of Inversion of Tsunami deposits considering Transport of Non-uniform Un-134

steady Suspension and Sediment entrainment), whose implementation is provided as the135

open source software written in Python (http://turbidite.secret.jp/python/FITTNUSS/). The136

model proposed in this study is classified as a 1D line model. Turbulent mixing, resuspen-137

sion from basal active layer, and advective transport of suspension are incorporated in this138

model, although flow dynamics is simplified to the quasi-steady condition. In addition, damp-139

ing of turbulence caused by density stratification due to suspended sediment itself is also in-140

corporated in a form allowing computational efficiency. The generality of the physics embed-141

ded in this model suggests wider applicability to a range of situations, as illustrated below.142

Indeed, we apply our model to the 2011 Tohoku-Oki Tsunami deposit without any paramet-143
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ric calibration, and obtain reasonable estimations of run-up flow velocity and the inundation144

depth using only measurements of the tsunami deposit along a 4 km transect normal to the145

shoreline.146

2 Forward Model Description147

Here we describe the forward model used in the inverse model FITTNUSS. This model148

is based on the layer-averaged shallow-water equations, although they are simplified in order149

to treat the hydraulics of tsunamis. The model calculates the spatial variation of the thickness150

and grain-size distribution of the tsunami deposit from input values of (1) maximum distance151

of horizontal run-up, (2) maximum inundation depth, (3) run-up velocity, and (4) sediment152

concentration of each grain-size class.153

2.1 Flow dynamics and sediment transport154

Tsunami inundation flow onto dry land is considered. Flow properties in the along-155

shore direction are taken to be constant (1D approximation). Generally, tsunamis erode coastal156

areas and aeolian dunes, and deposit sediments in inland regions [Naruse et al., 2012]. The157

upstream (seaward) bound of the calculation domain is set at the downstream (landward)158

bound of erosional region in this model. Our model thus assumes only deposition or bypass-159

ing of sediment within the calculational domain (Figure 1 and 2), while resuspension from160

basal sediment deposited from the tsunami may occur. Therefore, in this model all of the161

suspended load contained in the tsunami is derived from outside of the calculation domain.162

Bedload sediment transport is not considered in this model. The tsunami inundation flow can163

exchange suspended load with non-cohesive sediment on the bed; however, the antecedent164

land surface is assumed to be non-erodible.165

Flow dynamics of tsunamis are approximated by layer-averaged one dimensional equa-184

tions as follows (Figure 2):185

∂h
∂t
+
∂Uh
∂x
= 0, (1)

∂Uh
∂t
+
∂U2h
∂x

= ghS − 1
2
g
∂h2

∂x
− u2
∗ . (2)
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Figure 1. Explanation of model configuration. This figure illustrates an intermediate time step in the calcu-

lation. The velocity of tsunami run-up U is assumed to be constant in time and space. The inundation depth h

increases in time at a constant rate until it reaches its maximum value H at the seaward (upstream) boundary.

The maximum horizontal run-up distance is defined as Rw , and the water-surface slope is taken to be constant

(∂h/∂x = −H/Rw). The upstream (seaward) boundary of the calculation domain is set at the downstream

(landward) boundary of the erosional region in this model. The bed-attached streamwise coordinate x is set

transverse to the shoreline, and is positive landward (downstream). A transformed coordinate system is intro-

duced for numerical solution in this study, within which the moving front edge of the tsunami is located at a

fixed value of the dimensionless spatial coordinate x̂ = 1.
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Figure 2. Explanation of model parameters. The layer-averaged sediment concentration of the ith grain-

size class is defined as Ci . Suspended sediment is transported at the constant velocity U in the run-up flow

of the tsunami. The run-up flow exchanges suspended sediment with the active layer (La in thickness) on the

top of the tsunami deposit (η in thickness) by settling and entrainment. The volumetric rate of settling of the

ith grain-size class of sediment is calculated from the basal sediment concentration r0iCi multiplied by the

sediment settling velocity wsi . The sediment entrainment rate from the active layer is wsiFiEsi , where Fi

is the volumetric fraction of the ith grain-size class in the active layer and Esi is the unit dimensionless rate

of sediment entrainment. The time variation of grain-size distribution in the active layer is computed in this

model.
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where t is time and x is a bed-attached streamwise coordinate that is transverse to the shore-186

line and is positive landward (downstream). Here tsunami flow thickness (inundation depth)187

is denoted as h and flow velocity is denoted as U. In addition, g denotes gravitational accel-188

eration, S denotes bed slope and u∗ denotes friction velocity (u∗ =
√
τb/ρ f where τb and ρ f189

are bed shear stress and density of water). Sediment conservation in tsunamis takes the form:190

∂Cih
∂t
+
∂UCih
∂x

= wsi(FiEsi − r0iCi). (3)

where the grain-size distribution of sediment is discretized to n grain-size classes, with Ci191

denoting the volume concentration in suspension of the ith grain-size class and total concen-192

tration summed over all grain size ranges Ct =
∑

Ci . The symbols wsi , Esi and r0i indicate193
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settling velocity, sediment entrainment coefficient and ratio of near-bed to layer-averaged194

concentration of the ith grain-size class respectively. Finally Fi denotes the volumetric frac-195

tion of sediment particles in the ith grain-size class in the bed surface active layer above the196

substrate. Here it is assumed that suspended sediment exchanges only with the bed sediment197

in this active layer [Hirano, 1971].198

Equations (1), (2) and (3) are the layer-averaged equations of balance of fluid mass,199

momentum and sediment mass. The first term on the right-hand side of equation (2) is the200

gravity force toward the downcurrent direction, and the second and third terms denote water201

pressure and frictional forces. The term on the right-hand side of equation (3) indicates that202

suspended load in the flow varies depending on the balance between sediment entrainment203

from the active layer of the bed surface and particle settling from the basal part of the flow.204

2.2 Sedimentation from tsunamis205

Let η denote bed thickness and ηi denote the volume per unit area (thickness) of sediments of206

ith grain-size class including porosity. The Exner equation of bed sediment continuity of the207

ith grain-size class can be written in the form:208

∂ηi
∂t
=

1
1 − λp

wsi(r0iCi − FiEsi). (4)

where λp is the porosity of the bed sediment. Equation (4) predicts mass balance based on209

the volumetric sedimentation rate of each grain-size class from suspension. The total sedi-210

mentation rate is expressed as follows:211

∂η

∂t
=

∑ ∂ηi
∂t

. (5)

The above equations require fractions Fi of each of the ith grain-size class in the active212

layer in order to calculate exchange between suspension and bed material. The time variation213

of grain-size distribution in the active layer caused by sedimentation can be written in the214

form [Hirano, 1971]:215

La
∂Fi

∂t
=
∂ηi
∂t
− Fi

∂η

∂t
(6)

where La denotes thickness of the active layer.216
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After the flooding flow of the tsunami becomes stagnant, it is assumed that all sus-217

pended sediment in the water column settles out. Thus, the duration of the stagnant phase of218

the tsunami Tstag is assumed to be larger than h/wsF in this model, where wsF corresponds219

to the fall velocity of the finest size class. In this case, the volume of the final deposit of the220

ith grain-size class per unit area η f i is obtained as follows:221

η f i = ηi |t=Tinu +
h Ci |t=Tinu

1 − λp
(7)

where Tinu is time for the inundation flow to reach the maximum run-up point. Thus, tsunamis222

in this model can entrain and deposit sediment throughout the run-up phase, and sediment in223

the water column can continue to deposit during the stagnant phase.224

2.3 Closures for equations of flow dynamics and sediment transport225

An evaluation of the friction velocity u∗ is required to close equations (1), (2) and (3).226

For clear water flows, the following relation is generally assumed:227

u∗ =
√

Cf U (8)

where Cf is a dimensionless friction coefficient. In this study the friction coefficient is de-228

fined in termes of the corresponding value of Manning’s coefficient n (= 0.03) that is fre-229

quently used for numerical simulations of tsunamis. The relationship between two parame-230

ters Cf and n take the form:231

n = h
1
6

√
Cf

g
(9)

The thickness of the active layer La is obtained from the empirical function proposed232

by Yoshikawa and Watanabe [2008]. They suggest that the thickness of the active layer ex-233

changing with suspended sediment on a flat bed can be reasonably approximated by:234

La =
Dmτ∗m
Cq tan θ

(10)

where Dm denotes the mean grain size in the active layer and τ∗m denotes the Shields dimen-235

sionless shear stress for the mean grain size Dm computed as:236

–9–



Confidential manuscript submitted to JGR-Earth Surface

τ∗m =
u2
∗

RgDm
(11)

In addition, Cq and θ denote sediment concentration in the active layer and internal frictional237

angle of sediment particles. In this study, the values 0.1 and 0.5236 are given for Cq and θ on238

the basis of Yoshikawa and Watanabe [2008]. The parameter R denotes submerged specific239

density of sediment particles (R = 1 − ρs/ρ f where ρs is density of sediment particles).240

Relations for settling velocity wsi , sediment entrainment coefficient Esi and concen-241

tration ratio r0i are required for closure of the model. These parameters are obtained from242

relations involving grain diameter Di and other flow parameters. For settling velocity wsi , we243

employed the empirical relation of Dietrich [1982] as follows:244

wsi√
RgDi

= exp{−a1 + a2 log(Repi) − a3[log(Repi)]2

− a4[log(Repi)]3 + a5[log(Repi)]4}
(12)

where Repi is the particle Reynolds number defined as245

Repi =
√

RgDiDi

ν
. (13)

Here ν is kinematic viscosity of water. The parameters a1, a2, a3, a4 and a5 are empirical246

constants. The parameter Esi can be estimated with the following empirical fit [van Rijn,247

1984]:248

Esi = 0.015
D50
a

T1.5
i

Re0.2
pi

with Esi < 0.05

(14)

where D50 is median grain size of bed sediment and a denotes a reference level that is de-249

fined as half of the bed roughness value ks , with a minimum value of 0.01 m. Ti is dimen-250

sionless bed-shear stress parameter defined as251

Ti =
u∗i2

u2
∗ci
− 1 (15)

where u∗ci is the critical friction velocity of sediment particles in the ith grain-size class.252
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The initial bed is non-erodible in our model, and therefore sediment entrainment from253

the initial bed (η = 0) is suppressed as follows:254

Esi =
r0iCi

Fi
(η = 0) (16)

Assuming a Rouse-type equilibrium profile of sediment concentration[Rouse, 1937],255

the ratio r0i of near-bed to layer-averaged sediment concentration of the ith grain-size class256

takes the form:257

r0i = 1
/∫ 1

0.05

(
1 − ξ
19ξ

)2.5µi
dξ (17)

where ξ = z/h and258

µi =
wsi

u∗
+
ψi
κ

(18)

Here κ denotes the Karman constant (0.4). Coefficient ψi corrects for the effect of damping259

of turbulence in the flow due to density stratification caused by suspended sediment [van260

Rijn, 1984]:261

ψi = 2.5
(
wsi

u∗

)0.8 (∑
r0iCi

1 − λp

)0.4
(19)

Equation (17) can be approximated by the following relation:262

r0i = b1 + b2µ
b3
i , (20)

where b1, b2 and b3 denote curve-fit parameters obtained by the least squares fit to equation263

(17), taking the values 1.16, 7.9 and 1.59 respectively. Because equation (19) contains the264

term r0iCi , equation (20) becomes an implicit function of r0i . Therefore, an iterative scheme265

is needed to obtain the solution of equation (20).266

2.4 Simplification of fluid dynamics of tsunamis267

We employed the scheme to simplify the hydrodynamics of tsunamis proposed by268

Soulsby et al. [2007], because the computational efficiency of the numerical solutions of (1,269
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2, 3) is needed in an iterative calculation. In this scheme, the water surface of a tsunami is270

approximated as linear, which means that the flow depth of the tsunami h decreases linearly271

with distance x. The increase rate of water level in the inundation phase of a tsunami is as-272

sumed to be constant, so that the flow depth h increases linearly with time t. The run-up flow273

velocity U is uniform in time and space. Defining the maximum horizontal run-up distance274

as Rw , the time Tinu to reach the maximum run-up point is given as:275

Tinu =
Rw

U
. (21)

The imposed linear increase of both the run-up point and flow depth implies that the276

gradient of flow height ∂h/∂x is constant in time and space:277

∂h
∂x
= − H

Rw
(22)

where H denotes the maximum run-up depth at the location x = 0.278

Integration of equation (1) with equation (22) yields279

h =
H
Rw
(Ut − x) . (23)

Equation (23) is valid only when Ut > x; otherwise h = 0.280

Finally, equation (3) with equation (23) can be recast in the form:281

∂Ci

∂t
+U

∂Ci

∂x
=

Rw

H (Ut − x) {wsi (FiEsi − r0iCi)} . (24)

According to the model assumptions described above, the velocity of the run-up flow282

of the tsunami is uniform and steady, but the inundation depth varies in time and space.283

Therefore, this model simplification is called herein the quasi-steady flow assumption.284

2.5 Nondimensionalization and Coordinate Transformation285

Equation (24) could be solved numerically, so yielding predictions for temporal and286

spatial variation of suspended sediment in tsunamis. It should be noted, however, that a) high287

flow velocity U in the advective term on the left-hand side of the equation and b) the neces-288

sity of imposing a boundary condition at x = Ut disturb the stability and computational effi-289
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ciency of typical numerical schemes. Therefore, a transformed coordinate system is applied290

to equation (24).291

The tsunami flooding flow has downstream propagating boundary (corresponding to292

the inundation limit of the tsunami). To treat this boundary condition, a deforming grid ap-293

proach is employed, and the moving boundary is fixed by means of a Landau transformation294

as follows [Crank, 1984]:295

x̂ =
x

Ut
=

x
UTinu t̂

(25)

where x̂ is a dimensionless spatial coordinate and the front edge of the tsunami is at the fixed296

point x̂ = 1. Time t is also nondimensionalized as follows:297

t̂ =
t

Tinu
(26)

Applying the coordinate transformation of equations (25) and (26), equation (24) takes298

the following form:299

∂Ci

∂ t̂
+ Û

∂Ci

∂ x̂
= Mwsi (FiEsi − r0iCi) (27)

where Û denotes the apparent advection velocity in the transformed coordinate system, which300

takes the form:301

Û =
1 − x̂

t̂
(28)

The parameter M , which is a coefficient related to the model simplification and coordi-302

nate transformation, is defined as:303

M =
Rw

UHt̂ (1 − x̂)
(29)

This transformed coordinate system substantially reduces the magnitude of the advec-304

tion term in equation (27) and thus the Courant number, so that the computational efficiency305

of the numerical scheme is significantly improved. However, equations (4, 5 and 6) which306

relate to sedimentation from the tsunami should not be solved in transformed coordinates,307

as this induces an apparent advective transport. Therefore, the value of Ci on computational308
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grid points of the non-transforming coordinate system is estimated from the results of the309

numerical calculation of equation (27), using linear interpolation at each time step.310

2.6 Model implementation311

We employed the finite difference method to obtain numerical solutions to our model.312

The parameters ∆t̂ and ∆x̂ are time and spatial steps used in the calculation. The model is313

coded in Python with modules NumPy and SciPy. Equation (27) is solved by the implicit314

Euler method. Then, equations (4, 5 and 6) are solved by the predictor-corrector method with315

the two-step Adams-Bashforth scheme.316

Boundary conditions are as follows:317

Ci(x̂ = 0) = C0i (30)
318

Ci(x̂ = 1) = 0 (31)

As the initial condition, the volume sediment concentration Ci of the ith grain-size319

class is assumed to decrease linearly downstream:320

Ci = C0i(1 − x̂) (32)

The initial grain-size distribution in the active layer is taken to be uniform, so that Fi takes321

the same value regardless of i. Different choices for the initial grain-size distribution such as322

the log-normal distribution do not affect the solution significantly.323

As a result of the coordinate transformation, the balance equation of suspended sedi-324

ment cannot be calculated when t̂ = 0 or x̂ = 0. Thus, the numerical calculation should be325

started at the time when the tsunami inundation flow has reached some location x = x0. The326

initial value of t̂ is then:327

t̂
��
xmax=x0

=
x0
Rw

(33)

In this study, x0 is set to 10 m, a value that is small enough to avoid grid dependence of the328

results. In the calculation, we set ∆x̂ and ∆t̂ equal to 0.01 and 0.001 respectively.329
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2.7 Test of the forward model330

In order to test the forward model introduced here, a simulation is performed with a331

typical flow condition. The flow velocity U and the maximum inundation depth H are set332

to 2.5 m/s and 6.0 m respectively. In this test, the flow is Fr-supercritical at the beginning of333

inundation. Froude number of the inundation flow decreases to the minimum value (0.32)334

at the seaward end of the calculation domain as the flow thickness increases, while it is still335

supercritical in the landward region even at the timing near the end of flow inundation. The336

sediment is discretized to four grain-size classes (30, 88, 177 and 354 µm). The finest grain-337

size class of sediment was set to 30 µm because mud particles in marine environment are338

generally flocculated, and the fall velocity of a characteristic floc aggregation is known to be339

equivalent to silt grains near 30 µm in diameter [Fildani et al., 2006]. Sediment concentra-340

tion at the upstream (seaward) boundary is set to 0.2% for 354µm and 1% for other grain-341

size classes in this simulation. The maximum inundation length is set to 3000 m. Thus, the342

time to reach the maximum run-up point Tinu , which is calculated from the inundation length343

Rw divided by the flow velocity U, is 1200 s.344

The tsunami deposit produced by this simulation is characterized by a geometry that345

tapers downstream (landward), which is illustrated in Figure 3A. The deposit that forms dur-346

ing the run-up phase of the tsunami only occurs in the upstream (seaward) region, and the de-347

posit during the stagnant phase drapes the inundated region with a landward linear decrease348

in thickness. A landward-fining trend can be seen in the grain size distributions. The grain349

size distributions show lateral coarse-tail grading characterized by the selective removal350

of coarse-grained components (Figure 3B) [Branney, 1991]. The coarsest component (354351

µm) in the deposit is mostly found in the seaward region (0–500 m) (Figure 3C) with content352

rapidly decreasing downcurrent (landward). In contrast, the deposits containing the finest353

component (30 µm) extend until the landward end of the inundation limit (0–4000 m), show-354

ing a linear decrease in thickness.355

These characteristics of the thickness distribution reflect the spatial variation in the362

concentration of suspended sediment in the tsunami. The concentration of coarser grain-363

size classes (354 and 177 µm) at the upstream (seaward) boundary exceeds the capacity of364

the flow to suspend it, and therefore the concentration of these two size classes decreases365

downcurrent, resulting in deposition of a layer that shows rapid thinning downstream. After366

the concentration of these grain-size classes have reached the equilibrium value at ca. 1700367
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Figure 3. Result of sample calculation. Model parameters used in this calculation is as follows: U = 2.5

m/s; H = 6.0 m; Concentration of grain-size class 354 µm is 0.2%; all other concentration values are 1%; n

= 0.03; and Rw = 3000 m. A. Distribution of deposit thickness. B. Grain-size distributions of the deposit. C.

Volume of deposit per unit area of each grain-size class. D. Spatial variation of sediment concentration of

each grain-size class in the run-up flow when the flow has reached the maximum inundation point. See text

for details.

356

357

358

359

360

361

m from the upstream boundary, the suspended sediment concentration becomes constant in368

space. After this time during the flow run-up, all sediments bypassed the landward (down-369

stream) region, so that no deposition occurred here. After the tsunami reached the landward370

(downstream) limit of the inundation, sediments of all grain-size classes settle out. Sedi-371

ments of finer grain-size classes only deposit in this stagnant phase of the tsunami, and there-372

fore the deposit in the stagnant phase of the tsunami shows a relatively wider range in grain-373

size distribution in comparison to the deposit during the run-up phase. The deposit during374

the stagnant phase of the tsunami shows gradual changes in thickness along the entire inun-375

dation length, because the concentration of suspended sediment in the water column evolved376

to be was nearly spatially uniform, while flow depth linearly decreased inland.377

2.8 Sensitivity of the forward model to the variation of model parameters and the378

choice of model assumptions379

The numerical calculations of the forward model of tsunami deposits used in the FIT-380

TNUSS were conducted repeatedly to demonstrate the sensitivity of the model to input pa-381

rameters and the selection of closure functions. First, the sensitivity of the forward model is382

examined by implementing the model with a variety of input parameters for run-up veloc-383

ity U, maximum inundation depth H, and concentration Ci (Figure 4). Lower flow velocity384

induces higher concavity in thickness distribution and broader grain-size distribution at the385

near-shore region, while the geometry of the tsunami deposits is nearly linear over a range386

of conditions corresponding to high flow velocity (Figure 4A). It is notable that the results387

at very high velocities (4.5–5.5 m/s) are quite similar because the run-up flow can keep sed-388

iments of all grain-size classes suspended over the calculational domain. In contrast to flow389

velocity, variation in the maximum inundation depth H does not affect grain-size distribution390
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of deposits significantly (Figure 4B). The inundation depth, however, is a critical parame-391

ter governing the thickness of the deposit (Figure 4B). The curvature of the thickness of the392

deposits also varied in accordance with inundation depth. The sediment concentration in-393

fluences all properties of the tsunami deposits (Figure 4C). Both thickness and geometry of394

the tsunami deposit vary in response to changed sediment concentration. In particular, high-395

concentration flows result in thicker and more strongly concave deposits. The grain-size dis-396

tribution of deposits also varied depending on the initial sediment concentration. The deposit397

showed a broader grain-size distribution at lower sediment concentration.398

Figure 4. Sensitivity tests of the forward model against initial and boundary conditions. The variation of

deposit thickness and grain-size distribution at the locations 303 and 1061 m landward from the upstream

boundary are shown in these diagrams. Manning’s n and the maximum inundation length Rw are fixed to 0.03

and 3000 m respectively. A. Test against variation of flow velocity U. The other parameters used in this test

are as follows: Hmax = 6.0 m; Concentration of grain-size class 354 µm is 0.5%; and all other concentration

values are 1.0%. B. Test against variation of maximum inundation depth H. The other parameters are as

follows: U = 3.0 m/s; Concentration of grain-size class 354 µm is 0.5%; and all other concentration values are

1.0%. C. Test against variation of sediment concentration Ci . The other parameters are as follows: U = 3.0

m/s and H = 6.0 m.

399
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In addition to input parameters, the influence of the choice of the model assumption408

is examined here. The model assumption adopted in this study produces deposits showing409

intermediate characteristics between deposits corresponding to “no mixing” and “perfect ver-410

tical mixing” of suspended sediments by turbulence in the flow (Figure 5A). When there is411

no turbulent mixing in the flow (thus r0iCi = C0) and no entrainment (Esi = 0) from the412

basal sediments, the suspended load in the run-up flow rapidly settles, producing a tapering413

geometry of the tsunami deposit (Figure 5). This no-turbulence assumption is nearly equiva-414

lent to the model of Soulsby et al. [2007]. Under this model assumption, the coarsest fraction415

of suspension (354 µm) is lost within 300 m from the seaward end, producing very narrow416

grain-size distributions in the region farther landward. In addition, the case “perfect vertical417

mixing” for which the vertical distribution of sediment concentration is uniform in the flow418

(thus r0i is unity) was also examined. This assumption corresponds to the situation in which419

turbulent mixing is extremely strong, and for which the loss of turbulence kinetic energy is420
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not considered (thus ψi in Equation 19 is set to zero). In this case, all sediments are kept sus-421

pended in the flow and the deposit shows a linear geometry (Figure 5). The grain-size dis-422

tribution of the deposit also becomes uniform. We also considered a third assumption, i.e. a423

Rouse-type concentration profile without correction of turbulence damping effect by density424

stratification. This assumption resulted in deposits showing less concavity than the deposits425

resulting from the main assumptions used herein. Flows without turbulence damping can426

maintain larger amounts of sediment in suspension, so that this suspended sediment tends427

to bypass during the run-up phase of the tsunami. This results in deposits that show a more428

linear geometry in the stagnant phase.429

Figure 5. Sensitivity tests for dependency of results of the forward model on model assumptions and

parameters. The variation of deposit thickness and grain-size distribution at the locations 303 and 1061 m

landward from the upstream boundary are shown in these diagrams. The initial and boundary conditions used

in these tests are as follows: U = 3.0 m/s; H = 6.0 m; Cocentration of the grain-size class 354 µm is 0.3%;

all other concentration values are 0.6%; Rw = 3000 m. A. Test for dependency of assumptions on turbulence

and vertical distribution of suspended sediment. B. Tests for selection of Manning’s n values. C. Tests for

thickness of the active layer. D. Tests for selection of sediment-entrainment functions.
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Finally, the influence of variation of the model coefficients and empirical functions437

were investigated. Variation of the Manning’s roughness coefficient n, which generally takes438

a range from 0.02 to 0.04 for the numerical simulation of tsunamis [Imamura et al., 2006],439

produces results that are almost equivalent to variation of flow velocity. The result obtained440

using a larger value of the Manning’s n corresponds to that obtained with a higher velocity441

but with a correspondingly lower value of the Manning’s n. A smaller value of the coeffi-442

cient n makes the tsunami deposits thicker in the seaward (upstream) region, and also slightly443

changes deposit thickness in the inland (downstream) region (Figure 5B). On the other hand,444

variation in thickness of the active layer La ranging from half to double the standard value is445

found to have negligible influence on thickness distribution of the tsunami deposits, although446

the grain-size distribution in the near-shore region is slightly affected (Figure 5C). In com-447

parison to other factors, variation in the sediment entrainment coefficient Esi has a strong448

effect on both thickness and grain-size distributions of the deposits (Figure 5D). Values rang-449

ing from half to double the value obtained from the original equation of van Rijn [1984], as450
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well as a value obtained from the sediment entrainment relation of Wright and Parker [2004]451

were tested here. The entrainment function of Wright and Parker [2004] takes the form:452

Esi = p
AZ5

ui

1 + A
0.3 Z5

ui

(34)

where A is an empirical coefficient (= 7.8 × 10−7) and453

Zui =
u∗
wsi

Re0.6
pi S0.08

f . (35)

Here Sf denotes friction slope, evaluated by454

Sf =
Cf U2

gh
. (36)

and p is another empirical coefficient, which is set to 0.1 on the basis of Fildani et al. [2006].455

Calculations show that larger entrainment coefficients (Esi) produce more spatially uniform456

sediment concentrations in the flow, resulting in laterally extensive distributions of grain457

sizes within the deposits. The empirical function of Wright and Parker [2004] with the co-458

efficient of Fildani et al. [2006] yields results that are about the same as those obtained with459

half of the coefficient of van Rijn [1984] at least under the conditions of this sensitivity test.460

3 Inverse modeling461

Our model FITTNUSS conducts the inverse analysis of tsunami deposits by optimiza-462

tion of parameters used in the forward model. The inverse analysis estimates parameters cor-463

responding to (1) the maximum inundation depth H, (2) the run-up velocity U and (3) the464

sediment concentration of each grain-size class Ci at the seaward (upstream) boundary of465

the study area (i.e. x̂ = 0). Measurements of the thickness and grain-size distribution of the466

tsunami deposit, along with an estimate of the maximum horizontal run-up distance must467

be available for the inverse calculation. Procedures for conducting the inverse analysis of468

tsunami deposits are described below.469

3.1 Data preparation470

In order to conduct the inverse analysis, the observed bed thickness ηoj and the vol-471

umetric fraction Foij of each of the ith grain-size classes of the tsunami deposit at the jth472

sampling site are converted to the form:473
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ηoij = Foijηoj (37)

where ηoij(x) denotes the volume per unit area of the ith grain-size class of sediment at the474

jth sampling site. The volume per unit area ηci j of the ith grain-size class of sediment at the475

jth sampling site is then obtained from the forward model calculation with the use of a cubic476

spline interpolation for ηi (x).477

3.2 Optimization of objective function478

Here we define the inverse analysis of tsunami deposits in terms of minimization of the479

objective function Ψ specified below:480

Ψ =

∑
i

∑
j

(
ηoij − ηci j

)2∑
i

∑
j η

2
oij

(38)

This objective function describes a bulk difference between the observed sediment volume481

per unit area of each grain-size class and the corresponding value predicted from the numer-482

ical model. The parameter Ψ is expected to be minimized in the case for which the actual483

initial conditions are used in the forward model.484

The optimization of parameters to minimize the objective function is performed using485

the limited memory Broyden-Fletcher-Goldfarb-Shanno method for bound-constrained opti-486

mization (the L-BFGS-B method). This method is an optimization algorithm in the family of487

quasi-Newton methods [Byrd et al., 1995]. The L-BFGS-B method finds the optimized set of488

parameters using gradient of the objective function. The optimization is started from calcula-489

tion of the forward model with the set of starting values of input parameters that are arbitrary490

chosen, and the objective function is obtained from the result of the forward model. Then,491

calculations of the forward model with different input parameters are iterated in order to min-492

imize the objective function on the basis of a gradient and Hessian of the function that are493

obtained numerically. Finally the iteration of calculations is terminated when the decrease494

of the value in each step or gradient of the objective function at each iteration become lower495

than the predetermined value. The module SciPy of Python is used for this calculation.496

The result of optimization can depend on the starting values (so-called initial guesses),497

so we employed the multiple start method in which the calculations of the optimization are498

started from multiple sets of initial parameters. As a result of optimization, different solu-499
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tions can be obtained from different “initial guess” parameters, whereas most of solutions500

generally converge to the narrow range.501

We adopted the best result from these multiple solutions. The correct answer cannot502

be obtained from arbitrary-starting values provided to the L-BFGS-B optimization method,503

because this quasi-Newton optimization method may find a local minimum solution of the504

objective function depending on the choice of the starting values. On the other hand, multi-505

ple solutions that can be regarded as nearly equivalent to the best solution may be obtained506

from different starting values. In this study, we set the criteria of the adoption of the solu-507

tions in accordance with (1) the objective function with a value lower than 1.0 × 10−7 or (2)508

deviation of the objective function by less than 1.0% from the best solution.509

3.3 Test of the inverse modeling by artificial data510

The inverse modeling FITTNUSS was evaluated by analyzing two series (totally 8 sets)511

of artificial data that were produced by the forward model employed in this study. The first512

series of artificial data was created using 2.5 m/s for the flow velocity, 6.0 m for the maxi-513

mum inundation depth, and 3000 m for the maximum inundation length. The grain-size dis-514

tributions of sediments were discretized to single (177 µm), two (88 and 354 µm), three (88,515

177 and 354 µm) or four (30, 88, 177 and 354µm) grain-size classes. The initial concentra-516

tion of all grain-size classes was set to 1.0%. The second series was created with 5.0 m/s for517

the flow velocity, 8.0 m for the maximum inundation depth, and 5000 m for the maximum518

inundation length. Again, the grain-size distributions of sediment were discretized to one to519

four grain-size classes, each are similar to the corresponding one of the first series in diame-520

ter; concentration was set to 1.2% for all grain-size classes. Values explored in this analysis521

range from 1.0 to 10.0 m/s for the run-up velocity, 2.0 to 14.0 m for the maximum inundation522

depth, and 0.01 to 5% for the sediment concentration. Starting values for optimization were523

chosen from combinations of: 2, 4 and 6 m/s for the flow velocity; 3, 5, 7 m for the inunda-524

tion depth; and 0.1, 0.5 and 1.5% for the sediment concentration. For simplicity, the same525

values of initial concentrations were given as the starting values for all grain-size classes.526

Thus, in total 27 combinations of the starting values were tested, and the best result, i.e. the527

one that showed the smallest value of the objective function was chosen as the result of the528

inverse analysis.529
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Table 1. Results of the inverse analysis using artificial data.530

Maximum Run-up Maximum Characteristic Concentration Ratio of Starting Values
Inundation Velocity Inundation Diameters of of Each Grain- Successful Attempts Producing
Length Depth Grain-Size Classes Size Class of Inversion Best Solution
(m) (m/s) (m) (µm) (U, H, Ci)

Case 1-1 3000 2.50 6.00 177 1.0% 3.7% (2.0 m/s, 7.0 m, 1.5%)

Case 1-2 3000 2.50 6.00 88, 354 1.0% 51.9% (4.0 m/s, 5.0 m, 1.5%)

Case 1-3 3000 2.50 6.00 88, 177, 354 1.0% 59.3% (4.0 m/s, 5.0 m, 1.5%)

Case 1-4 3000 2.50 6.00 30, 88, 177, 354 1.0% 44.4% (4.0 m/s, 7.0 m, 0.5%)

Case 2-1 5000 5.00 8.00 177 1.2% 7.4% (2.0 m/s, 5.0 m, 0.1%)

Case 2-2 5000 5.00 8.00 88, 354 1.2% 3.7% (2.0 m/s, 3.0 m, 1.5%)

Case 2-3 5000 5.00 8.00 88, 177, 354 1.2% 11.1% (4.0 m/s, 3.0 m, 0.1%)

Case 2-4 5000 5.00 8.00 30, 88, 177, 354 1.2% 14.8% (4.0 m/s, 3.0 m, 0.5%)

The best results were in all test cases found to match the true input values within ±0.1%531

in accuracy. When we define the criteria for the success of the inversion in terms of both a)532

an objective function with a value lower than 1.0 × 10−7, and b) reconstructed parameters533

that deviate by less than 1.0% from the true initial values in this test, it was found that the534

chance of success of the test varies remarkably in response to both the number of grain-size535

classes and the initial conditions that were given to the forward models for creating test data536

sets (Table 1). As an overall trend, the tests of the first series in which relatively lower run-up537

velocities and inundation depths were adopted show higher chances of successful reconstruc-538

tion of the input values. In cases using three or four grain-size classes, the ratio of success-539

ful attempts of the inversion is fair (11.1–59.3%), implying that it is desirable to discretize540

the grain-size distribution of sediment to more than 3 classes in order to succeed in inverse541

analysis. In contrast, the optimization method often failed to find the solution in the cases of542

single grain-size class (3.7–7.4%). However, note that the best results in all cases always give543

accurate estimation of the input values (Table 1, Figure 6).544

4 Application to the 2011 Tohoku-Oki Tsunami Deposit552

We applied our inverse model FITTNUSS to the 2011 Tohoku-Oki Tsunami deposit553

for evaluation of the model. The tsunami deposit was examined along a transect transverse554

to the shoreline. The tsunami deposit was measured and sampled during a field survey con-555

ducted three month after the tsunami event. The results of our inverse analysis were verified556

by the observational data taken from aerial videos that included the moment of tsunami at-557

tack onto the Sendai Plain [Hayashi and Koshimura, 2013]. Also, a reconstruction of the in-558
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Figure 6. Distribution of values of the objective function for different input values of flow velocity U and

flow depth H. The star-shaped symbols indicate the correct solution. Sediment concentration Ci was fixed to

the value 0.3% that was used to produce the artificial data. A. Distribution of the objective function in the test

using uniform sediment (single grain-size class). The objective function varies depending on the flow depth,

while it is less sensitive to variation in flow velocity. B. Distribution of the objective function in the test using

the non-uniform sediment composed of four grain-size classes. The objective function varies depending on

both flow velocity and depth.
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undation depth of the tsunami was compared with the field data obtained by Mori and Taka-559

hashi [2012].560

4.1 Field Description and Measured Data561

We set a 4.02-km long transect from the shoreline to the inundation limit in the north-562

ern part of Sendai Plain (Figure 7). This transect is almost perpendicular to the shoreline.563

The survey region along the transect is mainly composed of the following topographies in564

landward order: a) a 0.13-km long sandy beach, b) a 6.2-m high onshore seawall, c) a 2–3-565

m high aeolian sand dunes, d) a 0.62-km long coastal forest of planted pine trees behind the566

beach, and e) a low-lying zone of rice paddy fields that extends from 0.75 km to 3.93 km567

from the coastline (Figure 7).568

Figure 7. Location of the survey transect and sampling points on Sendai Plain. A. Index map of Sendai

Plain. B. Location of the study area. C. Topographic map of the study area and the location of the surveyed

transect. The 4-km long transect was situated transverse to the shoreline, and the tsunami deposit was sam-

pled at the 27 locations along the transect.
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We surveyed the flow depth (flow height measured from the ground) and inundation573

limit along transects based on interviews of local people and field observations of water-574

marks. Data obtained by the 2011 Tohoku Earthquake Tsunami Joint Survey Group were575

also used in this analysis [Mori and Takahashi, 2012]. The tsunami inundated up to 4.02 km576

inland beyond the shoreline and 3.1 m above Tokyo Peil (TP, i.e. the mean sea level at Tokyo577
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Bay) at the maximum [Mori and Takahashi, 2012] (Figure 8). The tsunami eroded the sand578

beach and aeolian dunes down to 2 m in the maximum depth, and transported large amounts579

of sandy sediment inland. The inundation height was 6.5 m above TP landward at the coastal580

forest and 3 m at a site 1.6 km from the shoreline; it further decreased inland (Figure 8). The581

average bed gradient between the point of inundation limit and the shoreline was 0.77× 10−3.582

Figure 8. A. Inundation heights of the 2011 Tohoku-Oki Tsunami and topographic elevations above the

mean sea level at Tokyo Bay measured by field observation along the transect. The topography was measured

after the tsunami, so that it is affected by erosion or deposition by the tsunami. B. Inundation depths of the

2011 Tohoku-Oki Tsunami. The solid dots are measured values by field observation, and the lines are results

of the inverse analysis of this study. C.Velocity of run-up flow of the 2011 Tohoku-Oki Tsunami on Sendai

Plain. Values measured from the aerial videos are indicated by the solid and open circles, and the results of

the inverse analysis are shown by the lines.
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The flow velocities of the run-up flow of the 2011 Tohoku-Oki Tsunami were measured590

from aerial video records of the Sendai Plain (1000–1800 m from the shoreline) [Hayashi591

and Koshimura, 2013]. The velocity was 4.2 m/s on average, ranging from 1.9 m/s to 6.9 m/s592

(Figure 8).593

The deposit of the transect for sampling and for the inverse analysis extended from the594

point at which the tsunami deposit showed maximum thickness to the point where the sand595

layer was pinched out (Figure 7). Erosional areas were excluded because the assumptions of596

the forward model are only valid in depositional areas. Along this transect, the deposit was597

sampled every 50-100 m, comprising 26 sites in total. The thickness of the tsunami deposit598

was measured using a scale at each site. The sand and mud layers deposited by the tsunami599

ranged from 0.1 cm to 34 cm in thickness, and were composed of fine to medium sand and600

0.1–3 cm thick silt, respectively. Overall, sand thickness thinned and mud thickness gently601

thickened landward. The sand and mud thickness, however, fluctuated in association with lo-602

cal topography. The seaward boundary of the transect was located 0.1 km from shoreline be-603

cause the tsunami eroded the sandy beach of this region. In the region extending from 0.1 to604

1.2 km from the shoreline, the tsunami deposit was composed of a 1–34 cm thick, medium-605

grained sand layer. Parallel laminations were occasionally observed in sand layers of this606

region. In the region extending from 1.2 to 3.0 km inland, the tsunami deposit ranged from607
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0.5 to 10 cm in thickness and was composed of fine to medium-grained sand. The deposit608

was often draped by a 0.1–3 cm-thick mud layer. In the region farther inland (3.0–4.0 km),609

the deposit thickness varied locally, showing a patchy distribution. Deposit thickness ranged610

from 0.1 to 0.3 cm, and the deposit was composed of massive fine to medium-grained sand.611

It was commonly draped by a 1–3 cm thick mud layer.612

Grain-size analysis of the tsunami deposit revealed that the sand layer was composed613

mostly of medium sand with small amounts of fine and very fine sands (Figure 9). Mud and614

organic matter were removed from samples using a 0.063 mm mesh sieve, ultrasonic clean-615

ing device, and 10% aqueous hydrogen peroxide. For grain-size analysis, we used a 1.5-m-616

long settling tube. Fractions of each grain-size class were examined using the “Stube” ap-617

plication program (Naruse, 2005). Sediment particles from -1 to 4 φ were measured by the618

settling tube with 0.25 phi resolution. The measured grain-size distributions were then dis-619

cretized to four grain-size classes (with the representative diameters 406, 268, 177 and 117620

µm). The spatial variation of grain-size distribution of the tsunami deposit was character-621

ized by landward coarse-tail lateral fining, in which the coarsest fraction (medium sand) de-622

creased exponentially in the landward direction, whereas the content of the finer fractions623

(fine and very fine sand) decreased landward linearly.624

Figure 9. Spatial variation of thickness and grain-size distribution of the 2011 Tohoku-Oki Tsunami de-

posit along the transect. The open circles are values measured from the field survey in this study, and the

lines indicate the results of the inverse analysis. A. Spatial variation of thickness of the tsunami deposit. B–E.

Distribution of deposit volume per unit area of each grain-size class.
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4.2 Result of the inverse analysis of the 2011 Tohoku-Oki Tsunami Deposit629

As a result of the inverse analysis by FITTNUSS, a solution that can explain both the630

thickness and grain-size distribution of the 2011 Tohoku-Oki Tsunami deposit on the Sendai631

Plain was obtained (Figures 8 and 9; Table 2). This best solution corresponded to 4.15 m/s632

for the run-up velocity, 4.71 m for the maximum inundation depth at the first sampling site633

(203 m from the shoreline), and 0.36, 0.65, 0.13 and 0.03% for the concentration of sus-634

pended sediment of the four grain-size classes, respectively. The total concentration of sus-635

pended sediments was 1.18%. Here we call this best solution as Solution A. The value of the636
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Table 2. Results of the inverse analysis of the 2011 Tohoku-Oki Tsunami deposit on Sendai Plain.640

Objective Run-up Maximum Sediment Concentration Starting Values
Function Velocity Inundation Depth at Landward End

(m/s) (m) Total 406 µm 268 µm 177 µm 117 µm (U, H, Ci)

Solution A 0.1626 4.15 4.71 1.18% 0.36% 0.65% 0.13% 0.03% 2.0, 5.0, 0.5%

0.1626 4.15 4.71 1.18% 0.36% 0.65% 0.13% 0.03% 2.0, 7.0, 0.5%

0.1626 4.15 4.71 1.18% 0.36% 0.66% 0.13% 0.03% 2.0, 5.0, 0.3%

0.1626 4.15 4.71 1.18% 0.36% 0.65% 0.13% 0.03% 4.0, 5.0, 0.5%

Solution B 0.1629 4.00 5.00 1.13% 0.35% 0.63% 0.13% 0.03% 4.0, 5.0, 0.3%

0.1630 4.00 5.00 1.13% 0.35% 0.63% 0.13% 0.03% 4.0, 5.0, 0.1%

Solution C 0.1632 4.51 4.34 1.28% 0.40% 0.70% 0.15% 0.03% 6.0, 7.0, 0.1%

Solution D 0.1637 4.69 4.20 1.32% 0.41% 0.72% 0.16% 0.03% 6.0, 7.0, 0.3%

Solution E 0.1640 3.72 5.40 1.05% 0.32% 0.59% 0.11% 0.03% 2.0, 5.0, 0.1%

Solution F 0.1641 4.81 4.10 1.35% 0.42% 0.74% 0.16% 0.03% 4.0, 3.0, 0.1%

0.1650 5.06 3.91 1.42% 0.44% 0.77% 0.17% 0.03% 4.0, 3.0, 0.3%

0.1652 5.11 3.85 1.43% 0.45% 0.77% 0.18% 0.03% 2.0, 3.0, 0.1%

0.1652 5.15 3.87 1.44% 0.45% 0.78% 0.18% 0.03% 6.0, 5.0, 0.5%

0.1658 5.34 3.79 1.48% 0.46% 0.79% 0.19% 0.04% 6.0, 7.0, 0.5%

0.1662 5.49 3.71 1.52% 0.48% 0.81% 0.19% 0.04% 6.0, 5.0, 0.3%

0.1662 5.51 3.70 1.52% 0.48% 0.81% 0.19% 0.04% 6.0, 5.0, 0.1%

0.1673 6.11 3.47 1.63% 0.52% 0.86% 0.21% 0.04% 6.0, 3.0, 0.3%

0.1673 6.12 3.47 1.63% 0.52% 0.86% 0.21% 0.04% 6.0, 3.0, 0.1%

0.1673 6.13 3.46 1.64% 0.52% 0.87% 0.21% 0.04% 6.0, 3.0, 0.5%

0.1685 3.21 6.49 0.88% 0.27% 0.50% 0.09% 0.01% 4.0, 7.0, 0.1%

0.1689 8.76 2.85 2.00% 0.66% 1.03% 0.26% 0.05% 4.0, 3.0, 0.5%

0.1690 3.18 6.59 0.87% 0.27% 0.50% 0.09% 0.01% 4.0, 7.0, 0.3%

0.1693 10.00 2.73 2.14% 0.72% 1.09% 0.27% 0.05% 2.0, 3.0, 0.5%

0.1693 10.00 2.73 2.14% 0.72% 1.09% 0.27% 0.05% 2.0, 3.0, 0.3%

0.2487 2.00 7.00 0.48% 0.14% 0.32% 0.01% 0.01% 2.0, 7.0, 0.1%

0.4179 10.00 6.31 1.10% 0.31% 0.65% 0.12% 0.02% 2.0, 7.0, 0.3%

0.4179 10.00 6.49 1.07% 0.30% 0.63% 0.11% 0.02% 4.0, 7.0, 0.5%

objective function of Solution A was 1.626 × 10−1. The run-up velocity of Solution A was637

very close to the spatial average of flow velocity measured from video records (Figure 8C).638

The inundation depth of Solution A was also found to fit to the observation (Figure 8).639

However, in addition to the best solution described above, other solutions that also fit641

the observational data of the tsunami deposit on the Sendai Plain were obtained by the in-642

verse analysis using multiple starting values (Table 2; Figure 9). When we set the criteria of643

the adoption of the solutions in accordance with deviation of the objective function by less644

than 1.0% from the best solution, five other solutions can be regarded as nearly equivalent645

to the best solution. Here we name these solutions as Solutions B to F (Table 2). Solutions646
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Table 3. Best solutions for different values of Manning’s roughness coefficient n.659

Manning’s n Objective Run-up Maximum Sediment Concentration Starting Values
Function Velocity Inundation Depth at Landward End

(m−1/3s) (m/s) (m) Total 406 µm 268 µm 177 µm 117 µm (U, H, Ci)

0.020 0.1619 6.06 4.70 1.18% 0.36% 0.66% 0.13% 0.03% 2.0, 7.0, 0.3%

0.025 0.1624 4.89 4.70 1.18% 0.36% 0.66% 0.13% 0.03% 2.0, 7.0, 0.3%

0.030 0.1626 4.15 4.71 1.18% 0.36% 0.65% 0.13% 0.03% 2.0, 5.0, 0.5%

0.035 0.1628 3.52 4.73 1.17% 0.36% 0.65% 0.13% 0.03% 2.0, 3.0, 0.1%

0.040 0.1629 3.08 4.74 1.17% 0.36% 0.65% 0.13% 0.03% 2.0, 5.0, 0.5%

B–F ranged from 3.72 to 4.81 m/s for run-up velocity, 4.10–5.40 m for maximum inundation647

depth at the first sampling site (203 m from the shoreline), and 1.05–1.35% for total concen-648

tration of suspended sediments. The estimated values of run-up velocity in these Solutions649

B–F were around the averaged value (4.2 m/s) of the observations [Hayashi and Koshimura,650

2013]. The inundation depths of these solutions were also found to fit the observations (Fig-651

ure 8).652

The influence of Manning’s n on the results of inversion was also investigated (Table653

3). Estimates of flow velocity varied remarkably from 6.05 to 3.08 m/s in response to the654

variation of n from 0.02 to 0.04. However, the variation of reconstructed values of inunda-655

tion depth and sediment concentration in response to varied Manning’s n was negligible. The656

inundation depth varied only from 4.70 to 4.74 m, and the sediment concentration was nearly657

constant (1.17 to 1.18% in total concentration).658

5 Discussion660

5.1 Adequacy of the forward model661

The forward model of tsunami sedimentation proposed in this study successfully re-662

produced typical characteristics of the tsunami deposits. Tsunami deposits generally span663

distances of several hundreds to thousands of meters inland [Morton et al., 2007], and gradu-664

ally thin landward [Goto et al., 2014]. The deposits varied in thickness largely in near-shore665

regions, but they formed a thin continuous veneer draping pre-existing landforms farther666

inland. These features are well reproduced in the model presented here. In this model, the667

large variation of thickness in near-shore regions is attributed to deposition from overloaded668

suspended load transiting to bypassing conditions (Figure 3), and thus this part of the deposit669

is mainly formed during run-up of the tsunami. This prediction conforms with the observa-670

–27–



Confidential manuscript submitted to JGR-Earth Surface

tion that the modern tsunami deposits commonly show current-induced sedimentary struc-671

tures such as lamination or rip-up mud clasts in near-shore regions [Naruse et al., 2010], but672

most thin layers farther inland regions lack these features, suggesting that they are deposits673

of suspension fall-out during the stagnant phase of the tsunami [Takashimizu et al., 2012]. It674

is also frequently reported from observations and flume experiments that tsunami deposits675

fine inland [Fujino et al., 2008; Johnson et al., 2016]. These features also coincide with the676

result of the forward model calculation in this study. More detailed comparison between the677

model and a modern deposit is provided based on the results of inverse analysis of the 2011678

Tohoku-Oki Tsunami deposit outlined in the next section.679

In addition to the reproducibility of the modern tsunami deposits, the adequacy of the680

forward model can also be judged from its physical validity. Oversimplified models lacking681

physical bases may reproduce a specific observation with some calibrations, but it would not682

be applicable to a situation for which the model is not calibrated. Accurate physical validity683

while avoiding excessive computational cost is therefore significant for the inverse analysis,684

because the forward model is expected to be capable of prediction of the deposit accurately685

even the untested situations. Thus, the balance between computational costs and physical686

plausibility should be explored in regard to appropriate choices for inverse modeling.687

The forward model used in the model FITTNUSS incorporates several physical pro-688

cesses such as deposition during the run-up, sediment entrainment and turbulence suppres-689

sion due to density stratification [Cantero et al., 2012]. Figure 5 illustrates the influences of690

the model assumptions on the predicted tsunami deposits. Although these processes are es-691

sential for predicting deposition from suspended load [van Rijn, 2007], they have not been692

fully considered in previous implementations of inverse analysis.693

A sensitivity test of the forward model revealed that the model is sensitive to initial694

and boundary conditions (Figure 4), which suggests that the model is appropriate for in-695

verse analysis. If the calculations resulting from different initial conditions does not vary696

significantly, it is difficult to estimate the initial condition from the consequence of the for-697

ward model. The flow velocity has especially strong influence to the results. This is probably698

because the entrainment rate of the suspended sediment changes according to the positive699

power of the flow velocity while the effect of the flow height on the thickness of the sediment700

is only a linear relationship. On the other hand, the inverse model needs to be robust to the701

model parameterization. Sensitivity analysis suggests that the results of our forward model702
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calculation did not change significantly as a result of variation of the active layer thickness703

La (Figure 5). Variation of both the Manning’s roughness coefficient n and the sediment-704

entrainment coefficient Esi , however, were found to show considerable effects on the result705

(Figure 5).706

5.2 Evaluation of the test of the inverse analysis707

The result of tests of the inverse analysis using FITTNUSS show that the method pro-708

posed in this study is capable of estimating the initial conditions of the tsunami deposits. The709

ratio of successful attempts from multiple start values increased when the number of grain-710

size classes was increased to 3 or 4. This is because the larger number of grain-size classes711

adds more constraints to the model. Considering data noise and outliers in measurements712

of natural deposits, it is recommended to discretize grain-size distribution of a measured713

tsunami deposit into 3 or more classes for model inversions.714

The result of application of the inverse model to the tsunami deposit on the Sendai715

Plain was also successful. Except for several outliers in the measurement, the features of716

thickness and grain-size distribution of the tsunami deposit are well fit by the calculated re-717

sult using estimated parameters. Although optimized parameters did not converge to a sin-718

gle solution, but rather to multiple solutions that equivalently explain the data set, the solu-719

tions are all in the range of the observed data. Reconstructed values of run-up flow velocity720

are close to the spatial average of the measurements, and the estimations of the inundation721

depth are also close to the observations. It is difficult to evaluate the reconstructed values722

of sediment concentration because there are no observation data available. However, Goto723

et al. [2014] roughly estimated that sediment concentration in the inundation flow of the724

2011 Tohoku-Oki Tsunami was around 2% on the basis of relationship between thickness725

of deposits and inundation depths measured in various regions. Their estimation is not very726

far from the reconstructed concentration values of Solution A–F, which range from 1.13 to727

1.35%.728

It is notable that there are limitations arising from the simplifications applied to the729

model. The reconstructed run-up velocity cannot explain the spatial variation of the flow730

velocity as measured by aerial video data, because the run-up velocity is simplified to be731

uniform in the model. Also, while the model predicts maximum inundation depth, it cannot732

satisfy spatial variations in flow depth which may occur in undulated topographic conditions733
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because the model assumes that the slope of the water surface of the tsunami is both spatially734

and temporally constant. Nevertheless, the results of this study imply that reconstructed flow735

parameters such as the velocity and inundation depth obtained by the inverse analysis give736

averaged approximations of the field observation.737

5.3 Comparison of characteristics of the present inverse model with existing mod-738

els739

Here we compare the characteristics of the inverse model proposed in this study with740

existing models. In comparison with existing models, our model FITTNUSS proposed in this741

study is expected to show a wider range of applicability than existing models, in part because742

it encompasses transport of suspended sediment that is spatially heterogeneously distributed743

and deposition during both the run-up and stagnant phases of the tsunami. In addition to ad-744

vective transport and sediment entrainment processes, the consideration of turbulent suppres-745

sion due to density stratification is another innovative aspect of this model. Deposition dur-746

ing both run-up and stagnant phases of tsunamis are calculated, so that this model is suitable747

for both near-shore and inland areas and for both high- and low-velocity flows. The model748

does not require advance knowledge except for the inundation extent of the tsunami; as a re-749

sult, it can apply to ancient tsunami deposits formed under relatively unknown conditions.750

Our model requires only a rather modest amount of input information. Knowledge of the spa-751

tial variation of both deposit thickness and grain-size distribution, both of which can be mea-752

sured only from the deposits, is required. Knowledge of the inundation extent of the tsunami753

is also a prerequisite for our model; but this as well can be estimated from the observed max-754

imum inland extent of tsunami deposits [Koshimura et al., 2002; Nanayama et al., 2003].755

Indeed, the inverse version of this model successfully reconstructed the flow velocity and756

inundation depth of the 2011 Tohoku-Oki Tsunami, one of the rare cases for which substan-757

tial data exist. Although the existing model TsuSedMod has also been used to successfully758

reconstruct flow conditions of the 2011 Tohoku-Oki Tsunami [Jaffe et al., 2012], observa-759

tion of the inundation depths and identification of the interval deposited in the stagnant phase760

were required as input to the analysis. For all inverse models, including our model, a bed761

roughness parameter such as Manning’s n value must be calibrated for the given conditions762

of the bed; and the results of inverse analyses are inevitably sensitive to the bed roughness.763

In this study, n was set to 0.03 because it is a value commonly used for rice-field areas [Ima-764

mura et al., 2006]. Estimation of flow velocity varied by nearly a factor of two when n was765
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changed from 0.02 to 0.04 (Table 3). Nevertheless, range of variation of flow velocities es-766

timated by our model was found to be relatively narrow in comparison with existing models767

such as TsuSedMod, whose estimates of flow velocity varied from 9.0 to 3.5 m/s when n is768

changed from 0.02 to 0.04. It is noteworthy that in our model, estimates of inundation depths769

were quite stable irrespective of choice of the n value.770

5.4 Limitation of the model771

Even though our new inversion model FITTNUSS has a wide range of applicability,772

it has limitations due to the model assumptions. Firstly, it can be applied only for the de-773

posits on featureless plains without any significant built infrastructure or local topography774

variation. The influence of topography variation, which may be particularly important the775

urbanized setting of Japan, on flow behavior is not considered in our model. For example, es-776

tuaries or regions near cliffs are not appropriate environments to use this method. The model777

FITTNUSS requires the maximum run-up length of tsunamis as one of the input parameter,778

which need to be estimated from the distribution of tsunami deposits or other evidence of779

tsunami inundation. Chagué-Goff et al. [2015] reported that the sandy tsunami deposit only780

reached 68% of the actual inundation limit in the lagoonal environment, suggesting that our781

method is not suitable for such topographically complicated region. On the other hand, many782

studies indicated that the limit of distribution of tsunami deposits reaches near the inundation783

limit on the flat coastal plains with abundant sandy sediment in source regions [Hori et al.,784

2007; MacInnes et al., 2009; Abe et al., 2012; Nakamura et al., 2012; Abe and Hori, 2016].785

Indeed, Szczuciński et al. [2012] indicated that the tsunami deposit contains sand fraction786

more than 5% even at the inundation limit on Sendai Plain. Thus, our model is suitable for787

the flat coastal plains, and careful considerations about the sedimentary environments are788

recommended before applying the model FITTNUSS.789

Study areas where slope significantly changes will violate the assumptions of the quasi-790

steady run-up flow analysis. Judging from the fact that our model well approximated the av-791

eraged flow velocity of the 2011 Tohoku-Oki tsunami, it seems that the quasi-steady assump-792

tion in our model can be justified in the region where the topography is smooth and nearly793

constant in slope. In addition, it is required that the study area should not be in a high-slope794

region where strong return flow occurs. Our model does not assume return flow, and there-795

fore regions near topographic lows or channels are also unsuitable for our inverse analysis.796

Tsunami deposits near the shoreline often show multiple layers [Naruse et al., 2012]. For797
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analyzing such layered deposits, discrimination between deposits emplaced by run-up and798

return flows is needed before applying the inverse analysis, because our inverse model sup-799

poses only a single run-up flow followed by a stagnant phase.800

5.5 Future improvement—Framework for inversion of the tsunami deposits801

The model FITTNUSS proposed in this study provides a framework for inversion of802

the tsunami deposits. It is easy to implement new processes within it, and to expand it for fu-803

ture studies. For example, there are various established methods for global optimization of804

objective functions, and advanced methods using evolution strategy will be targets for future805

implementation in our model. Available empirical functions for sediment entrainment are806

currently less reliable for very high velocity flows (e.g. >3.0 m/s) because there are few ex-807

perimental results and observations for such conditions. A new sediment entrainment func-808

tion based on experimental data for very high-velocity flows will be implemented when it809

is available. Our model does not evaluate the vertical variation of grain-size distribution in810

tsunami deposits; however it would be easy to implement this feature because the forward811

model already has the ability to calculate the temporal evolution of grain-size distribution.812

One of the most important issues for the improvement of our model is the incorporation of813

more advanced hydrodynamics of tsunamis. The transformed coordinate system used here is814

valid also for shallow-water equation systems in general [Kostic and Parker, 2006], so that815

the model can be amended to use the non-linear long wave theory of tsunamis. The problem816

of computational costs may be addressed by using parallel computing.817

Finally, the evaluation of uncertainty in estimation is an essential problem in this re-818

search field as pointed out by Jaffe et al. [2016]. This study has revealed that the observed819

thickness and grain-size distribution of the tsunami deposits can be reproduced by multiple820

sets of model input parameters. This is not a failure of the optimization method, but rather a821

limit of the information contained in the observations. The essential solution to the issue of822

narrowing the range of estimation is to acquire additional data from the deposits. Increasing823

sampling points and analysis of grain-size distribution at high spatial resolution will improve824

the inversion results. Incorporation of geological observations such as sedimentary structures825

and recognition of the influence of local topography is an option to be incorporated in the826

inversion model. Information concerning bedforms could provide additional constraints on827

flow velocity and inundation depth. At the very least, they are useful to filter out unreason-828

able results from multiple solutions of the inversion problem. However, even if refinement829

–32–



Confidential manuscript submitted to JGR-Earth Surface

of the forward model and the formulation of the objective function improves the results, it830

should not be expected that the results of the inversion would always converge to a single831

set of parameters, because a) different processes can produce the same consequences and b)832

deposits cannot provide a complete record of the flow processes. Nevertheless, determin-833

ing the degree of uncertainty in the inversion process is necessary in order to understand the834

limit of our knowledge, and to provide guidance as to the necessity of additional observation835

[Jaffe et al., 2016]. Implementation of the cross-validation or the boot-strap methods as well836

as data assimilation techniques such as Ensemble Kalman Filtering (EnKF) may help better837

quantify the uncertainty in future studies [Tang et al., 2016].838

6 Conclusions839

We propose a new model for the inverse analysis of tsunami deposits. Our inversion840

model FITTNUSS requires input data about the spatial variation of both thickness and grain-841

size distribution of the tsunami deposit along 1D shoreline-normal transects. It produces as842

output estimates of run-up flow velocity, maximum inundation depth and grain-size-specific843

concentration of suspended sediment. The forward model of FITTNUSS calculates non-844

uniform sediment transport and deposition from tsunamis during both the run-up and stag-845

nant phases. Processes related to suspended sediment transport such as turbulent mixing,846

sediment entrainment, and turbulence suppression due to density stratification are included847

in this model. A transformed coordinate system of moving boundary type is adopted in the848

model. This stabilizes the calculation and enhances computational efficiency. In the inverse849

analysis of the observed tsunami deposits, the L-BFGS-B method with multiple starting val-850

ues is used for optimization of the parameters of the forward model. Tests of the inverse851

model using artificial data successfully reconstructed the original input values, illustrating852

the effectiveness of the optimization method employed in this study.853

The new inversion model is applied to the 2011 Tohoku-Oki Tsunami deposit on Sendai854

Plain, Japan. The thickness and grain-size distribution of the tsunami deposit was measured855

along the 4-km long transect normal to the coastline. The best solution yielded the follow-856

ing values; 4.15 m/s for the run-up flow velocity, 4.71 m for the maximum inundation depth857

at the near-shore site (203 m from the shoreline), and 1.18% for the total sediment concen-858

tration. This results of the inversion were found to fit well to the velocities and inundation859

depths measured by aerial videos and field measurements. The successful analyses of both860

the artificial data and the actual tsunami deposits without any model calibration suggests861
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wide applicability of our new model FITTNUSS. Our method is particularly suitable for862

the analysis of ancient tsunami deposits because it requires a minimum amount information863

about the condition of tsunamis before reconstruction.864

Notation865

The symbols L, M and T denote dimensions of length, mass and time respectively. The866

symbol [1] denotes that the value is dimensionless.867

A Empirical coefficient of sediment entrainment function [1]868

C Total layer-averaged sediment concentration [1]869

Ci Layer-averaged sediment concentration of the ith grain-size class [1]870

C f Bed friction coefficient [1]871

Cq Sediment concentration in the active layer [1]872

Di Representative sediment diameter of the ith grain-size class [L]873

Dm Mean diameter of sediment in the active layer [L]874

Esi Sediment entrainment coefficient [1]875

Fi Volumetric fraction of the ith grain-size class in the active layer [1]876

H Maximum inundation depth of the tsunami at the seaward (upstream) boundary of the877

transect [L]878

La Thickness of the active layer [L]879

M Coefficient related to the coordinate transformation [L−1T]880

R Submerged specific density of sediment particlesïĳĹ= 1 − ρs/ρ f ) [1]881

Rw Maximum inundation length [L]882

Repi Particle Reynolds number of the ith grain-size class [1]883

S Bed slope [1]884

Ti Dimensionless bed-shear stress parameter [1]885

Tinu Time to reach the maximum run-up point [T]886

U Run-up velocity of the tsunami [LT−1]887

Û Dimensionless run-up velocity [1]888

Zui Parameter of the ith grain-size class in the sediment entrainment relation [1]889

a1, a2, a3, a4, a5 Constants in the relation of sediment settling velocity [1]890

b1, b2, b3 Constants in the relation of the vertical profile of sediment concentration [1]891

g Acceleration of gravity [LT−2]892
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h Inundation depth of the tsunami [L]893

n Manning’s roughness coefficient [L(−1/3)T]894

r0i Ratio of near-bed sediment concentration of the ith grain-size class to layer-averaged895

concentration [1]896

t Time [T]897

t̂ Dimensionless time [1]898

u∗ Friction velocity [LT−1]899

wsi Settling velocity of sediment of the ith grain-size class [LT−1]900

x Bed-attached streamwise coordinate [L]901

x̂ Dimensionless bed-attached streamwise coordinate [L]902

z Vertical coordinate [L]903

Ψ Objective function to minimize a difference between observation and the forward model904

calculation [1]905

η Thickness of the tsunami deposit [L]906

ηi Volume per unit area of sediment of the ith grain-size class [L]907

θ Internal friction angle of sediment particles [1]908

λp Porosity of the tsunami deposit [1]909

µ Dimensionless settling velocity of sediment of the ith grain-size class [LT−1]910

ν Kinematic viscosity of the water [L2T]911

ξ Dimensionless vertical coordinateïĳĹ= z/hïĳĽ[1]912

ρs Density of sediment particles [ML−3]913

ρ f Density of the water [ML−3]914

τb Bed shear stress [ML−1T−2]915

τ∗m Shields dimensionless shear stress using the mean grain-size in the active layer [1]916

ψi Coefficient in the relation of turbulent suppression due to density stratification [1]917
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