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Abstract: This study proposes a nonlinear dynamics framework for understanding social interactions
and behavioral patterns of online communities. Based on the work of Steven Strogatz, we apply the
bifurcation phenomena, in particular pitchfork bifurcation, saddle node bifurcation, and transcritical
bifurcation, to online access numbers and social media information diffusion patterns, and analyze
how these bifurcations are associated with collective changes in opinion and the sudden We explore
the possibility of analyzing how these bifurcations are related to collective changes in opinion and the
sudden diffusion of trends.Starting from a basic text on nonlinear dynamics by Strogatz (1994), we
integrate important contributions in social network theory through a review article by Strogatz (2001)
on the structure of complex networks. Watts and Strogatz’s (1998) work on small-world networks
shows the relationship between local effects of collective action and overall dynamics, while Strogatz
(2003) extensively explored synchronization phenomena in nature and human society.The paper draws
on a detailed understanding of bifurcation theory by Glickenheimer and Holmes (1983), an exhaustive
bibliography of applied bifurcation theory by Kuznetsov (2004), and an introduction to bifurcation
theory and chaos theory by Wiggins (2003), exploring the potential applications each suggests for
social phenomena. In addition, the practical approach to bifurcation theory offered by Seidel (2010)
provides a better understanding of different types of bifurcations, including transcritical bifurcations
in particular, and provides a foundation for using these concepts as a research method in the social
sciences.This approach opens new avenues for studying the evolution of collective opinion online,
the origin and diffusion of fads, and the transformation of behavior within digital ecosystems. Our
model reflects the reality of contemporary digital communication, where the speed of information
exchange is rapid and individual cognitive processes are complex, and aims to understand social
dynamics. In recent years, nonlinear dynamical systems theory has become essential for analyzing
complex systems that exhibit unpredictable behavior in the natural and social sciences. In particular,
Melnikov’s method has been established as a fundamental technique for evaluating the stability of
Homoclinic and Heteroclinic trajectories in dynamical systems and for understanding the emergence
of chaos. This has important implications for understanding how minute perturbations can cause
a system to transition to chaotic motion. In this study, we use this mathematical framework to
investigate specific applications in various fields.
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1. Introduction

As the digital tapestry of global communication weaves in-
creasingly complex patterns, the study of online behavior has
evolved beyond mere social curiosity into an important scien-
tific endeavor. The interplay of individual choices within the
vast network of social media creates collective behaviors that
reflect and shape our social norms. These phenomena resem-
ble emergent patterns found in natural systems and are ripe
for exploration through the mathematical elegance of branch-
ing theory. Bifurcation theory is a field heavily influenced by
the insights of Steven Strogatz. We also propose to integrate

theory and experience by leveraging insights from dynamic
systems to analyze the rise and fall of digital interaction.
Our work on bifurcation theory provides a solid foundation
for this effort, with Guckenheimer and Holmes (1983) and a
comprehensive look at applied bifurcation theory underlying
important points of change.

1.1 Nonlinear Dynamics Theory

Beginning with his original 1994 work on nonlinear dynam-
ics, Strogatz’s pioneering work reached out to the complex
ballet of systems that oscillate between order and chaos. His
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analysis of rake bifurcations provided a conceptual scaffold
for understanding how the equilibrium of a system can diverge
into multiple new pathways. In the realm of social media, this
translates into viral moments where a single story splits into
numerous competing storylines, each vying for dominance
in the digital age spirit. 2001 review by Strogatz shed light
on the subtle structures that underpin complex networks and
provided a lens through which to view the interconnected
world of online communities. Here, a phenomenon similar
to the bifurcation of saddles and nodes was observed in the
web of digital interaction, where the gradual accumulation of
online discourse could suddenly change and develop into a
cascading viral phenomenon or dissipate into the noise of the
Internet.

1.2 Bifurcation Theory

This research aims to combine the robust framework of bifur-
cation theory with the hydrodynamics of online social trends.
We draw on foundational theories developed by scholars such
as Guckenheimer and Holmes (1983), whose work on dynam-
ical systems provides in-depth knowledge for understanding
change phenomena, and Kuznetsov (2004), whose work pro-
vides an in-depth exploration of bifurcation phenomena. In
the applied setting. We stand at the intersection of order
and chaos, and collective behavior on social media platforms
oscillates between predictable patterns and abrupt changes.

1.2.1 Saddle-node Bifurcation

Define the saddle-node bifurcation function as:
f(r,x)=r +x2,

where r is the bifurcation parameter and x is the state variable.
Create a grid for r and x using the meshgrid function:

R, X = np.meshgrid(7values Xvalues) -
Values of the saddle-node bifurcation on the grid:
Z = f(R,X).

1.2.2 Pitchfork Bifurcation

Define the pitchfork bifurcation function f : RXR — R as:

f(r,x) =rx -x3,

where r is the bifurcation parameter and x is the state variable.
Create a grid for r and x using the meshgrid function:

R, X = np.meshgrid(7values, Xvalues) -

Also values of the pitchfork bifurcation function over the
grid:
Z = f(R, X).

1.2.3 Transcritical Bifurcation

Define the transcritical bifurcation function f : RXR — R
as:

f(r,x)=rx— xz,

where r is the bifurcation parameter and x is the state variable,
too.
Create a grid for r and x using the meshgrid function:

R, X = np.meshgrid(7values, Xvalues) -

Also values of the transcritical bifurcation function over
the grid:
Z = f(R, X).

1.2.4 Hopf Bifurcation

Set the parameters for the Hopf bifurcation, where r > 0
indicates that the fixed point is unstable and a limit cycle

occurs:
r=0.1, b=1.0

Define the Hopf bifurcation vector field function f :
R? — R? with parameters r and b as:

u(x,y) =rx -x -y,

v(x,y) =x+ by.

This system describes the evolution of the state variables x
and y.
Create a grid for the vector field using the meshgrid func-
tion:
X, Y = np.meshgrid(Xvalues, Yvalues)

Compute the vector field U, V on this grid:
U,V = hopf_bifurcation(X, Y, r, b).
If r > 0, plot an approximation of the limit cycle:

6 = np.linspace(0, 27, 100), plt(vr cos(8), Vrsin(6),” r=")

1.2.5 Limit Cycle

Limit cycle is a situation in a dynamic system in which the
behavior of the system settles into a periodic trajectory. In
the context of consensus building, a phenomenon analogous
to a limit cycle can be imagined as a situation in which opin-
ions continue to fluctuate cyclically without complete conver-
gence.

(1) Political polarization
Situation in which political opinion is divided into two
extreme points, each supported for a period of time, and
then swings to the opposite side. This cyclical fluc-
tuation may indicate a state of affairs that becomes a
permanent conflict and does not lead to a middle ground
or consensus.
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Fig. 4: Case Study:Hopf Bifurcation

Limit Cycle of the van der Pol Oscillator

—— Limit Cycle

T T T T
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 15 2.0

Fig. 5: Limit Cycle of the van der Pol Oscillator

(2) Fashion and trend cycles.
Phenomenon in which old styles become fashionable
again in a certain pattern, and old and new trends switch
periodically. This can be seen as a return to an old con-

sensus (old trend) before a new consensus (new trend)
is formed.

(3) Economic business cycle
Economy goes through cycles of expansion and contrac-
tion, where consensus among market participants (e.g.,
agreement on price levels) is temporarily achieved, only
to fall back into disagreement. This disagreement ap-
pears periodically and may behave like a limit cycle.
(4) Public Cycle of Opinions
Situation in which public opinion on a particular topic
or issue in the media or in public debate is such that one
opinion becomes dominant while the opposite opinion
gains support over time. This is sometimes referred to

as a public cycle and illustrates how social consensus is
not stable.

These examples suggest a situation in which consensus
building has a certain pattern or cycle and does not lead to
complete convergence. In actual social phenomena, these
cyclical fluctuations are complicated by external factors and
internal dynamics, so they do not coincide perfectly with
mathematical limit cycles.

The realm of cyberspace is a living laboratory for observ-
ing the phenomena described by branching theory. Strogatz’s
foundational text, written in 1994, serves as a guidepost to
guide us through the complexities of digital social structures
through the explanatory power of rake bifurcations. These
bifurcations, catalyzed by influential tweets and groundbreak-
ing news articles, reverberate through the digital world as
moments when the unified flow of online dialogue diverges
into different ways of thinking.



The study also examines the heart of these fluctuations
with the goal of uncovering the mechanisms that drive the
formation, evolution, and in some cases dissolution of online
consensus. Through a meticulous compilation of case studies
and numerical simulations, we aim to create a narrative that
not only elucidates the current state of digital communication,
but also predicts its future trajectory. In a whirlwind of on-
line interactions intersecting billions of digital footprints, the
dynamics of social media engagement present a fascinating
frontier for scientific research. The complex dance of likes,
shares, and comments follows patterns that point to a deeper
underlying structure. This structure will be governed by the
same mathematical principles that Steven Strogatz revealed in
his seminal contributions to the field of nonlinear dynamics.

Through this investigation, we seek not only to interpret
the current state of online interaction, but also to predict the
evolution of digital communities and prepare for the waves of
change that may occur in the future of communication. This
journey through the landscape of digital society, illuminated
by the principles of bifurcation theory, aims to articulate the
subtle but powerful forces shaping and driving change in the
online world. In the ever-evolving realm of digital interaction,
where humanity’s transient thoughts and feelings are captured
in a web of binary code, the study of online behavior tran-
scends its early origins, psychology, sociology, mathematics
and computer science. Once considered a mere reflection of
the physical world, the digital realm is now recognized as a
unique crucible of social phenomena governed by the princi-
ples of nonlinear dynamics and chaos theory, as detailed in
Stephen Strogatz’s book.

1.3 Mathematical Concepts Such as the

Poincaré Cutting Plane

The application of mathematical concepts such as the
Poincaré cutting plane of the Lorenz attractor to meta-social
or discursive considerations may be done as a metaphorical
or philosophical approach. The Lorenz attractor is a clas-
sic example of chaos theory, representing a system that ex-
hibits unpredictable yet deterministic behavior. Such proper-
ties can provide interesting parallels for considerations about
the dynamics of society and discourse. When analyzing the
Poincaré cutting plane of the Lorenz attractor in a socio-
logical or discursive context, social phenomena and speech
flows are often chaotic in nature. Small events can cause
major social changes, while large events can have less un-
expected effects. This "butterfly effect” suggests the diffi-
culty of decision-making and forecasting in social contexts.
The Lorenz attractor is a concept originally introduced in the
context of meteorology, where chaotic behavior is found in
deterministic nonlinear systems. An individual’s behavior
can affect others and cause nonlinear reactions in society as
a whole. Phenomena such as the spread of rumors or social

Lorenz Attractor

Fig. 6: Case Study:Lorenz Attractor

panic are sensitive to initial conditions, and small triggers can
produce large-scale effects.

1.3.1 Mathematical
Poincaré Section

Concepts Lorenz Attractor

Define the parameters for the Lorenz system(Case study):
8
o =10.0, ﬁ:g, p =28

The Lorenz system of differential equations is given by:

dx
EZO'()’—X),
dy
E—x(p—z)—y,
dz
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where x, y, and z make up the state vector of the system.

With some applications in traffic flow research, the appli-
cation of the concept of Poincaré cutting planes in these social
phenomena is important because vehicle flows on roads and
traffic networks can cause unpredictable traffic jams as local
increases or decreases in density create nonlinear feedbacks,
which can lead to unpredictable system s cyclical elements
and stability. For example, in economic markets, analyzing
the behavior of stock prices during a particular period may
help us better understand market trends. In the spread of
social panics and rumors, a clearer picture of the patterns of
spread may be obtained by capturing the disconnect between
the way information propagates at different points in time.

It can also be suggested in terms of patterns and period-
icity. Patterns such as those found in the Poincaré cutting
plane of the Lorenz attractor are also found in social systems.
Examples include economic cycles, political cycles, and fash-
ion cycles. While these cycles may exhibit predictable pat-



Poincaré Section for z=19

Fig. 7: Case Study:Poincaré Section for z=19, from Lorenz
Attractor
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Fig. 9: Case Study:Poincaré Section for z=27, from Lorenz
Attractor

terns, they contain uncertainties that cannot be completely
predicted.

Particular attention should be paid to the importance of
initial conditions. The idea in chaos theory that subtle dif-
ferences in initial conditions can lead to large differences in
outcomes is similar in social phenomena. Slight differences
in political, economic, and cultural conditions can drastically
alter the course of history and social trends.

System like the Lorenz attractor, where system constraints
and degrees of freedom are preserved, is characterized by
parameters that impose constraints on its behavior. In society
and in speech, factors such as laws, norms, and cultural values
limit the range of behavior, but still allow for a wide variety of
behaviors. The complexity of interactions is also important
and the Poincaré cutting plane of the Lorenz attractor shows
how interactions within a system can cause complex dynamic
behavior. In society, too, interactions among individuals,
groups, and organizations produce unexpected results and
hold promise for model development into interpretable forms.

Figure 7, Figure 8, Figure 9 shows, The Poincaré cross
section shown above is an analytical technique for under-
standing periodic or chaotic behavior in the state space of a
dynamical system. Poincaré sections in attractor and range
attractor structures are used to observe the complex motion of
a 3-dimensional system in a 2-dimensional section by plotting
the points at which the trajectory of the system passes through
the section under specific conditions (in this case, specific z
values).

1.3.2 (1) For z=19

The points are arranged linearly, which suggests that the sys-
tem has periodic behavior. Each point is part of a periodic
pattern where the system returns to the same state. This linear
arrangement may reflect a limit cycle (closed orbit). Limit cy-
cles are solutions that exhibit stable periodic behavior under
constant conditions in nonlinear dynamics.

1.3.3 (2) For z=27

Here too, the points are arranged in a constant pattern, but
they are more dispersed and the distances between them are
larger. This indicates that the system is behaving in a more
complex or highly periodic manner. At higher z-values, it is
common that the behavior of the system tends to be more com-
plex or chaotic. This graph shows that the system may take
on several different states, suggesting a transition to chaotic
behavior. These cross sections help us understand how the
behavior of the system changes with the value of z. However,
these graphs do not directly indicate that a bifurcation is oc-
curring. In order to clearly indicate a bifurcation, it would be
necessary to track in detail how the behavior of the system
changes as the value of z is gradually changed. To explore bi-



furcation in the Poincaré cross section data, one would need to
compare cross sections at different parameter values and look
for quantitative changes, such as transition points from stable
to unstable behavior or from periodic to chaotic behavior,
and from these trends and model computational interpreta-
tions, various complex The understanding of these trends and
their interpretation in terms of model calculations will also
be considered.

1.4 Complex Networks

Drawing on insights gained from Strogatz’s 2001 exploration
of complex networks, the book delves into the architecture of
virtual communities and reveals how online interactions are
often on the knife edge of change. The sudden rise and fall of
trends and the rise and fall of collective attention reflect the
dynamics of saddle points and nodal bifurcations, where ris-
ing tensions within a network can trigger sudden changes and
bring a once niche topic to global attention. In this digital age,
where the communication landscape is constantly changing,
we investigate the nonlinear dynamics at work in online inter-
actions. We explore how subtle swings in individual behavior
can lead to massive shifts in public opinion. This is reminis-
cent of the supercritical bifurcations described by Strogatz,
where the stability of a system changes and creates new forms
of order. In the maze of digital interconnectivity, the behavior
of online communities emerges as a maze-like puzzle, each
piece formed by the complex interplay of individual behav-
ior and group dynamics. The digital environment is fertile
ground for certain spontaneous orders and emergent phenom-
ena that have long intrigued scientists and sociologists. Here,
in the vastness of the Internet, the principles of nonlinear dy-
namics and bifurcation theory would be given new life and
repurposed to decipher the enigmatic patterns of online en-
gagement. Our investigation is an adventure into the heart of
digital communication, aiming to chart the invisible currents
that determine the flow of discourse in virtual communities.
By integrating case studies and numerical simulations, we aim
not only to elucidate the current state of online engagement,
but also to capture the delicate balance between the sponta-
neous order of social harmony and its disruptive potential, and
to build a model (digital chaos) to predict future flows of on-
line engagement. We aim to From the viral spread of memes
to rallies around social movements, the narrative of virtual
communities is punctuated by such bifurcations. Pitchfork
bifurcation, a phenomenon articulated by Strogatz, serves as
a metaphor for the moment when a single online discourse
diverges into divergent streams of thought. The saddle node
bifurcation shows similarities to the tipping points of online
campaigns that suddenly gain or lose momentum, reflecting
the complex network structure detailed in Strogatz’s later re-
view (2001). Strogatz delves into the architecture of virtual
communities, revealing how online interactions are often on

the knife-edge of change. The sudden rise and fall of trends
and the rise and fall of collective attention reflect the dynamics
of saddle points and nodal bifurcations, where rising tensions
within a network can trigger sudden changes, and where once
niche topics can gain global attention. The rich theoretical
landscape painted by the work of Guckenheimer and Holmes
(1983) and further informed by the applied bifurcation ex-
ploration of Kuznetsov (2004) is a rich and rich theoretical
landscape. Their rigorous analysis provides a mathematical
foundation to apply to social sciences that seek to unravel
the tapestry of online behavior through the lens of hypercrit-
ical bifurcations. In this context, these bifurcations represent
the point at which the dominant narrative within a commu-
nity becomes unstable and gives way to a new and emerging
narrative that redefines the collective consciousness.

1.5 Blend of theory, Complex Dynamics of On-
line Behavior

This research is a blend of theory and practice, aimed at
unraveling the complex dynamics of online behavior. We
propose to integrate ideas from the rich tradition of dynam-
ical systems and the emerging field of computational social
science to craft an integrated understanding of how individual
behaviors merge with powerful currents of collective action
to shape our digital existence.

1.6 Stability of Homoclinic, Heteroclinic Orbits

In the summary of this paper, we will also touch on future re-
search issues. In recent years, the theory of nonlinear dynam-
ical systems has become an indispensable tool for the analysis
of complex systems exhibiting unpredictable behavior in the
natural and social sciences. In particular, Melnikov’s method
has been established as a fundamental technique for evalu-
ating the stability of homoclinic and heteroclinic orbits in
dynamical systems and for understanding the emergence of
chaos. This has important implications for understanding
how a system can transition to chaotic motion due to minute
perturbations. In this study, we use this mathematical frame-
work to examine specific applications in various fields.

1.7 Homoclinic Orbit in a Pendulum System

The pendulum’s equation of motion is given by a second-order
differential equation which can be expressed as a system of
first-order equations:

dyr _
g = Y2
dy»

dt - Sin(yl)a

where y is the angular position and y; is the angular velocity
of the pendulum.

The time span for the simulation is from 0 to 10 seconds,
and the initial conditions are an angle of 2x radians (which
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Fig. 10: Homoclinic Orbit in a Pendulum System

is equivalent to 0 radians due to periodicity, suggesting the
pendulum is at the equilibrium position) and an angular ve-
locity of 100 radians per second. These are almost the initial
conditions for a fixed point:

tspan = (0,10),  yo = [27, 100].

1.8 Heteroclinic Orbits

Define the vector field function f : R — R? as follows:
fOy) = (o —x+27 =),

This function returns a vector field where the first component
is y and the second component is a cubic polynomial —x +
x2 —x3inx.
Create a grid for the vector field using the meshgrid func-
tion:
X,Y = np‘meShgrid(xvalues, yvalues)

Then compute the vector field U, V using the defined function:
U,V = vector_field(X,Y).

In financial markets, Farmer (1999) explored how models
incorporating nonlinear dynamics can help us better under-
stand the extreme behavior of markets. Melnikov’s method,
in this context, may provide new insights in predicting mar-
ket abruptness. In ecosystems, on the other hand, Hastings et
al. (1993) revealed the chaotic properties inherent in ecosys-
tem dynamics and provided important implications for their
management and conservation. In engineering, Moon (1987)
applied Melnikov’s method to the stability analysis of me-
chanical systems and pioneered a new understanding of vi-
bration problems.

Furthermore, this study attempts to extend these scien-
tific findings to applications in the context of the social sci-
ences. Social phenomena often exhibit nonlinearities and
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Fig. 11: Heteroclinic Orbit

small events can cause large changes. Melnikov’s methods
could be used to model social transitions such as political
shifts, economic shocks, and shifts in cultural paradigms.
This study aims to explore how Melnikov’s method can also
provide theoretical insights and practical tools in the social
sciences.

This introduction clarifies the purpose and scope of the
study by setting the multifaceted application of Melnikov’s
method as a backdrop for the study and presenting the possi-
bilities and challenges in applying it to real-world problems.

2. Preview Research

2.1 Bifurcation Theory

In this paper, we aim to develop a research approach that
correlates three types of bifurcation theories with social phe-
nomena. First, let’s talk about saddle node bifurcations. This
theory is usually discussed in the context of natural sciences
such as physics and biology, but is less directly common in
social science contexts. Still, there are attempts to apply the
saddle node bifurcation concept to social science, particularly
to modeling social change and crises. For example, bifurca-
tion theory is sometimes used to explain rapid changes in
socio-economic systems or political changes when they reach
a certain critical point.

Strogatz, S. H. (1994) was a foundational text on nonlinear
dynamics, providing an introduction and description of var-
ious bifurcations, including pitchfork bifurcations. Strogatz,
S. H. (2001) explores the structure and dynamics of complex
networks, and this review paper is one of his most impor-
tant contributions to the field of network theory. In Strogatz,
S. H. (2003), "Sync: The Emerging Science of Spontaneous
Order."-an extensive exploration of the synchronous phenom-
ena found in nature and human society. Watts, D. J., and
Strogatz, S. H. (1998). In "Small World Networks" - This



paper, co-authored by Strogatz and Duncan Watts, introduces
small-world networks and their properties and is a landmark
study in the field of network theory. Strogatz, S. H. (2005),
this paper on time crystals is a study of the nonlinear dynam-
ics of systems with temporal periodicity. Guckenheimer, J.,
and Holmes, P. (1983) provided a deep understanding of the
bifurcation theory of dynamical systems and described a the-
oretical framework for pitchfork bifurcations. Kuznetsov, Y.
A.(2004) is a comprehensive reference on applied bifurcation
theory and delves into the mathematical details of pitchfork
bifurcations. Wiggins, S. (2003) is an introduction to bifur-
cation theory and chaos theory and deals with the concept
of pitchfork bifurcations. Marsden, J. E., and McCracken,
M. (1976) focuses on hop bifurcations, but also touches on
related topics, including pitchfork bifurcations. Seydel, R.
(2010) provided a practical approach to bifurcation theory,
explaining various types of bifurcations, including transcrit-
ical bifurcations. Guckenheimer, J., and Holmes, P. (1983)
deals with the detailed theory of dynamical systems and their
bifurcations and provides a basic understanding of transcrit-
ical bifurcations.Kuznetsov, Y. A. (2004) focuses on applied
bifurcation theory and delves deeply into the mathematical
background of transcritical bifurcations.Wiggins, S. (2003)
is an introduction to nonlinear dynamical systems and chaos
and includes a section on transcritical bifurcations. Stro-
gatz, S. H. (1994) is a well-known text as an overview of
nonlinear dynamics and contains an accessible explanation
for understanding transcritical bifurcations. Marsden, J. E.,
and McCracken, M. (1976) provides a detailed discussion of
hop bifurcations, but also touches on other branching the-
ories, especially transcritical bifurcations. Strogatz, S. H.
(1994)This text provides a comprehensive treatment of non-
linear dynamics and an accessible account of saddle-node
bifurcations. Kuznetsov, Y. A. (2004) dedicated to applied
bifurcation theory, this book provides a detailed study of var-
ious bifurcation phenomena, including saddle-node bifurca-
tions. Guckenheimer, J., and Holmes, P. (1983). delves into
the theoretical aspects of saddle node bifurcations, covering
both the fundamentals and applications of dynamical systems.
The intersection of sociophysics and digital communication
has opened a novel vista for understanding human behavior
and opinion dynamics. The digital age has transformed how
opinions are formed, evolved, and propagated, especially on
platforms such as social networking services (SNS). Captur-
ing this complexity requires innovative models that reflect
both the immediacy of information exchange and the myriad
cognitive processes at play within individuals. This study
introduces a comprehensive numerical simulation model that
encapsulates these aspects using a phase field approach to
represent the understanding and cognition of information as
continuous variables.

2.2 Case Study:Bifurcation

Pitchfork bifurcation is a phenomenon studied in dynamical
systems theory, particularly in the field of nonlinear dynam-
ics, and refers to the point at which the behavior of a system
changes qualitatively in response to changes in parameters.
Pitchfork bifurcation, in dynamic systems theory, refers to a
phenomenon in which a system bifurcates from one stable
point to three stable points in response to changes in param-
eters. When the concept of pitchfork bifurcation is applied
in a social science context, it is often used as a model for un-
derstanding points of change in society, especially political,
economic, and cultural fluctuations. However, it is difficult to
link it directly to concrete social science literature and is often
used as a metaphor or applied as a theoretical framework to
explain complex social phenomena. A pitchfork bifurcation
is characterized by the transition of a dynamical system from
a stable fixed point to an unstable fixed point at the bifurca-
tion, resulting in a symmetrical pair of stable fixed points at
the same time. It is known that this causes the structure of the
solution of the system to change significantly at the branch
point. Transcritical bifurcation is one of the phenomena ob-
served in bifurcation theory of dynamical systems. It refers to
a type of bifurcation in which two fixed points are exchanged
when the parameters of the system pass a certain value, and
during this process one fixed point changes from stable to
unstable or vice versa. Although case studies in the social
sciences about the transcritical bifurcation are difficult to find
direct counterparts, there may be cases where this mathemat-
ical concept is metaphorically applied to specific situations
and models in the social sciences. Transcritical bifurcation
refers to a process in which a stable point becomes unstable
as a certain parameter changes, and in the context of social
science, it is sometimes used to express how the equilibrium
state of a social system changes. As in previous research, an
analogy can be drawn from the Pitchfork bifurcation society:
Political change: A political system changes from a stable
state (e.g., one-party dictatorship) to a small change (e.g.,
new policies or changes in leadership). This can be seen as a
branching out into multiple possibilities (e.g. multiparty sys-
tem, full democracy, anarchy). Phenomenon on social media:
A certain trend or hashtag initially has one meaning, but due
to a sudden incident or a celebrity’s comment, it branches into
many different meanings and subgroups, and begins to behave
differently. The social analogy of a saddle node bifurcation
is an economic crisis: when the economy reaches a certain
point, a small external shock causes a stable market to sud-
denly collapse, resulting in a completely different economic
situation, a deep recession. It looks like we are on the verge of
rapid inflation. A phenomenon on social networking sites is
that when a company’s scandal comes to light, the company’s
reputation plummets due to a single critical report, and what
was once a neutral social evaluation quickly turns negative.



In the social analogy of transcritical bifurcation, changing
social trends: how one social custom or cultural trend is re-
placed by an entirely new trend due to subtle social changes
or value shifts. (For example, a major change in career path
due to a change in work values). Social media phenomenon:
The lifestyle promoted by an influencer completely loses sup-
port from his followers due to his actions or scandals, and
the opposite image or movement becomes mainstream. Al-
though these examples are different from actual mathematical
branches, they serve as analogical tools for understanding so-
cial trends and phenomena on social media. When applying
mathematical models to the social sciences, such metaphors
can provide a useful framework for grasping the complexity
and dynamics of phenomena. However, it is assumed that
actual social phenomena are much more complex than math-
ematical models and contain many unpredictable elements.
Pitchfork bifurcation can be applied to consensus building
to show the progression of consensus building: the moment
a group’s opinion splits and new subgroups are formed dur-
ing a discussion. Under certain conditions (e.g., presentation
of important information), a group’s opinion shifts from ho-
mogeneity to polarization. When saddle node bifurcation is
applied to conflicts of opinions, rapid changes in opinions
occur: When a community maintains a delicate balance of
opinions on a topic, one event can cause one opinion to com-
pletely disappear, and the opposite It can indicate the moment
when an opinion becomes dominant. Applying the transcrit-
ical bifurcation to the evolution of opinions, we see opinion
reversals: when a social consensus exists about an issue, new
information or a change in circumstances completely reverses
the social consensus, It can be expressed that an opinion that
was once a minority becomes mainstream.

The mathematics of mass panic at the Pitchfork Bifurca-
tion shows that when people sense danger, they initially act
calmly, but once a certain critical point is exceeded, they sud-
denly panic and begin to behave in unpredictable ways. In
other words, collective behavior rapidly shifts from a calm
state to a panic state. Change in traffic flow: The moment
when the flow changes from smooth to congested at a point
where the road is congested. This change occurs when the ve-
hicle inflow rate exceeds a critical value. In the mathematics
of mass panic at the saddle node branch, a group marching
in a demonstration: A demonstration march is established
when there are a certain number of participants, but when the
number falls below a certain number, it naturally disbands.
This critical point in the number of individuals can be re-
garded as the saddle node bifurcation point. Mathematics
of mass panic at transcritical bifurcation: Flow of shoppers:
When the flow of shoppers goes from quiet to a certain level
of congestion at a supermarket, etc., the movement of cus-
tomers changes significantly. For example, when the number
of people increases, actions such as changing the travel route

are taken. These examples illustrate how people’s collective
behavior shifts to qualitatively different states in response to
changes in external conditions. Nonlinear dynamical systems
are often applied to the movement of people and the behavior
of groups, and can be modeled through these bifurcation phe-
nomena. Understanding and predicting collective behavior
is important in many practical areas, such as urban planning,
event management, and emergency evacuation planning.

2.3 Case Study:Bifurcation of Nature

An example of a natural phenomenon studied in pitchfork
bifurcation is the transition of a fluid from laminar to turbu-
lent flow: a phenomenon in which the flow suddenly changes
from stable laminar flow to unstable turbulent flow when a
certain critical velocity is exceeded. Magnetization of a mag-
netic material: When the temperature drops below a critical
point, a magnetic material changes from an unmagnetized
state to a magnetized state, creating two stable states with
respect to the direction of the magnetic field. A research
example of a natural phenomenon in saddle node bifurcation
is the extinction point in an ecosystem: When the conditions
under which a species can survive within an ecosystem reach
a breaking point, that species can suddenly become extinct.
Global climate change: Historical climate data shows that
once the Earth’s climate reaches a certain threshold, it will
rapidly transition into glacial or interglacial periods. An ex-
ample of a natural phenomenon studied in the transcritical
bifurcation is the spread of a disease: When an infectious
disease exceeds a threshold of infectivity, it moves from a
stable state where the number of infected people is small to
a new stable state where the infection spreads. Equilibrium
state of a chemical reaction: A chemical reaction proceeds
under certain conditions and reaches a new equilibrium state
by changing the ratio of reactants and products. These exam-
ples of natural phenomena have in common with mathemati-
cal bifurcations in that systems behave differently depending
on changes in certain parameters. These processes in nature
are often predictable and explained by quantitative models.
On the other hand, social phenomena and trends on SNS are
more non-linear, and quantitative prediction is often difficult
due to the complexity of human decision-making and collec-
tive behavior. Pitchfork bifurcation, saddle node bifurcation,
and transcritical bifurcation are typical bifurcation phenom-
ena observed in dynamical systems theory. These are found
in a wide variety of scientific fields, including physics, bi-
ology, chemistry, economics, and engineering. Each branch
represents how the system transitions to a different stable
state in response to changes in parameters. Specific examples
of each branch are introduced below. Pitchfork Bifurcation:
Physics: When the magnetization of a magnet is used as a
parameter to control temperature, the direction of the mag-
netization reverses after a certain critical point is exceeded.



This can be considered a pitchfork bifurcation to magnetiza-
tion. In biology, it is a phenomenon in which the population
of microorganisms shifts to different growth patterns as the
concentration of nutrients increases or decreases. In physics,
saddle node bifurcation is a phenomenon in which the current
increases rapidly at a certain voltage in the relationship be-
tween voltage and current in a diode in an electronic circuit.
In biology, a situation in which competition between species
leads to extinction when the population of a species falls be-
low a critical value. In physics, transcritical bifurcation is a
phenomenon in fluid flow where the flow pattern shifts from
laminar to turbulent due to changes in the Reynolds number
(a dimensionless number that represents the characteristics of
fluid flow). It can be said that the type of reaction that occurs
in a chemical reactor varies depending on the concentration
of the reactants. For example, we can say that if the con-
centration of a reaction in the presence of a catalyst changes,
the reaction pathway changes. Pitchfork bifurcations, saddle
node bifurcations, and transcritical bifurcations in online traf-
fic and networks can exhibit the following phenomena: In the
Pitchfork bifurcation, website traffic spikes: A news article
or event triggers a sudden increase in website traffic. At first,
the number of accesses increased steadily, but at a certain
point the number of accesses increased explosively, and there
was a possibility that the server would go down. Changes in
trends on social media: After a certain hashtag or topic gains
a certain level of popularity, it suddenly becomes viral and
becomes established as a trend. A saddle node bifurcation is
a loss of network connectivity: A particular service or node
on the network continues to be stressed to a critical point, re-
sulting in a complete loss of connectivity and communication
becomes impossible.

In the transcritical bifurcation, there is a qualitative
change in network traffic: As the amount of data traffic con-
tinues to increase, the state of the network changes, and the
delay is small at first, but after a certain point, the delay be-
comes normal. These phenomena are important factors to
be considered when analyzing online information propaga-
tion and traffic flow dynamics. For example, when a large
amount of access is expected, precautions such as increasing
the website’s scaling ability and server resource allocation
may be necessary. Additionally, understanding these bifurca-
tion phenomena can help you assess network vulnerabilities
and develop appropriate load-balancing strategies.

In summary, our study presents a novel approach to mod-
eling opinion dynamics in digital communication, offering a
theoretical and computational framework for analyzing the
complex interplay of individual cognitive processes and col-
lective behaviors. Through this work, we strive to provide
insights into the digital citizenry’s opinion formation and
evolution, contributing to the broader field of sociophysics
and its applications in understanding the digital society.

3. Bifurcation Theories to Social
Phenomena

In this paper, we aim to take a research approach that maps
three types of bifurcation theories to social phenomena. The
first one is the saddle node bifurcation. This theory is usu-
ally discussed in the context of the natural sciences, such
as physics and biology, but is less common directly in the
context of the social sciences. Nevertheless, there have been
some attempts to apply the concept of saddle node bifurca-
tion to the social sciences, particularly in the modeling of
social changes and crises. For example, bifurcation theory is
sometimes used to explain abrupt changes in socioeconomic
systems or political changes when certain critical points are
reached.

Pitchfork bifurcation is a phenomenon studied in dynam-
ical systems theory, especially in the field of nonlinear dy-
namics, and refers to the point at which the behavior of a
system changes qualitatively in response to changes in its pa-
rameters. In dynamic systems theory, pitchfork bifurcation
refers to the phenomenon in which a system bifurcates from
one stable point to three stable points in response to changes
in parameters. When the concept of pitchfork bifurcation is
applied in the context of the social sciences, it is often used as
a model for understanding social change points, particularly
political, economic, and cultural fluctuations. However, it is
difficult to connect this directly to the specific social science
literature and is often used as a metaphor or applied as a
theoretical framework to explain complex social phenomena.
Pitchfork bifurcation is characterized by the fact that the dy-
namical system goes from a stable fixed point to an unstable
fixed point at the bifurcation point, resulting in a symmetric
pair of stable fixed points at the same time. This is known
to cause a significant change in the structure of the solution
of the system around the bifurcation point. Transcritical bi-
furcation is one of the phenomena found in the bifurcation
theory of dynamical systems. It refers to a type of bifurcation
in which two fixed points are exchanged when the parameters
of the system pass a certain value, and during this process
one fixed point changes from stable to unstable or vice versa.
Case studies in the social sciences on transcritical bifurcation
are difficult to find direct counterparts, but there may be cases
where this mathematical concept is applied metaphorically to
specific situations or models in the social sciences. Transcrit-
ical bifurcation refers to the process by which a stable point
becomes unstable as some parameter changes, and in the con-
text of the social sciences it is sometimes used to describe the
changing equilibrium state of a social system.



3.1 Opinion Dynamics to Saddle Node Bifurca-
tion

3.1.1 Modeling for Saddle Node Bifurcation

The dynamical system is defined by the steady state equation:

f(Opinion_A, kag, kAC, @media» Dmedia) =
kap - Opinion_A+
kac - Opinion_A2+
Amedia + Pmedia

where:

Opinion_A is the opinion level of Cluster A which we
are solving for in the steady state.

kap is a parameter representing the interaction coeffi-
cient between Cluster A and B.

kac is a parameter representing the interaction coeffi-
cient within Cluster A itself, initially set to 0.05.

Amedia 1S @ parameter representing media influence to-
wards a positive opinion, initially set to 100.

bmedia 1S @ parameter representing media influence to-
wards a negative opinion, initially set to —100.

The function search_bifurcation iteratively com-
putes the steady state Opinion_A for a range of k4p values
by finding the roots of the steady state equation.

The bifurcation diagram is plotted with k 4 g on the x-axis
and the steady state values of Opinion_A on the y-axis. The
diagram is used to visualize the points where the behavior of
the system changes qualitatively, known as bifurcation points.

Additionally, the code computes the first and second
derivatives of the steady states with respect to k4p to find
the inflection points where the curvature changes. These
points are identified where the second derivative is closest to
zero, indicating a change in the concavity of the bifurcation
curve.

The fixed points and the inflection point coordinates are
then outputted, with the latter being particularly significant
in the study of dynamical systems as they can signal a change
in stability or the presence of a bifurcation.

3.1.2 Discussion of Saddle Node Bifurcation

The provided graph appears to be a saddle-node bifurcation
diagram, which is a type of bifurcation where two equilib-
rium points (one stable, one unstable) collide and annihi-
late each other as a parameter changes. The bifurcation
diagram shows how the steady state of Opinion, varies
with the parameter k4p.From the inflection point coordi-
nates (kap,Opinions) = (0.10687,2.14812 X 1071%), we
can infer that the steady state of O pinion,4 is essentially zero
when k 4p is at approximately 0.107. This value is so close
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—— Steady State of Opinion_A

Steady State Opinion Level of Cluster A

0.00 1

-0.20 -0.15 -0.10 -0.05 0.00 0.05 0.10 0.15 0.20
Parameter k_AB

Fig. 12: Saddle-node Bifurcation Diagram

to zero that, for all practical purposes within the model, it
can be considered as zero. This suggests that at this criti-
cal value of k4p, a bifurcation occurs: O pinion4 transitions
from a non-zero steady state to zero. The critical value of
k Ap where this transition occurs is significant because it indi-
cates the parameter’s threshold beyond which the opinion can
no longer sustain itself in the population. The exact nature
of the transition—whether it is a gradual decay or a sudden
collapse—cannot be determined solely from the inflection
point, but typically in saddle-node bifurcations, the transition
is abrupt.

In terms of social dynamics, this model might represent a
scenario where increasing the influence of counter-opinions
or external factors (represented by the parameter k 4 5) gradu-
ally weakens a previously stable opinion until it can no longer
maintain itself and suddenly disappears. This could apply to
various social systems where opinions, behaviors, or beliefs
can change dramatically when influenced by external factors
beyond a critical point.

The graph provided appears to show a saddle-node bifur-
cation diagram for a system that models the steady-state level
of an opinion cluster Opinion_A as a function of the parame-
ter ksp. In the context of dynamical systems, a saddle-node
bifurcation is where two fixed points of the system (a stable
and an unstable point) collide and annihilate each other as a
parameter is varied.

From the function you’ve provided:

f(OPiHiOH_A, kag, kac, Amedia> Dmedia) =
kap - Opinion_A+
kac - Opinion_A2+

Amedia + Dmedia

It appears that k 4 and k o are parameters that influence
the opinion level directly and quadratically, while amegdia and
bmedia are constants that could represent media influence or
bias.

The graph suggests that as k4p increases past a critical



point (near 0 on the x-axis), the steady-state opinion level

abruptly decreases to zero. This could indicate a scenario

in which increasing the influence of a particular factor or

opinion (represented by k 4p) leads to a sudden change in the

public consensus or the prevalent opinion in a community.
In social terms, this could be interpreted as follows:

Pre-Bifurcation: When k4p is negative and large in
magnitude, there’s a high, steady opinion level, suggest-
ing strong agreement or a dominant narrative within a
population.

At Bifurcation Point: As ksp approaches the critical
value from the left, it signifies a delicate balance where a
small change in the parameter could result in a significant
shift in the public opinion.

Post-Bifurcation: Once kp passes the critical value
(to the right of the bifurcation point), the opinion level
drops to zero, indicating a collapse or sudden shift in the
dominant opinion or a consensus point, which could be
due to a loss of credibility or a shift in public sentiment.

This kind of model and analysis is relevant in understand-
ing how public opinion can be stable under certain conditions
but can suddenly shift when critical parameters, possibly rep-
resenting external influences or internal dynamics within the
population, reach certain thresholds. It can be applied to var-
ious contexts, such as political sentiment, market dynamics,
or cultural trends.

Saddle node bifurcation (or limit point bifurcation) is a
phenomenon in nonlinear dynamics in which stable and un-
stable fixed points merge and disappear. Such bifurcations
occur when the parameters of the system exceed critical val-
ues, often resulting in abrupt changes in the behavior of the
system. The results can be considered in the context of opin-
ion dynamics from the following perspectives.

(1) Consideration as a social phenomenon

Opinion formation in society is an example of nonlinear dy-
namics. In the context of saddle node bifurcation, the equi-
librium state of opinions within a social group may disappear
due to changes in certain parameters (e.g., social pressure or
information flow). This suggests a phenomenon in which an
argument can exist stably under a certain pressure, but rapidly
lose support when the pressure changes. For example, this
might include a "taboo" moment when a particular opinion
suddenly becomes unacceptable to society.

(2) Consideration of media as an influence

The media has a significant impact on opinion formation in
society, and the amedia and bmedia parameters model media
influence as both positive and negative. This indicates that
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Fig. 13: Parameter Space Search for Pitchfork Bifurcation

the media provides both information supporting (positive in-
fluence) and opposing (negative influence) an opinion. When
a saddle node bifurcation occurs, a sudden change in media
influence can result in a significant shift in societal opinion.
For example, this is the case where society’s opinion changes
as a result of media coverage that is biased toward one side
of an issue.

(3) Consideration as consensus building

Consensus building is an important aspect of opinion dynam-
ics, and the saddle node bifurcation suggests an important
turning point in the consensus building process. Once the
bifurcation point is crossed, the stable consensus of opinion
that previously existed can no longer be achieved. This phe-
nomenon refers to a situation in which a social group has
formed a consensus on an opinion, but new information or
changes in external pressures cause the consensus to collapse
and a new equilibrium of opinion becomes necessary. For
example, a change in social values or the rise of a new gener-
ation may require a new discussion of previously agreed upon
issues.

When considering the characteristics of saddle node bi-
furcation, it is important to note that these social, media, and
consensus-building processes can change significantly with
only subtle changes in the parameters of the system. This
indicates that social opinion is very complex and can vary
greatly with even subtle changes.

3.2 Opinion Dynamics to Pitchfork Bifurcation
3.2.1 Modeling for Pitchfork Bifurcation

We consider a system of four interacting opinions modeled
by the following differential equations:



dOpi 4
dt
dOpig
dt
dOpi.
dt
dOpip
dt

= —Opi, +influencey - Opiy - (1 — Opii), 1)

= —Opiy + influencep - Opig - (1 — Opiz), (2)

= —Opic + influencec - Opic - (1 — Opiz.), (3)
= —Opip, + influencep - Opip, - (1 - Opiy). (4)

The parameters influence 4, influencep, influencec, and
influencep represent the respective influences on opinions
A, B, C, and D. For the bifurcation analysis, we consider
influencec = influencep = 1.0 as fixed parameters and vary
influence 4 and influencep.

The initial conditions for each opinion state are set to 0.1.
The time grid for the simulation spans from O to 10 at 100
evenly spaced intervals.

A parameter sweep is performed for influences and
influencep to identify conditions that may lead to a pitchfork
bifurcation. The criteria for identifying a potential bifurca-
tion is that both steady states of Opinion A and Opinion B are
near zero (within a threshold of 0.1).

A bifurcation diagram is plotted for Opinion A by varying
influence4 and observing the resulting steady states. The
steady state of Opinion A is determined by the last value of
the state after integration over the time grid.

3.2.2 Discussion of Pitchfork Bifurcation

We analyze a dynamical system with a single state variable,
Opinion A, which evolves over time according to the influ-
ence of a single parameter. The system is modeled by the
following differential equation representing a typical pitch-
fork bifurcation:

dOpinion 4

7 = influence4 - Opinion, — Opinionf‘ )

Here, Opinion 4 is the state variable and influence 4 is the
bifurcation parameter. The initial condition for Opinion A is
setto 0.1, and we observe the system’s behavior over the time
interval from O to 10.

To construct the bifurcation diagram, we sweep the
influence 4 parameter through a range from -2 to 2. At each
value of influences, we integrate the differential equation
over the defined time interval and record the last value as
the steady state of Opinion A. This steady state is plotted
against the bifurcation parameter to visualize the bifurcation
diagram.

The bifurcation point, where the behavior of the system
changes, is identified at influence4 = 0. At this point, the
system transitions from a single stable steady state to multiple
steady states as influence, increases past zero. The steady
state of Opinion A at the bifurcation point is numerically
calculated and reported.

Bifurcation Diagram for Opinion A for Pitchfork Bifurcation

1.4+
1.2
o
8104
2]
>
B 081 //
& e
< 0.6 1 a
c rd
S /
< 0.4
o]
0.2
0.0 O
—?1.0 —i.S —1‘.0 —6.5 O.IO 015 1.‘0 1;5 2.‘0
Influence A
Fig. 14: For Opinion A for Pitchfork Bifur-

cation Steady state for Opinion A at the bifurcation point is
0.091287

This results suggests that the time rate of change of “Opin-
ion A” is proportional to the current state of “Opinion A”
scaled by “influence A” and reduced by the cube of “Opinion
A”. This is a simplified model results of a real-world sys-
tem where opinions can change over time under the influence
of external factors and self-reinforcement with a non-linear
feedback.

Regarding your request for an explanation and considera-
tion from three different perspectives:

(1) Social Phenomena Perspective

The pitchfork bifurcation indicates a scenario
where a small change in the influence parameter
can lead to a sudden and large change in the steady-
state of public opinion, representing how a critical
mass or tipping point can result in significant soci-
etal shifts.

Before the critical influence level (bifurcation
point), there is only one stable state of opinion. Past
this point, the system has the potential to adopt one
of two new stable states, indicating the possibility
of polarized opinions.

(2) Media Influence Perspective

The role of media can be seen as the parameter
that can push the system past the bifurcation point,
leading to the formation of strong opinions.

The media’s influence can be seen in the transi-
tion from a single steady-state opinion to multiple,
possibly extreme, opinions. The media’s role in
amplifying certain narratives can cause society to
adopt a polarized view.

(3) Consensus Formation Perspective

The pitchfork bifurcation shows that consensus can
be fragile. As influence increases, the consen-
sus (the stable state at Opinion A = 0) can break



down, leading to the formation of multiple distinct
groups.

The bifurcation diagram shows that beyond a cer-
tain threshold, consensus may not be possible, and
the society might split into groups with strongly
held, divergent views.

The model is highly idealized, and real-world scenarios
are affected by a multitude of factors, including network ef-
fects, individual biases, historical context, and more. How-
ever, this model provides a framework to understand how
collective opinion can undergo sudden changes due to grad-
ual changes in underlying parameters.

3.3 Opinion Dynamics to the Transcritical
Branch

3.3.1 Modeling for Transcritical Branch

We consider a stochastic dynamical system with five clusters
(A, B, C,D, E). The dynamics of the opinions in these clusters
are influenced by both media effects and stochastic events
represented as a system of stochastic differential equations
(SDEs):

dOA - ((amedia,A' - Bmedia,A) OA _ messageA) dt
S1Z€ A
+ O'AdWA, (6)
dOp = ( (amedia’B, ~ Bmedip) Op + message , — messageB) dt
sizeg
+ O'BdWB, (7)
dO¢ = ((amedia,C' - IBmedia,C) Oc + messagec) dt
S1Z€C
+0cdWc, ®)
(a'media,D - ﬁmedia,D)
dOp = - Op — message. + messagep, | dt
S1Zz€p
+ O'DdWD, (9)
Ok
d = |- dt
Ok ( message Sizep )
+opdWE. (10)
Each SDE of the form
dO; =a;(t,0;)dt+ b;(t,0;) dW; (11)

consists of two parts: the drift term a; (¢, O;) and the diffu-
sion term b; (¢, O;). The drift term describes the deterministic
trend of the opinion state O; over time, while the diffusion
term accounts for the random fluctuations, with dW; repre-
senting the increments of a Wiener process, which models
the stochastic noise.

In our specific system, the drift terms for the opinion states
are given by:

dO 4: The rate of change of opinion A is proportional
to the current opinion O 4, adjusted by the net media
influence (positive influence megia, 4 Minus negative in-
fluence Bmedia, 4), Normalized by the size of cluster A,
and reduced by the number of messages message 4 di-
rected at cluster A.

dO p: Similarly, the rate of change of opinion B is influ-
enced by its own media impact and size, with additional
terms accounting for messages received from cluster A
and sent to cluster B.

dOc¢ and dOp: These follow the same structure as
above, with their respective media influences and mes-
sage exchanges.

dOE: The rate of change of opinion E is negatively in-
fluenced by the number of random messages messagep,,
which is a function generating random values, repre-
senting the unpredictable influence on opinion E, again
normalized by the size of cluster E.

The diffusion terms for all opinions are assumed to be the
same:

b;(t,0;) = o3, where o} is a small constant, suggest-
ing that the random fluctuations have the same intensity
across all clusters.

The initial conditions for all opinion states are set to a
small value, and the system is observed over a time interval
from O to 100, discretized into 10,000 time steps.

where O; represents the opinion in cluster i, message;
represents the number of messages influencing the cluster 7,
Umedia,i and Bmedia,; Tepresent positive and negative media
influences on cluster i, respectively. The sizes of the clusters
are denoted by size;, and o; represents the intensity of the
stochastic influence on cluster i with dW; being the standard
Wiener process.

The parameters @media, i » Smedia,i» and message; for clusters
A, B, C, and D are constants, while for cluster E, message, is
a random variable representing random messages, simulated
as a random integer between 100 and 10000.

3.3.2 Discussion of Transcritical Branch
1. Social Phenomenon Perspective

This model can be seen as a representation of how opin-
ions (denoted by Ox) within social clusters are influenced
over time. Each cluster’s opinion dynamics are influenced by
media parameters and internal messages. A transcritical bi-
furcation in this context could indicate a critical point where
the system’s behavior qualitatively changes, such as a shift
from a consensus to a polarized state or vice versa.
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2. Media Influence Perspective

The media’s impact on opinion dynamics is modeled by pa-
rameters « and g3, which could represent the rate of positive
and negative media influence on the clusters’ opinions, re-
spectively. A transcritical bifurcation might occur when the
media influence balances out the internal messages, poten-
tially leading to a shift in the dominant opinion or the stability
of the opinion distribution.

3. Consensus Formation Perspective

The differential equations suggest an exchange of messages
between different clusters, potentially representing the inter-
play of opinions and how they may converge or diverge over
time, leading to consensus formation or fragmentation. A
transcritical bifurcation might represent a point where the
system transitions from a state of consensus to one of dis-
agreement, or it could indicate the level of media influence
required to shift the public opinion from one stable state to
another.

For a more detailed analysis of the transcritical bifurcation
and its implications in this context, the equations would typi-
cally need to be solved analytically or numerically to observe
the system’s behavior near the bifurcation point.

3.4 Stability Analysis for Cluster E

In our dynamical system, the stability of the "E’ cluster at each
time step is evaluated based on the results obtained from the
simulation. For each value of the state variable O extracted
from the results, we calculate the fixed point fixed_point_E
by normalizing O g with the size of the cluster sizeg:
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Transcritical Branch part2

O
sizeg

fixed_point_E = (12)

The stability condition is then assessed by comparing the
negative reciprocal of the size of the cluster sizeg with zero:

) , . 1.0
Stable if — siep < 0, (13)
’Unstable’ otherwise.

stability =
Since — Silz 'eOE is always negative due to the size being pos-
itive, this condition will always evaluate to ’Stable’ for any
positive size of the cluster. This indicates that the analy-
sis in the code is not meaningful for stability determination
and might require a revision to incorporate a valid stability

criterion.

The two graphs you’ve provided show "Messages over
Time for Cluster E" with different scales and possibly different
time frames or data aggregation levels. In both graphs, we
observe spikes in the number of messages at certain time
intervals. The first graph indicates a much higher frequency
and magnitude of messages than the second.



1. Social Phenomenon Perspective

The spikes in message frequency could reflect moments of
heightened social activity or response to events. A transcrit-
ical bifurcation in social dynamics might be indicated by a
sudden change in the number or sentiment of messages, sug-
gesting a shift in public opinion or social norms. This could
correspond to critical thresholds in societal factors that, when
crossed, result in a significant change in social behavior or
consensus.

2. Media Influence Perspective

The graph could be illustrating the impact of media on the
cluster, with spikes representing times of intense media ac-
tivity or viral events. A transcritical bifurcation here could
indicate the level of media influence that leads to a change in
the prevalent views within the cluster. For instance, the graph
might be showing the tipping point at which media narratives
begin to significantly alter the cluster’s opinions.

3. Consensus Formation Perspective

The message patterns can also be interpreted as indicators of
consensus formation or disruption within Cluster E. The sharp
increases and decreases in message count could illustrate the
points at which consensus is either being built or broken
down. A transcritical bifurcation might manifest as a point
where the message activity shifts from one stable state of
consensus to another, potentially due to internal dynamics or
external influences.

In both graphs, the transcritical bifurcation characteris-
tics might be visible as moments where the message activity
abruptly changes. However, without a clear understanding
of the context of these messages and additional data on the
cluster’s internal and external interactions, it’s challenging to
make a precise analysis. The dynamics of message activity
could be further elucidated with a model that captures the
complex interplay of social forces, media influence, and the
mechanisms of consensus formation within the cluster. This
would likely involve a deeper analysis of the system’s param-
eters and their influence on the stability and transitions of the
cluster’s opinion states.

1. Social Phenomenon Perspective

Also the sharp increases in message frequency might indi-
cate rapid changes in social dynamics within Cluster E, such
as a sudden organization of a social movement, collective re-
sponse to an event, or a viral trend. A transcritical bifurcation
in this context could reflect a critical threshold of social activ-
ity or sentiment that, once reached, leads to a new equilibrium
state—such as a shift from a norm to a new social norm or
from disengagement to active participation.
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Fig. 18: Dynamics of the Clusters with Stochastic Influence,
Transcritical Branch part3

2. Media Influence Perspective

These peaks could also signify the moments when media cov-
erage or media-induced events impact the cluster, causing a
surge in communication. The transcritical bifurcation here
might represent the critical level of media impact necessary
to alter the cluster’s state from one of equilibrium to an-
other—for example, from having a neutral stance to adopting
a particular viewpoint influenced by the media, too.

3. Consensus Formation Perspective

The patterns shown in the graph can be interpreted as the
process of consensus building within Cluster E. The sudden
rise in messages may indicate vigorous discussion or debate
leading to the formation of a consensus, while the subsequent
drop could signify the resolution of discussions and the es-
tablishment of a new consensus. A transcritical bifurcation
in this scenario would be the point at which the number of
messages (and thus the level of active engagement) shifts dra-
matically, marking the transition from one consensus state to
another.

4. Conclusion

4.1 Public opinion and Homo-clinic Orbits in
Dynamical Systems

4.1.1 Modeling for Homo-clinic Orbits

We examine a two-dimensional dynamical system described
by the following set of ordinary differential equations (ODEs):

du

E =w, (14)
dw u?

E:plu—j—euzw, (15)

where u and w are the state variables of the system. The
parameter p is a positive constant, and € is a small perturba-
tion parameter. The system is designed to exhibit homoclinic



behavior, where the trajectory in the phase space returns to a
saddle fixed point as time approaches infinity.

Numerical Integration

The system’s stable and unstable manifolds are computed
by integrating the ODEs with the initial conditions near the
origin, (0,0), over positive and negative time, respectively.
For numerical integration, we employ the solve_ivp method
from the SciPy library with the 'DOP853 integrator and a
high tolerance for relative error, rtol = 1 x 1071,

The resulting trajectories of the stable and unstable man-
ifolds are plotted in the phase space with u on the x-axis and
w on the y-axis. The stable manifold is obtained by integrat-
ing over a positive time span, while the unstable manifold is
obtained by integrating over a negative time span.

Calculating the Minimum Distance between Stable and
Unstable Manifolds

The minimum distance between the points on the stable man-
ifold and the unstable manifold is determined by calculating
the Euclidean distance between each pair of points on the two
manifolds. The Euclidean distance between a point (ug, wy)
on the stable manifold and a point (u,,w,) on the unstable
manifold is given by:

distance = v (ug — t)? + (ws — wy)2. (16)

This computation is performed for each pair of points
where u, and w, are coordinates of points on the stable man-
ifold and u,, and w,, are coordinates of points on the unstable
manifold.

The closest points (us,,,, W) a0d (Uy;, > Wiy, )» Which
correspond to the minimum distance, are found by iterating
over all point pairs and keeping track of the smallest distance
encountered:

V(g —1u,)? + (wg —wy)2.
an
Here, min_distance is initialized to infinity, and during

min_distance = min
V(s ,ws ),V (U, Wy)

the iterations, if a smaller distance is found, min_distance is
updated with this new value, and the corresponding points
(Uspins Wpin) a0 (4 Wiy, ) are recorded as the closest
points.

4.1.2 Discussion of Homo-clinic Orbits

The homoclinic orbit shown in the image is an important
concept in the theory of dynamical systems. Homoclinic orbit
is a trajectory that intersects an unstable manifold and a stable
manifold in phase space, and is known as a phenomenon that
shows the complex behavior of nonlinear dynamical systems.
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Fig. 19: Homoclinic Orbit in Phase Space

The trajectory appears to depart from a particular point
in phase space (perhaps an equilibrium or critical point) and
then return to that point again. This is a typical feature of
homoclinic orbits, since stable and unstable manifolds inter-
sect at the same point. The fact that the Closest Stable Point
and the Closest Unstable Point are very close together on the
graph suggests that the system may be approaching chaotic
behavior. Such behavior is often analyzed using Melnikov’s
method, which can show that chaos occurs under certain con-
ditions. When considered in relation to social phenomena,
homoclinic orbits suggest that small deviations from a bal-
anced state (equilibrium point) can cause large fluctuations.
For example, in an economic system, this is the case when
small market fluctuations lead to a major economic crisis.
Understanding the dynamics of homoclinic orbits may also
apply when social tensions exceed a certain threshold and
suddenly riots or revolutions erupt.

Such systems are very sensitive to small external pertur-
bations and changes, which can have unpredictable conse-
quences. Therefore, it is important to carefully manage their
dynamics and avoid conditions that lead to extreme behavior
in order to maintain system stability.

Hamiltonian Analysis of a Dynamical System for
Homoclinic orbits

We define a Hamiltonian system with parameters p; > 0 and
s = —1. The Hamiltonian function H (u, w) for this system is
given by the expression:

w2 pu? sut

H(u,w)—T— > + 1 (18)

where u and w represent the generalized position and
momentum in the phase space, respectively. The parameter
p1 1s a positive constant that scales the quadratic term of the
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potential energy, and s is a scaling factor for the quartic term
in the potential energy, set to —1 in this case.

The phase space is visualized by plotting the level curve
of the Hamiltonian corresponding to zero energy:

H(u,w) =0. (19)

This level curve represents a homoclinic orbit, which is a
trajectory in the phase space that joins a saddle point to itself.

The numerical computation involves creating a grid of
u and w values and evaluating the Hamiltonian function to
obtain the corresponding energy levels. Anequipotential con-
tour at zero energy is then plotted, illustrating the homoclinic
orbit.

Homoclinic orbit refers to the phenomenon in dynami-
cal systems theory where stable and unstable manifolds of a
nonlinear system intersect. This trajectory forms a trajectory
in which the system leaves its equilibrium state, called the
"saddle point," and returns again. This means that the state of
the system is prone to change under certain conditions, and
that even small external fluctuations can cause significant
changes.

Consideration of homoclinic trajectories in social phe-
nomena shows that even when economic, political, envi-
ronmental, and other systems appear to be in a long-term
equilibrium state, their internal dynamics contain instability,
and unexpected events or new information can cause rapid
changes. For example, social stress, economic crises, and
political change are examples of this type of dynamics.

What can be read from the uploaded graph is that small
fluctuations can cause very large changes if the system follows
a homoclinic trajectory under certain conditions. This shows
how fragile social and economic systems are and how quickly
they need to adapt to change.
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Applying this to society, we can think, for example, of
"revolutionary change," in which a sudden transformation
occurs after a long period of political stability, or of "worsen-
ing climate change," in which environmental systems change
rapidly once a certain threshold is exceeded.

From Figure 21, provided looks like a phase space dia-
gram showing isoclinic orbits. This is a trajectory in phase
space starting from and returning to the same saddle point
equilibrium. In such a system, the paths represent changes
over time in the state of the dynamic system, and the saddle
point is an unstable equilibrium.

From a mathematical point of view, the homoclinic tra-
jectory in this figure suggests a nonlinear dynamical system
whose motion can be complex and sensitive to initial con-
ditions near the homoclinic loop. When the system is per-
turbed, it may follow the homoclinic trajectory back to the
saddle point or diverge, resulting in chaotic behavior. The
presence of multiple homoclinic loops, as suggested by multi-
ple trajectories converging toward the equilibrium point, may
indicate a rich and complex dynamic structure that is sensi-
tively dependent on the initial conditions and parameters of
the system.

Relating this concept to social phenomena, homoclinic
trajectories serve as a metaphor for situations in which a
system or society returns to a similar state after experiencing
a significant event or disruption. This can be interpreted in
the following ways

1. Economic cycles

Boom and bust cycles in an economy can resemble the ho-
moclinic behavior of an economy returning to an equilibrium
or steady state after a disruption, such as a financial crisis,
which can be similar, but not identical, to the pre-crisis state.
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2. Social and political change

In a social or political system, a homoclinic trajectory may
represent a revolution or reform in which a society experi-
ences major changes but eventually returns to a state that
shares characteristics with the initial state. For example, a
country may experience political change and then stabilize
with a new regime that differs from, but has similarities to,
the structure and policies of the previous regime.

3. Ecosystem systems

An ecosystem that experiences a disturbance (e.g., forest fire)
may eventually grow to a state similar to its original state,
showing a homoclinic loop where the final state is similar to
the initial state in terms of species composition and ecosystem
structure.

Saddle point or away from the equilibrium state

In this From Figure 23, , the points marked along the isoclinic
trajectory may represent specific events or interventions that
bring the system back to the saddle point or away from the
equilibrium state, depending on the nature and scale of the
event. The exact evolution of the system depends on its
particular characteristics and the external forces acting on it.

It is important to note that such graphical representations
are highly simplified and abstract when applied to real-world
social phenomena. Actual social behavior is influenced by a
multitude of factors, interactions, and random events that can
deviate substantially from the predictable patterns suggested
by a two-dimensional state diagram. Therefore, while ho-
moclinic trajectories provide a useful conceptual tool for un-
derstanding certain aspects of dynamic behavior, they should
be applied with caution rather than interpreted as a literal or
comprehensive model of social dynamics.

Homoclinic orbit in a phase space diagram. A homoclinic
orbit is a trajectory that starts and ends at the same saddle
point in phase space, which is an equilibrium solution to a
differential equation.

In terms of social phenomena, homoclinic orbits can serve
as a metaphor for situations where events or behaviors depart
from a stable state, go through a complex journey, but even-
tually return to the initial state. This could be likened to
economic cycles where economies go through booms and
busts but return to some form of equilibrium, or to political
systems that experience upheaval before returning to a stable
state.

The homoclinic orbit depicted might suggest a system that
can absorb disturbances and return to its original state, but
the path taken might be complex and unpredictable. This can
be seen in many natural and social systems where after some
disruption, the system undergoes a series of dynamic changes
before settling back into a state of equilibrium.

From the perspective of social dynamics, homoclinic or-
bits could represent the resilience of social structures or the
cyclical nature of certain social behaviors. For example, it
might depict the idea that certain societal trends or issues
come to the forefront, become intense, and then dissipate,
only to potentially re-emerge later. This could apply to so-
cial movements, economic policies, cultural trends, and other
phenomena that exhibit cyclical patterns.

The complex nature of the trajectory also speaks to the
sensitivity of systems to initial conditions. Small changes at
the start can have large implications for the trajectory of the
system, which can be seen in the context of social systems
where initial policy decisions or social actions can lead to
very different outcomes.

Please note that while mathematical concepts like homo-
clinic orbits can provide a useful framework for understand-
ing complex systems, direct analogies to social phenomena
should be made with caution.

Possible transitions between stability and chaos

Homoclinic orbit in a phase space diagram, characterized by
trajectories that start and end at the same point, which rep-
resents an equilibrium state of the system. In the context
of dynamical systems theory, homoclinic orbits indicate the
presence of complex dynamics, including possible transitions
between stability and chaos. The specific shape and nature
of these orbits can provide insights into the resilience of the
system and its ability to return to equilibrium after perturba-
tions.

1. Economic Systems

Economic cycles can sometimes be represented by homo-
clinic orbits, where economies experience periods of growth
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(boom), followed by a downturn (recession), and eventually a
return to some equilibrium state. The specific trajectory can
provide insights into how quickly an economy might recover
from a shock and whether it may experience lingering effects
or return to its original state.

2. Political Systems

In politics, a homoclinic orbit could symbolize a political
system that goes through a crisis, such as a revolution or
upheaval, and then returns to a state of normalcy. The close-
ness of the trajectories to the equilibrium could represent how
radical or conservative changes are over time.

3. Cultural Trends

Cultural or societal trends often resurface in new forms after
lying dormant. These orbits can represent the resurgence of
these trends, evolving each time they reappear but rooted in
the same underlying principles or ideas.

In summary, the homoclinic orbits in the provided dia-
gram could be seen as a representation of the cyclical nature
of certain social behaviors and the resilience of systems to
perturbations. However, these interpretations should be ap-
proached with caution, as they are simplifications and can
only provide a limited view of the intricate dynamics of real-
world systems.

4.2 Public opinion and Hetero-clinic Orbits in
Dynamical Systems
4.2.1 Modeling for Hetero-clinic Orbits

We consider a dynamical system in which the parameters p
and € are set such that p; > 0 and € = 0. Under these con-
ditions, the stable and unstable manifolds can be calculated
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and visualized in phase space. The manifolds are defined for
u, which ranges from —+/p1 to 4/p1, as follows:
For the stable manifold:

1
Wstable = 6 u? +P1, (20)
and for the unstable manifold:
1
——Ju?+py. 21

Wunstable =
V2

These equations describe the shape of the manifolds in
the (u, w) phase space for the given dynamical system. The
stable manifold is associated with the positive square root and
represents trajectories that converge to a fixed point, while the
unstable manifold is associated with the negative square root
and represents trajectories that diverge from a fixed point.

These manifolds provides insight into the structure of
the phase space and the behavior of the system near these
manifolds.

4.2.2 Discussion of Hetero-clinic Orbits

The heteroclinic orbits in the image show the path of the sys-
tem’s solution between different equilibrium points. Stable
manifolds (blue lines) represent the tendency of the system
to gravitate toward some equilibrium state, while unstable
manifolds (red lines) represent the tendency of the system
to leave some equilibrium state. Heteroclinic orbits suggest
where these manifolds intersect, i.e., transitions from one
equilibrium state to another are possible.

Such dynamic behavior is of great interest when modeling
sudden changes or abrupt transitions from one state to another
in a social or economic context. For example, the transition
from political stability to instability or from rapid market
growth to contraction can be addressed.



In social phenomena, heteroclinic orbits often show a
tendency toward large fluctuations a nd u nexpected events.
For example, a quiet, stable society is suddenly hit by political
upheaval, or an economy rapidly collapses. These changes
are often difficult to predict, and small fluctuations can trigger
major system-wide changes.

Mathematical models play an important role in explaining
social phenomena, helping us understand their predictability
and difficulty of control. Concepts such as heteroclinic trajec-
tories may be useful to better understand how systems move
from one state to another.
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