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An exciton and a photon behave as a polariton in macroscopic materials, while they can be treated
almost independently in nano-structured ones. We have theoretically investigated the crossover
of exciton-photon coupled modes, each of which is characterized with a resonance frequency and
a radiative decay rate, in a semiconductor film by continuously increasing the thickness. The
resonance frequency and the radiative decay rate are calculated from poles of exciton correlation
functions renormalizing the exciton-photon interaction in the film, and we also introduce an intuitive
calculation method with considering additional boundary conditions in order to derive the crossover
condition. The general properties of the coupled modes are analytically discussed by the intuitive
method.
PACS numbers: 76.20.+q, 78.67.-n, 71.35.-y, 71.36.+c

I.

BACKGROUND

In order to obtain a strong and coherent response from
nonlinear optical process in condensed matter, the radiative decay of elementary excitations should generally be
rapid as compared to dephasing processes at their resonance conditions. The dephasings can usually be suppressed in low dimensional systems owing to the quantization of the excitation and phonon states. Especially
in quantum-dot systems, very long dephasing times of
subnanosecond1,2 and more3,4 have been experimentally
observed. On the other hand, there is an attempt to enhance the radiative decay due to the strong coupling between the elementally excitation and the radiation field.
In particular, the exciton superradiance, a size enhancement of the radiative decay rate of excitons, has been
studied theoretically and experimentally for more than
20 years.5–18 In a crystal where the center-of-mass motion of excitons is confined, their radiative decay rate
gets larger with increasing the crystal size because of
the expansion of interaction volume between the exciton and the radiation field.5–12 The same kind of enhancement occurs with respect to the oscillator strength
and nonlinearity of excitons.6–8,19 In the case of a semiconductor film, the radiative decay rate of the lowest
center-of-mass motion state of excitons gets larger with
increasing thickness until about a half light wavelength
at the resonance frequency, but after that it reversely
decreases. The origin of this superradiance suppression
is the phase mismatch between the center-of-mass motion and the radiation field.11,12,14 In the same manner,
the decay rate of the higher center-of-mass motion state
is maximized at each phase-matching thickness, and the
maximum value increases together with thickness in line
with the exciton superradiance.13,15–18,20–22 Further, the
resonance frequency of the exciton state is also shifted
due to the exciton-photon interaction,13–18,20–22 and its
anomalous frequency shift has been experimentally ob-

served in the nondegenerate two-photon excitation scattering in a CuCl film with thickness of several tens of
nanometers.23 On the other hand, in addition to the frequency shift, a rapid decay time of about 100 fs has been
observed in the degenerate four-wave mixing in a CuCl
film with thickness of a several hundreds of nanometers,24
and this is considered as the radiative decay enhanced by
the exciton superradiance. Although it is usually considered that the size enhancement of the radiative decay rate
is suppressed due to the dephasing processes of excitons,
this suppression picture is invalid when the radiative decay rate is enhanced beyond any dephasing processes in a
single crystal with few impurities and few defects as the
samples used in Ref. 24. Therefore, there should be another mechanism to suppress the exciton superradiance
without considering any dephasing processes.
As an answer for this question, Knoester11 predicted
and Björk et al.13 theoretically demonstrated that the
exciton superradiance is only maintained until a particular film thickness, and thereafter the radiative decay
rate of the phase-matching exciton is inversely proportional to the thickness in the same manner as the radiative decay scheme of polaritons, where the decay time is
proportional to the time of flight (thickness divided by
group velocity).14,25,26 Further, Björk et al. also indicated
that the superradiance suppression can be interpreted as
a crossover of the exciton-photon coupled modes from
exciton-like (superradiant) and photon-like modes to the
upper and lower branch polaritons. This is similar to the
case of the cavity quantum electrodynamics (QED).27 In
the weak coupling regime between an excitation state and
a cavity mode, the spontaneous emission rate is larger
than the coupling strength, and these modes are slightly
modified from the bare states and almost independent.
On the other hand, in the strong coupling regime, the
coupling strength is larger than the emission rate, and the
energies of the coupled modes split into upper and lower
sides (Rabi splitting). In the discussion of the exciton
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superradiance, the exciton- and photon-like modes correspond to the weak-coupling regime, and a photon created by the exciton-photon recombination can go outside
of the film without the reabsorption. Then, the radiative
decay rate is enhanced obeying Fermi’s golden rule. On
the other hand, the polariton modes correspond to the
strong coupling regime, and the photon is reabsorbed
in the material because of the strong coupling. Therefore, the exciton and photon behave as a polariton, and
the radiative decay rate is inversely proportional to the
film thickness. It is known that the crossover between
weak- and strong-coupling is also caused by incoherent damping,28–30 such as exciton-phonon and excitonexciton interactions. While this crossover and the cavity
QED have a close relation with the crossover of excitonphoton coupled modes in finite system, it should be noted
that the exciton-photon interaction is the origin of both
the coupling and the damping in the discussion on the
present paper.
However, in the calculation by Björk et al.,13 they considered the retarded interaction (interaction via the radiation field) between the same exciton states but not
between the diﬀerent states. However, we should consider the inter-state retarded interaction to correctly derive the crossover thickness because of the strong excitonphoton coupling at the crossover. On the other hand,
the inter-state retarded interaction has been considered
in the works by Agranovich et al.14 and by Ajiki.15 Agranovich et al. properly considered the wavenumber uncertainty due to the breakdown of the translational symmetry perpendicular to the surface, and they demonstrated
the smooth thickness dependence of radiative decay rate
after the phase-matching thickness, in contrast to the oscillating behavior, which is obtained when we neglect the
inter-state retarded interaction.13,20 Further, the authors
showed a correct expression of the radiative decay rate
in the polariton scheme as seen in Eqs. (35) and (32) on
the present paper. On the other hand, Ajiki discussed
the crossover in a spherical semiconductor with a size of
from quantum dot to bulk limit, and showed that the
radiative decay rate decreases with increasing the crystal size if the crystal becomes larger than a particular
size. The crossover condition and the size dependence of
the exciton-photon coupled modes in a spherical semiconductor have been discussed in detail by Nikolaev et
al.17
Most recently, in our previous letter,18 we explicitly
derive the crossover condition from exciton-/photon-like
modes to polariton ones, and it is considered as a general condition applicable not only to a film but also
to a sphere, multiple layers, photonic crystal, and so
on. While this crossover condition was derived from
an intuitive method based on a dispersion relation and
a self-sustaining condition for the coupled modes, it
should be more generalized to introduce the spatial dispersion, which originates from the center-of-mass motion of excitons. Introducing the spatial dispersion is
important for the comprehensive understanding of the

exciton-photon coupled modes in actual materials in
experiments. Especially, its eﬀects explicitly appear
as the center-of-mass confinement of excitons in nanostructured materials,31,32 and also in macroscopic systems as a propagation mode emerging in the polariton
band gap. Further, in mesoscopic systems, it has been
experimentally confirmed that the microscopic electrodynamics of excitons at interfaces is essential to explain
the optical responses from such systems.31,33,34 In addition, the large nonlinearity35,36 and the anomalous level
structure of excitons23 were successfully explained by the
microscopic nonlocal theory.37 Nowadays, the crossover
problem becomes an experimental reality due to the recent report of the rapid radiative decay in a CuCl thin
film24 as mentioned above. This material is a typical
system with spatial dispersion.
One purpose of this paper is to discuss the above mentioned generalization of our previous method,18 which is
greatly helpful to link the present theory with recent experimental studies of optical response in the crossover
regime. Here, we present a detailed discussion of how
we can derive the equation of self-sustained condition,
wherein the additional boundary conditions (ABCs)38,39
are used to consider the spatial dispersion. As another
purpose of this paper, by using the generalized method,
we discuss not only the crossover of the radiative decay
rate, but also the comprehensive behavior of the coupled
modes, for example, the crossover of the resonance frequency, the upper limit of the radiative decay rate, the
eﬀect of spatial dispersion, and so on. These discussions
will be required for the experimental verification of the
crossover in the future, and also for proposing suitable
material structure for strong and coherent nonlinear optical responses.
First, we explain the calculation method based on correlation function of excitons in Sec. II, and show the
thickness dependence of resonance frequencies and radiative decay rates of the exciton-photon coupled modes in
Sec. III. Next, we explain the intuitive method based
on dispersion relation and self-sustaining condition in
Secs. IV and V, respectively. In Sec. VI, we discuss
the exciton-photon coupled modes in exciton-/photonlike and polariton schemes. The crossover condition of
the coupled modes is derived in Sec. VII, and the general
properties are shown in Sec. VIII. Last, we summarize
the discussion in Sec. IX.

II.

CORRELATION FUNCTION METHOD

First, we explain the calculation method for resonance frequencies and radiative decay rates of excitonphoton coupled modes from exciton correlation functions
in exciton-photon inhomogeneous media. We consider a
material where the translational symmetry is broken in
the z direction, and discuss the behavior of s-polarized
exciton whose center-of-mass is confined in a finite region. We suppose a background system characterized by
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dielectric function εbg (z, ω), and a resonant contribution
from excitons inducing a polarization P (z, ω). We consider the Hamiltonian of the whole system as
Ĥ = Ĥrad + Ĥex + Ĥint .

(1)

Here, Ĥrad represents the radiation field and the background dielectric medium, and it provides the Maxwell
wave equation with quantum fluctuation as discussed in
the QED of dispersive and absorptive media.40–42 Ĥex
describes the resonant contribution from excitons, and
Ĥint represents the interaction between the exciton and
the radiation field as
∫
Ĥint = − dz Ê(z)P̂ (z),
(2)
where Ê(z) is the electric field. As discussed in chap. 6
of Ref. 43, the Green’s function satisfying
[ 2
]
(∂ /∂z 2 ) + q 2 (z, ω) G(z, z ′ , ω) = δ(z − z ′ )
(3)
corresponds to the retarded correlation function of Ê:
∫
1 ∞
µ0 ω 2 G(z, z ′ , ω) =
dt eiωt ⟨[Ê0 (z, t), Ê0 (z ′ , 0)]⟩rad ,
i~ 0
(4)
where the time representation of the electric field is defined as
Ê0 (z, t) ≡ eiĤrad t/~ Ê(z)e−iĤrad t/~ .

(5)

Furthermore, under the rotating wave approximation
(RWA), G(z, z ′ , ω) also corresponds to the time-ordered
correlation function of Ê. Therefore, the correlation
function of Ê in the background system can be obtained
by finding the Green’s function satisfying Eq. (3), which
has already been known for general multilayer systems.44
Next, we discuss the time-ordered correlation functions
of exciton. For simplicity, we consider only one relative
motion of exciton with eigenfrequency ωT , and denote
the center-of-mass motion by index m, its annihilation
operator by b̂m , and its eigenfrequency by Ωm , which includes the center-of-mass kinetic energy. In the present
paper, we simply consider that the exciton is a pure boson, and the system is linear as
Ĥex =

∑

~Ωm b̂†m b̂m .

gm (z) b̂m + H.c.,

−∞

(8)

−∞

which describes the retarded interaction not only between the same exciton states (m = m′ ) but also between
the diﬀerent states (m ̸= m′ ). Further, the time-ordered
correlation function tensor G(ω) of exciton states in the
whole system is derived from the Dyson equation, i.e., it
is obtained as the inverse of the matrix whose elements
are given as
[G−1 (ω)]m,m′ = (ω − Ωm )δm,m′ − Σm,m′ (ω).

(9)

The resonance frequency ωres and the radiative decay
rate γ of exciton-photon coupled modes are respectively obtained from the real and imaginary parts of
poles ω̃ = ωres − iγ of the exciton correlation function
tensor. The calculation of these poles is just identical to that of the self-sustaining modes discussed under the microscopic nonlocal theory in the semiclassical
framework.15,16,21,22,37
The above calculation method can consider the interstate retarded interaction through the self-energy tensor,
Eq. (8). Further, in the present paper, we numerically
calculate the poles without any pole approximations in
contrast to Ref. 15. With regard to the RWA, it can be
considered as a good approximation, because neither the
frequency shift nor the radiative decay rate reaches only
a few percent of the bare exciton frequency ωT even at
the maximum in the calculation.
we consider a CuCl film with thickness d, and suppose
the background dielectric constant εbg = nbg 2 = 5.59
inside of the film. In the case that the background is a
homogeneous medium [εbg (z) = εbg ], the Green’s function satisfying Eq. (3) is derived as
′

G(z, z ′ , ω) =

eiq|z−z |
.
i2q

(10)

On the other hand, as shown in Ref. 44, in general multilayer systems, the Green’s function from a focusing layer
to the same one is written as
i2qG(z, z ′ , ω)

Here, the excitonic polarization appearing in Eq. (2) is
quantized as
∑

Σm,m′ (ω) = εbg ωLT (ω/c)2
∫ ∞
∫ ∞
∗
×
dz
dz ′ gm
(z)G(z, z ′ , ω)gm′ (z ′ ),

(6)

m

P̂ (z) = P

be estimated by the longitudinal-transverse (LT) splitting energy of excitons as ~ωLT = |P|2 /εbg ε0 . The selfenergy tensor Σ(ω) of exciton states is derived from the
interaction Hamiltonian [Eq. (2)] as

]
[ ′
′
′
= eiq|z−z | + eiqz R̃L eiqz + eiqd R̃R eiq(d−z ) M̃
]
[
′
′
(11)
+ e−iq(z−d) R̃R eiq(d−z ) + eiqd R̃L eiqz M̃ ,

(7)

m

where gm (z) is the exciton center-of-mass wavefunction
in state m, and the absolute value of the coeﬃcient P can

where we consider that the left-hand interface of the focusing layer is at z = 0, and the right-hand at z = d. In
Eq. (11), R̃L/R is the generalized reflection coeﬃcient44
from the focusing layer to the left-/right-hand interface,
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and M̃ = [1 − R̃L R̃R ei2qd ]−1 . In the case of a three-layer
system where the background dielectric constants are respectively given as εL , εbg , and εR , when we focus on the
middle layer, R̃L/R is simply represented as the Fresnel
reflection coeﬃcient:
R̃L/R =

q − kL/R
,
q + kL/R

(12)

where kL/R is the wavenumber in the left-/right-hand
region:
[
]1/2
kL/R = εL/R ω 2 /c2 − k∥ 2
.

(13)

In the present paper, we discuss only the modes perpendicular to the layers, i.e., k∥ = 0, and we consider
the wavefunctions of the exciton center-of-mass motion
as sinusoidal functions whose amplitudes are zero at the
interfaces of the focusing layer:
{√
2/d sin(km z) 0 < z < d
gm (z) =
(14)
0
otherwise

higher side around its thickness. After that, ωres gradually decreases and saturates to ωT + ωLT , the band edge
of the upper polariton. This behavior can be understood
by considering the polariton dispersion relation14,23 and
the decrease of wavenumber km = mπ/d with increasing
thickness as will be seen in Fig. 3(a).
On the other hand, as seen in Fig. 1(b), the exciton superradiance is suppressed at thickness over about 2 µm,
although any dephasing processes are not considered in
the calculation. According to the work by Björk et al.,13
this behavior just reflects the crossover from exciton/photon-like modes to polariton ones, i.e., the resonance
frequencies are split to the upper and lower sides as seen
in Fig. 1(d), and the radiative decay rates decrease inversely proportional to the thickness. However, only the
exciton-like polariton modes are obtained in the numerical calculation of the previous section. In order to elucidate this crossover condition and to obtain the photonlike polariton modes, we calculate γ and ωres by another
calculation method discussed in the next two sections.

IV.

where km = mπ/d and m = 1, 2, . . .. The exciton translational mass is mex = 2.3m0 , where m0 is the free electron mass. The bare exciton frequencies are given as
~ωT = 3.2022 eV and Ωm = ωT + ~km 2 /2mex . The LT
splitting energy is ~ωLT = 5.7 meV.
III.

THICKNESS DEPENDENCE

First, we discuss the thickness dependence of the
exciton-photon coupled modes in the case of homogeneous background, i.e., εL = εR = εbg . In Fig. 1,
we plot the radiative decay rate γ and resonance frequency ωres of the exciton-photon coupled modes with
continuously changing thickness d. As seen in Fig. 1(a),
γ of the lowest mode is maximized at thickness about
50 nm. Although this thickness should be approximately
equal to λ/2 = πc/nbg ωT ≃ 80 nm, a half light wavelength at frequency ωT in the background medium, we
can find disagreement due to the deviation of the lowest center-of-mass motion from a continuous wave. On
the other hand, in the case of the higher modes, the
phase-matching condition, km = mπ/d = nbg ωT /c or
d = mλ/2 ≃ m × 80 nm, is gradually satisfied with
increasing the mode number because of the continuity
of wavefunction increases. Further, increasing the mode
number, the maximum value of γ also gets larger in line
with the exciton superradiance. As theoretically demonstrated by Agranovich et al.,14 we can find no oscillation
in the thickness dependence of γ after the phase-matching
thickness owing to the consideration of the inter-state
retarded interaction. With regard to the resonance frequency ωres as seen in Fig. 1(c), when we focus on a
particular mode, ωres gradually decreases with increasing
d until the phase-matching thickness, but it flips to the

DISPERSION RELATION

The calculation of the previous section is based on
the exciton correlation function tensor renormalizing the
exciton-photon interaction. However, we should introduce another calculation method to eliminate the discontinuity seen in Figs. 1(b) and (d) and to analytically
discuss the crossover of exciton-photon coupled modes.
In this section, we approximate the self-energy tensor,
Eq. (8), and try to derive a simplified equation for the
complex frequency of the exciton-photon coupled modes
by introducing a complex wavenumber, whose imaginary
part represents the wavenumber uncertainty in finite systems.
In the homogeneous background medium, εbg (z, ω) =
εbg (ω), the Green’s function satisfying Eq. (3) is diagonal
with respect to the wavenumber as
Gk,k′ (ω) =

1
L

∫

∫

∞

∞

dz
−∞

′ ′

dz ′ e−ikz G(z, z ′ , ω) eik z

−∞

δk,k′
,
=
(q + iδ)2 − k 2

(15)

where L is the normalization length. Eq. (10) can be obtained by transforming this equation into the real space.
Substituting Eq. (15) into Eq. (8), we obtain
Σm,m′ (ω) = ωLT q0 2

∑
k

∗
gm,k
gm′ ,k
,
(q + iδ)2 − k 2

(16)

where q0 2 ≡ εbg ω 2 /c2 , and gm,k is the Fourier transform
of the exciton center-of-mass wavefunction:
∫ ∞
1
gm,k = √
dz e−ikz gm (z).
(17)
L −∞
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FIG. 1: (a) (b) Radiative decay rates γ and (c) (d) resonance frequency ωres of the exciton-photon coupled modes in a CuCl
film are plotted as a function of the film thickness. (a) and (c) are, respectively, enlarged views of (b) and (d) for small thickness
region. While 200 states of exciton center-of-mass motion are considered in the numerical calculation, for the sake of easy view,
the values of the lowest 10 and 45 modes are plotted in (a) (c) and (b) (d), respectively. The dielectric constants of outside
media are εL = εR = εbg .

In contrast to the infinitesimal interval 2π/L between the
neighboring k, the interval of qm is much large in the order of π/d. Therefore, the base-transformation between
m and k is not unitary in the case of a film with finite
thickness. This means that the transform coeﬃcient set
{gm,k } satisfies the orthogonality as
∫ ∞
∑
∗
∗
gm,k
gm′ ,k =
dz gm (z) gm
(18)
′ (z) = δm,m′ ,
k

−∞

but it does not satisfy the completeness:
∫
∑
′
1 d/2
∗
gm,k
gm,k′ =
dz ei(k−k )z
L −d/2
m
=

d sin[(k − k ′ )d/2]
,
L (k − k ′ )d/2

(19)

where we consider that the exciton center-of-mass motion
is confined in −d/2 < z < d/2. Therefore, the selfenergy, Eq. (16), becomes diagonal with respect to k only
in infinite systems.
In order to obtain a simple equation for analytically
discussing the exciton-photon coupled modes, we consider the following approximation to quasi-diagonalize
the self-energy, Eq. (16). The function sin(x)/x appearing in Eq. (19) can be approximated as sin(x)/x ≃ 1

under the condition |x| ≪ 1. Therefore, by relaxing the
identical condition of k as |k − k ′ | ≪ d−1 , Eq. (19) can
be approximated as
∑
∗
(L/d)
gm,k
gm,k ≃ δk,k′ ,
(20)
m

and then {gm,k } has a quasi-completeness. Here, since
we admit an uncertainty of k in the order of d−1 , the
wavenumber should have an imaginary
k→k−
∑ part as ∑
iα/d, and the summation becomes k → (L/d) k . The
physical meaning of the nondimensional value α will be
discussed later. As the result of the above approximation,
the self-energy, Eq. (16), becomes quasi-diagonal as
∑
∗
Σk,k′ (ω) =
gm,k Σm,m′ (ω) gm
′ ,k ′
m,m′

≃

ωLT q0 2
d
δk,k′
.
L
(q + iδ)2 − (k − iα/d)2

(21)

In the same manner, the diagonal part of the correlation
function, Eq. (9), is rewritten as
∑
m

∗
gm,k (Ωm − ω)gm,k
′ ≃ δk,k ′

d
[Ω(k − iα/d) − ω] ,
L
(22)
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where the bare exciton frequency is written as
]
[
(
~
α )2
2
Ω(k − iα/d) = ωT +
k∥ + k − i
.
2mex
d

(23)

Therefore, the exciton correlation function can be obtained as a diagonal form as
∑
∗
[G−1 (ω)]k,k′ =
gm,k [G−1 (ω)]m,m′ gm
′ ,k ′
m,m′

]
[
ωLT q0 2
d
′
ω − Ω(k − iα/d) −
,
≃ δk,k
L
(q + iδ)2 − (k − iα/d)2
(24)
and the pole ω̃ = ωres −iγ is obtained for a given complex
wavenumber k̃ = k − iα/d from
ω̃ = Ω(k̃) +

ωLT εbg (ω̃/c)2
.
εbg (ω̃/c)2 − k∥ 2 − k̃ 2

(25)

Here, we can rewrite this into the dispersion relation
c2 (k∥ 2 + k̃ 2 )
εbg ωLT
= εbg +
= εbg + χ(k̃, ω̃), (26)
2
ω̃
Ω(k̃) − ω̃
which has the same form as that in the bulk system.
However, there remains a task to determine the nondimensional value α and the k-selection rule that governs
the discrete k values for a finite thickness.

V.

SELF-SUSTAINING CONDITION WITH
ABC

In order to determine the complex wavenumber k̃ = k−
iα/d, we consider a self-sustaining condition of excitonphoton coupled modes in a film with polariton dispersion.
If the translational mass of exciton is assumed to be infinite, there is only a single polariton mode satisfying
dispersion relation (25) for a given frequency ω̃, and the
self-sustaining condition is simply considered as18
rL rR ei2k̃d = 1,

(27)

where rL/R is the Fresnel reflection coeﬃcient at the left/right-hand interface:
rL/R =

k̃ − k̃L/R
k̃ + k̃L/R

,

(28)

and k̃L/R is the outside wavenumber defined in Eq. (13)
by replacing ω with ω̃ = ωres − iγ. The self-sustaining
condition, Eq. (27), means that there is neither amplitude decay nor phase shift after a round trip inside
of the film. Actually, this intuitive method consisting
of the dispersion and self-sustaining condition approximately provides the complex wavenumber set {ω̃λ } obtained by the correlation function method.18 However, if

FIG. 2: Schematic view of polariton and photon fields to calculate the reflection coeﬃcients from inside of the film. A1/2
and B1/2 are polariton fields with wavenumber k̃1/2 inside the
film, CL/R is an out-going field to left/right-hand side, and
F1 is an incident field with wavenumber k1 from inside of the
film.

we discuss the exciton center-of-mass kinetic energy with
finite translational mass, we usually consider ABCs38,39
besides the Maxwell boundary conditions, because there
are two wavenumbers k̃1 and k̃2 satisfying dispersion relation (25) for a given ω̃. In the present paper, we extend
Eq. (27), which was introduced in our previous letter,18
by considering ABCs as follows.
As seen in Fig. 2, we consider forward (A1 and A2 ) and
backward fields (B1 and B2 ) for each polariton mode, and
two outward fields (CL and CR ) from the film. In order
to derive the reflection coeﬃcients for polariton 1 from
inside of the film, we consider an incident field F1 from
inside to the left interface. In the present paper, we solve
this boundary problem by using Pekar’s ABC,38,45 because we consider the exciton center-of-mass wavefunction [Eq. (14)] whose amplitudes are zero at the interfaces. However, we usually cannot define the reflectance
from inside of the film with multiple polariton modes,
because the amplitude of one mode is also transferred
to the other modes after the reflection, and it also goes
back to the original mode after another reflection. In
order to derive the appropriate self-sustaining condition,
′
′
we should determine the reflection coeﬃcients rL
and rR
in this system. Here, we consider that, as a result of the
multiple reflections inside of the film, B1 /F1 should be
represented by a product of the two reflection coeﬃcients
as
B1 /F1 =

∞
∑

′ ′
(rL
rR ei2k̃1 d )n ,

(29)

n=1

and, comparing with Eq. (27), the self-sustaining condition for the multimode system is obtained as
′ ′
rL
rR ei2k̃1 d =

(B1 /F1 )
= 1.
1 + (B1 /F1 )

(30)
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Although this equation is satisfied only in the limit of
|B1 /F1 | → ∞, we renew k̃1 as

ω̃ − Ω(k̃) −

−i2k̃1 d

k̃1 :=

−1
−1 (B1 /F1 )e
′
′
ln(rL
rR
)=
ln
.
i2d
i2d
1 + (B1 /F1 )

(31)

in the numerical successive calculation. Actually, by simultaneously solving Eqs. (25) and (31), we can reproduce {ωres − iγ} obtained by the correlation function
method explained in Sec. II.

VI.

COUPLED MODES IN TWO SCHEMES

In Fig. 3, we show (a) dispersion relation and (b) frequency dependence of γ at thicknesses of 50, 200, and
500 nm. The poles of the correlation functions of excitons
are plotted with symbols, and k̃ = k − iα/d is calculated
from dispersion relation (25) for each ω̃ = ωres − iγ. On
the other hand, the lines are calculated for a given k by
the intuitive method discussed in the previous two sections. However, we neglect the k-selection rule to show
the continuous k-dependence, and the ABCs are also neglected, because the modes are obtained only at particular wavenumbers when we consider the ABCs. In other
words, instead of Eq. (31), we consider only the relation
between α and ω̃ for a given real k as
1
1
α = ln
,
4 |rL rR |2

by rewriting dispersion relation (25) as

(32)

where rL/R is the reflection coeﬃcient without considering the ABC, i.e., the Fresnel coeﬃcient [Eq. (28)].
Eqs. (25) and (32) give solutions for arbitrary k as seen in
Fig. 3. If the ABCs are considered, the solutions are obtained only for particular k satisfying the self-sustaining
condition [Eq. (30)].
Since dispersion relation (25) is rewritten into a thirdorder polynomial equation for ω̃ as

ωLT εbg (ω̃/c)2
= f (ω̃, k̃) = 0. (34)
εbg (ω̃/c)2 − k∥ 2 − k̃ 2

It is diﬃcult to numerically find the zero points of function f (ω̃, k̃) for the photon-like solutions (k ≃ nbg ωres /c),
because the last term on the left-hand side (LHS) becomes divergent. Therefore, we could not numerically
find the photon-like poles of the correlation function tensor of excitons [Eq. (9)]. This is the reason of the discontinuity seen in Figs. 1(b) and (d). On the other
hand, although we can find good agreements between
symbols and lines in the dispersion relation [Fig. 3(a)],
there are some deviations of γ as seen in Fig. 3(b), especially for thickness of 50 nm and for wavenumber larger
than 10 × nbg ωT /c. The reason of this is the neglect
of ABC in the intuitive calculation method. Instead of
such an approximated treatment used in Ref. 18, by considering the ABC as explained in Sec. V, we can obtain
the exact agreement between the two calculation results
under the numerical precision.
As discussed by Agranovich et al.,14 the representation of α [Eq. (32)] is also obtained along the calculation
of radiative decay rate in the polariton scheme, which
provides the radiative decay rate as
γ = αvg /d.

(35)

On the other hand, in the present intuitive calculation
method, Eq. (32) is obtained from the self-sustaining condition, and Eq. (35) can be obtained from dispersion relation (25) in particular situations. When the radiative
decay rate is much smaller than the resonance frequency
as γ ≪ ωres and the uncertainty of the wavenumber is
much small as α/d ≪ k, Eq. (25) can be approximated
as
ω = ωT +

~k 2
ωLT q0 2
,
+ 2
2mex
q0 − k∥ 2 − k 2

(36)

[ω̃ − Ω(k̃)][εbg (ω̃/c)2 − k∥ 2 − k̃ 2 ] = ωLT εbg (ω̃/c)2 , (33)
there are three solutions for a given k̃. One is an unphysical solution with negative frequency, and the other two
satisfying Eq. (32) are plotted in Fig. 3 for a given real
k. One solution has an exciton-like frequency ωres ≃ ωT
with small γ, and the other has a photon-like frequency
ωres ≃ ck/nbg with large γ. These exciton-like and
photon-like modes are slightly modified from the bare
exciton and photon states, respectively, because of the
relatively weak exciton-photon coupling in the thin film.
As seen in Figs. 3(a) and (b), increasing the thickness, γ of the exciton-like mode with phase-matching
(k ≃ nbg ωT /c) also increases in line with the exciton
superradiance, and the deviation of ωres from ωT also increases around the phase-matching wavenumber. By using the correlation function method, only the exciton-like
modes are numerically obtained. This can be understood

γ=

2
~k α 2ωLT q0 2 [kα/d − (k∥ + k 2 )γ/ω]
+
.
mex d
(q0 2 − k∥ 2 − k 2 )2

(37)

Here, Eq. (36) is just the dispersion relation in bulk system under the RWA, and it gives the group velocity in
infinite system as
(q0 2 − k∥ 2 − k 2 )2 ~k/mex + 2ωLT q0 2 k
dω
.
=
dk
(q0 2 − k∥ 2 − k 2 )2 + 2εbg ωLT ω(k∥ 2 + k 2 )/c2
(38)
From this representation of vg , Eq. (35) can be obtained by rewriting Eq. (37). While the group velocity
in damped system is actually represented as in Ref. 28,
the above definition for non-damped system is suited for
the radiative decay picture of polaritons, because it is
considered that the polariton is damped only at the film
vg =

8

( h̄ωres - h̄ωT ) / meV

15
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vg

50 nm
200 nm
500 nm

5
0
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1
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FIG. 3: (a) Wavenumber k, (b) radiative decay rate γ, (c) factor α of eﬀective thickness d/α = −Im[k̃]−1 , and (d) apparent
propagation speed γdeﬀ are plotted as a function of resonance frequency ωres of exciton-photon coupled modes in a CuCl film
with thicknesses of 50, 200, and 500 nm. The lines are calculated by solving Eqs. (25) and (32) for a given real wavenumber k,
and the symbols are calculated by the correlation function method. The dielectric constants of outside media are εL = εR = εbg .

surfaces and propagates inside the film as in the nondamped system. It is worth noting that Eq. (35) is derived without any information outside of the excitonic
medium, while α itself is determined by the outside information reflected through the self-sustaining condition,
Eq. (27) or (30). Although Eq. (35) cannot be applied to
superradiant excitons, we define an eﬀective thickness of
an exciton-photon coupled mode as
deﬀ = d/α = −Im[k̃]−1 ,

(39)

which gives γ = vg /deﬀ in the polariton scheme. Further,
we define an apparent propagation speed of the coupled
modes as γdeﬀ , the eﬀective thickness divided by the radiative decay time, and it agrees with vg in the polariton
scheme.
In Fig. 3(c) and (d), we respectively plot the frequency
dependence of α and γdeﬀ , and also we plot the polariton group velocity vg with bold solid lines in Fig. 3(d).
Although γdeﬀ of superradiant excitons (k ≃ nbg ωT /c
and ωres ≃ ωT ) gets larger with increasing thickness,
we can find that γdeﬀ of the other exciton-like modes
agree with vg . In other words, all the exciton-like modes
without the phase-matching condition obey the polariton
scheme even at small thickness where the exciton superradiance is maintained. This is because that the conditions γ ≪ ωres and α/d ≪ k, which are used to derive
Eq. (37), are satisfied even for those phase-mismatching
modes. On the other hand, we can find that γdeﬀ of
photon-like modes agree with c/nbg , the light speed in
the background medium, because of the relatively weak
exciton-photon coupling at the small thickness. As seen
in Fig. 3(c), there are some deviations of α between the
two calculation methods for large wavenumber and for
small thickness. This is because α is determined without considering ABCs. On the other hand, γdeﬀ of the
two are well agreed even for large wavenumber, because
Eq. (35) is obtained only from dispersion relation (25).

Fig. 4 shows the dispersion relation and frequency dependence of γ, α, and γdeﬀ at large thicknesses of 1.6,
2, and 3 µm. For thickness of 1.6 µm, where the exciton
superradiance is maintained, γ and γdeﬀ of the superradiant modes are much larger than those in Fig. 3 obeying
the exciton superradiance. On the other hand, γdeﬀ of
photon-like modes are apart from c/nbg because of the
relatively strong exciton-photon coupling. In this thickness region near the crossover, increasing the thickness,
γdeﬀ of the superradiant and photon-like modes gradually close to each other, and after the crossover of excitonphoton coupled modes, the two solutions of the intuitive
method split into the upper and lower branches as seen in
Fig. 4(a). After that, the phase-matching modes disappear from the polariton band gap, and then the exciton
superradiance is suppressed. On the other hand, the frequency dependence of γ also splits into upper and lower
branches, and γdeﬀ gradually saturates to the polariton
group velocity vg even at the phase-matching condition.
Therefore, all the modes obey the polariton scheme after
the crossover. This is the suppression mechanism of the
exciton superradiance as discussed by Björk et al.13
VII.

CROSSOVER CONDITION

As indicated in our previous letter,18 the crossover
condition between the exciton/photon-like modes and
the polariton ones can be obtained from dispersion relation (25). At the phase-matching condition k∥ 2 + k 2 =
εbg ωT 2 /c2 , the real part of Eq. (33) is written as
(ω−ωT )(ω 2 −γ 2 −ωT 2 +β 2 )−2γ [ωγ − (ck/nbg )β] = ωLT ω 2 ,
(40)
where β = cα/nbg d. Further, at small thickness where
the exciton superradiance is maintained, the resonance
frequency obeys ωres ≃ ωT as seen in Fig. 3(a), and the
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FIG. 4: (a) Wavenumber k, (b) radiative decay rate γ, (c) factor α of eﬀective thickness d/α = −Im[k̃]−1 , and (d) apparent
propagation speed γdeﬀ are plotted as a function of resonance frequency ωres of exciton-photon coupled modes in a CuCl film
with thicknesses of 1.6, 2, and 3 µm. The lines are calculated by solving Eqs. (25) and (32) for a given real wavenumber
k, and the symbols are calculated by the correlation function method, where 400 states of exciton center-of-mass motion are
considered in the numerical calculation. The dielectric constants of outside media are εL = εR = εbg .

first bracket on the LHS of Eq. (40) is negligible:

1

(41)

where η = ck/nbg ωT is the z component of the unit vector in the propagation direction. When the film is thin
enough compared to the crossover thickness, the two solutions of Eq. (41) are obtained as
γ = (nbg ωT ωLT /2ηc)deﬀ

(42)

γ deff / (c / nbg)

γ − η(cα/nbg d)γ + ωT ωLT /2 = 0,
2

0.5

for the exciton-like (superradiant) mode, and
γ = η(c/nbg )/deﬀ

(43)

0

for the photon-like mode. Here, we can find that the
propagation speed of the latter is the light speed η(c/nbg )
perpendicular to the film in the background medium, and
it can be seen in Fig. 3(d), where k∥ = 0 and then η =
ck/nbg ωT = 1. Since Eq. (42) is proportional to d and
Eq. (43) is to d−1 , these two quantities gradually close to
each other with increasing the thickness, and they finally
reach to
γdeﬀ = ηc/2nbg ,

0

(44)

which is the degenerate solution of Eq. (41). This is the
crossover condition between exciton-/photon-like modes
and polariton ones, and it is roughly verified in Fig. 4(d).
Since c/2nbg is the polariton group velocity at the phasematching wavenumber, Eq. (44) means that the crossover
occurs when the apparent propagation speed γdeﬀ of superradiant exciton reaches the group velocity c/2nbg of
polariton. Therefore, the photon created by the electronhole recombination cannot go outside of the film without
reabsorption, when its propagation speed looks beyond
the group velocity. In this situation, as seen in Fig. 1(b),
the radiative life time is much shorter than the inverse

500

1000
1500
Thickness / nm

2000

2500

FIG. 5: Thickness dependence of apparent propagation speed
γdeﬀ . Dashed lines are calculated by the intuitive method
with ABC, and solid lines are by the correlation function
method. 200 exciton states are considered in the latter calculation, and the small deviation at large thicknesses comes
from this finiteness. The dielectric constants of outside media
are
εL = εR = εbg .

of the LT splitting (5.7 meV), which is the life time of
exciton localized at a single ion. This enhancement is
just the eﬀect of the exciton superradiance realized under the phase-matching between the radiation field and
the center-of-mass motion of exciton.
Fig. 5 shows the thickness dependence of γdeﬀ . The
solid lines are calculated by the correlation function
method, and the eﬀective thickness deﬀ is derived from
dispersion relation (25) for each ω̃ = ω − iγ. On the
other hand, dashed lines are calculated by the intuitive
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FIG. 6: Apparent propagation speeds γdeﬀ of exciton-photon
coupled modes are plotted as a function of their resonance
frequencies ωres by changing the film thickness. The data is
calculated by the intuitive method with ABC, and plotted (a)
in linear scale and (b) in log scale. The dielectric constants
of outside media are εL = εR = εbg .

method with ABC, i.e., by simultaneously solving dispersion relation (25) and self-sustaining condition (31).
We can verify that the crossover occurs when γdeﬀ of superradiant exciton reaches c/2nbg . On the other hand,
Fig. 6 shows the frequency dependence of γdeﬀ with continuously changing the thickness, and it is calculated by
simultaneously solving Eqs. (25) and (31). When we
focus on a particular mode with relatively small mode
number, ωres shifts to the lower side and γ gets larger
with increasing d until its phase-matching thickness, and
around its thickness, ωres flips to the higher side with
maximizing γ. After that, ωres decreases to the band
edge ωT + ωLT of the upper branch, and γ monotonally
decreases. Although the maximum value of γ gradually
increases together with d in line with the exciton superradiance, it is suppressed when γdeﬀ reaches c/2nbg as
discussed above. After the crossover, the exciton-photon
coupled modes split into upper and lower branches, and
γdeﬀ gradually decreases and saturate to the polariton
group velocity vg when we focus on a particular frequency. On the other hand, as seen in Fig. 6(b), γdeﬀ
of the phase-mismatching modes agree with vg even at
small thickness where the exciton superradiance is maintained. It is worth noting that, by using the intuitive
method with ABCs on the present paper, we can obtain correct exciton-photon coupled modes under such

200
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800
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γ / (ps)-1

γ deff / (c/nbg)

0.5

(a)

0
1000

FIG. 7: (a) Apparent propagation speed γdeﬀ and (b) radiative decay rate of exciton-photon coupled modes in a CuCl
film are plotted as a function of the film thickness. The dielectric constants of outside media are εL = εR = 1. (a) is
calculated by the intuitive method with ABC, and (b) is by
the correlation function method.

phase-mismatching conditions, in contrast to the deviation shown in Fig. 3, which is obtained by the previous
calculation method without ABCs.18

VIII.

GENERAL PROPERTIES

It is worth to note that the breakdown condition
[Eq. (44)] should be applied to general situations, for
example, a excitonic layer in cavity, multiple layers separated by a transparent layer, a sphere as discussed by
Ajiki,15 and photonic crystal structures. This is because
Eq. (44) is simply derived from the dispersion relation,
Eq. (25), which includes no information outside of the
excitonic medium. As a demonstration of the generality, we verify the breakdown condition for a CuCl film
in vacuum, i.e., εL = εR = 1. Fig. 7 shows the thickness dependence of (a) γdeﬀ and (b) γ. The former is
calculated by the intuitive method with ABC, and the
latter is by the correlation function method. As the result of the multiple reflections inside of the film, the size
enhancement of γ becomes more rapid and the crossover
thickness becomes smaller compared to Fig. 1, where the
outside dielectric constant is εL = εR = εbg . In other
words, deﬀ = d/α is enhanced by the multiple reflections
obeying Eq. (32). However, we can find that the breakdown also occurs when γdeﬀ reaches c/2nbg as seen in
Fig. 7(a). On the other hand, Fig. 8 shows the frequency
dependence of γdeﬀ , and it also reflects the crossover from
the exciton-/photon-like modes to polariton ones as dis-
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FIG. 8: Apparent propagation speeds γdeﬀ of exciton-photon
coupled modes are plotted as a function of their resonance
frequencies ωres by changing the film thickness. The data is
calculated by the intuitive method with ABC, and plotted (a)
in linear scale and (b) in log scale. The dielectric constants
of outside media are εL = εR = 1.

cussed above. It is worth noting that the crossover thickness in actual situation is in the order of several hundreds of nanometers due to the multiple reflections as
seen in Fig. 7. Moreover, considering an optical cavity
outside of the film, a further enhancement of the multiple reflections make the crossover thickness smaller than
the phase-matching thickness (about 80 nm) of the first
center-of-mass motion. In this situation, we cannot obtain the superradiant modes, and all the exciton-photon
coupled modes are considered as (cavity) polaritons.
For a large thickness where the polariton scheme is
valid, at the phase-matching condition k = nbg ωT /c, the
resonance frequencies of exciton-photon coupled modes
agree with those of bulk polariton as
√
ωLT
ω ≃ ωT ± ωT
,
(45)
2ωT
which is approximately obtained from Eq. (36). On the
other hand, the crossover thickness is obtained from the
condition that Eq. (41) has the degenerate solution:
√
λ
ωT
c
√
=
,
(46)
d/α =
2π 2ωLT
nbg 2ωT ωLT
where λ = 2πc/nbg ωT is the light wavelength in the background. Therefore, the maximum value of γ of the superradiant mode is derived as
√
c/2nbg
ωLT
γ=
= ωT
.
(47)
d/α
2ωT

This is just the frequency shift of bulk polariton at
k = nbg ωT /c as seen in Eq. (45). For the CuCl crystal,
the frequency shift is about 80 meV as seen in Fig. 4(a),
and we can find the validity of Eq. (47) in Fig. 1(b)
and Fig. 7(b), although larger γ is obtained for polariton modes just after the crossover, and also much larger
γ is obtained for photon-like modes at small thickness.
However, in order to obtain a strong and rapid nonlinear optical response, we must also consider the amount
of exciton component in these exciton-photon coupled
modes, and discuss the most suitable thickness that gives
both large exciton nonlinearity and rapid radiative decay. From such a viewpoint, nano-structured materials
around the crossover are promising for the strong and
rapid nonlinear responses, because a large nonlinearity35
and the rapid radiative decay24 have been reported theoretically and experimentally. The intuitive method with
ABC, which is introduced in the present paper, is a powerful tool to comprehensively discuss the exciton-photon
coupled modes in such finite materials.

IX.

SUMMARY

We have calculated the resonance frequency and the
radiative decay rate of exciton-photon coupled modes in
a CuCl film with finite thickness, and investigated the
crossover of the coupled modes from exciton-/photonlike to polariton scheme. One of the calculation methods
is based on the correlation function tensor of excitons
renormalizing the exciton-photon interaction in the finite system, but this method cannot provide neither the
photon-like modes nor photon-like polariton ones. In order to obtain all the exciton-photon coupled modes in
the system, we intuitively introduce another calculation
method based on the dispersion relation and the selfsustaining condition. This intuitive method actually reproduces the results of the correlation function method,
and also provides the photon-like modes and photon-like
polariton ones, i.e., all the exciton-photon coupled modes
can be obtained. Compared to the same kind of method
in our previous letter,18 the present method can consider
the spatial dispersion due to the center-of-mass motion
of excitons by using ABCs in the self-sustaining condition. Further, we discussed not only the crossover of the
radiative decay rate but also the resonance frequency of
the exciton-photon coupled modes, and the general properties were also obtained. Such detailed analysis of the
exciton-photon coupled modes in finite systems is important in the experimental verification of the crossover, and
also useful when we propose suitable material structures
for strong and rapid nonlinear optical responses.
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