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We investigate theoretically the nonlinear dynamics induced by an intense pump field in a disordered planar microcavity. Through a self-consistent theory, we show how the generation of quantum
optical noise squeezing is affected by the breaking of the in-plane translational invariance and the
occurrence of photon localization. We find that the generation of single-mode Kerr squeezing for
the ideal planar case can be prevented by disorder as a result of multimode nonlinear coupling, even
when the other modes are in the vacuum state. However, the excess noise is a non-monotonous
function of the disorder amplitude. In the strong localization limit, we show that the system becomes protected with respect to this fundamental coupling mechanism and that the ideal quadrature
squeezing generation can be obtained.
PACS numbers: 42.50.Dv, 71.55.Jv, 42.65.Hw, 42.50.Pq

Recently, the intrinsic properties of optically active disordered media have been attracting a considerable interest. In particular, an impressive deal of research has been
devoted to the study of the interplay between lasing and
photon localization in random media [1–5], described in
the framework of semiclassical Maxwell-Bloch equations.
Concerning the impact of disorder on purely quantum optical properties, research appears to be in its infancy. Recent works have investigated how an input squeezed light
propagate through a linear random medium [6] or how a
slight nonorthogonality of cavity eigenmodes affects the
squeezing [7]. The generation of quantum optical squeezing for quantum applications has been stimulating both
in atomic and condensed matter physics [8, 9]. In the case
of an active medium with a third-order optical nonlinearity, it is known that the coherent resonant pumping of a
photonic mode can produce a Kerr quantum squeezing
of the optical field [10, 11]. To understand mechanisms
preventing the ideal squeezing generation is clearly a fundamental issue. To the best of our knowledge, the pumpinduced generation of quantum squeezing in a nonlinear
disordered medium has not been explored.
Here, we wish to explore the role of photon localization
on the quantum squeezing generation of a 2D nonlinear
photonic system (like a planar microcavity) in presence
of a disordered potential. We have consistently determined the nonlinear quantum dynamics of exact photonic
modes in presence of disorder. Our results shows that
the multimode nonlinear coupling is responsible for an
excess noise, which can prevent the quantum squeezing
generation. Interestingly we have found that the excess
noise depends non-monotonously on the disorder potential amplitude ∆V . The maximum of noise is obtained
for ∆V comparable to the homogeneous linewidth of the
mode. However, increasing further the disorder, we find
that the ideal quantum squeezing generation can be eventually recovered, as the pumped photon mode becomes

”protected” from the multimode coupling in the strong
localization limit.
Let us consider a model quantum Hamiltonian for a 2D
photonic system (like a planar microcavity) subject to a
third-order nonlinearity and to an in-plane (disordered)
potential for the the photonic motion :
H=

X

~ωkz ,k â†k âk +

k

+

X

Vk−k′ â†k âk′

k,k′

~ X
gâ†k+q â†k′ −q âk âk′ ,
2 ′

(1)

k,k ,q

p
where ωkz ,k = √cǫ kz2 + k 2 is the frequency of the photonic mode (k is the in-plane wavevector, kz is the quantized vertical wavevector, while ǫ is the dielectric constant). Vk−k′ is the Fourier transform of the in-plane
(disordered) spatial potential affecting the in-plane motion of photons, while g is the nonlinear coupling coefficient for the third-order optical nonlinearity. Moreover,
âk is the annihilation operator of a cavity photon with
in-plane wavevector k.
If we diagonalize exactly the Hamiltonian part including the free cavity photon motion and the disordered potential, we can rewrite the Hamiltonian as:
H=

X
i

~ωi â†i âi +

~X
gijkl â†i â†j âk âl ,
2

(2)

ijkl

where ωi and âi are the eigenfrequency and annihilation
boson operator of the i-th photon eigenmode in presence of the disorder potential (i, j, k, l ∈ {0, 1, 2, 3, ...}).
The quantity gijkl is the nonlinear coupling coefficient
depending on the eigenmode normalized wavefunctions
ψi (r). Namely, it reads:
Z
gijkl = g dr ψi∗ (r)ψj∗ (r)ψk (r)ψl (r).
(3)
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A continuous wave coherent optical pump applied to
the system is able to drive coherently the intracavity photonic modes and produce a net mean-field hâi i. In the
Heisenberg picture, the quantum statistical properties
of the excited light depend on the fluctuation operator
δâi = âi − hâi i. By linearizing with respect to the fluctuations and by considering the coupling to the extracavity
field and to non-radiative reservoirs, we get:

i

∂
δâi ≃ [ωi − i(Γirad + iΓiN R )/2]δâi
∂t
X
X
gijkl hâk âl iδâ†j
2giklj hâ†k âl iδâj +
+
jkl

+ iF̂iNR + i δ F̂i .

jkl

(4)

The dynamics of the intracavity fluctuation operator depends on the mode eigenfrequency ωi and on the radiative loss rate Γirad and the non-radiative one ΓiN R .
The terms proportional to gijkl describe the nonlinear
renormalizations and the multimode coupling. The operator F̂i is the radiative Langevin force for the i-th
mode and δ F̂i ≡ F̂i − hF̂i i, where hF̂i i is the excitation amplitude induced by the coherent optical pumping, where hδ F̂i (t)δ F̂j† (t′ )i = δi,j δ(t − t′ )Γirad . The nonradiative Langevin force is such that hF̂iNR (t)F̂jNR† (t′ )i =
δij δ(t − t′ )ΓiN R (Nith + 1), where Nith is the thermal population of i-th mode.
The quadrature amplitude of the i-th intracavity mode
in
is defined as Xi,θ
(t) = âi (t)eiωp t−iθ + â†i (t)e−iωp t+iθ . The
quantum noise is then quantified by the correlation funcin
in
in
in
in
tion Ci,θ
(τ ) = hXi,θ
(τ )Xi,θ
(0)i − hXi,θ
(τ )ihXi,θ
(0)i =
in
in
hδXi,θ (τ )δXi,θ (0)i. The intracavity quadrature noise is
in
given by the equal-time correlation function Ci,θ
(τ =
out
0). The extracavity quadrature is defined as Xi,θ (t) =
α̂OUT
(t)eiωp t−iθ + α̂OUT†
(t)e−iωp t+iθ , where α̂OUT
(t) is
i
i
i
the output operator with the same transverse profile of
the i-th intracavity mode (see Supplementary Materials). The extracavity quantum noise is quantified by
out
the Fourier transform of correlation function Si,θ
(ω) =
R∞
iωτ
out
out
out
out
dτ
e
[hX
(τ
)X
(0)i
−
hX
(τ
)ihX
(0)i].
For
i,θ
i,θ
i,θ
i,θ
∞
in
a normal vacuum or for a coherent state, Ci,θ
(τ = 0) =
out
Si,θ
(ω = 0) = 1 (standard quantum limit). The intracavity and extracavity squeezing are obtained when
in
out
Ci,θ
(τ = 0) < 1 and Si,θ
(ω = 0) < 1, respectively.
In the case of a perfectly planar cavity (no disorder),
√
the eigenfunctions are planewaves ψj (r) = eikj ·r / S and
the nonlinear coefficients are gijkl = gδki +kj ,kk +kl . If
we consider the optically pumping of the cavity by a resonant laser with in-plane wavevector q = 0, only the
ground intracavity mode (k0 = 0) is coherently excited,

and then Eq. (4) is reduced to
#
"
X †
∂
hâi âi i δâ0
i δâ0 ≃ ω0 − i(Γ0N R + Γ rad )/2 + 2g
∂t
i
+ ghâ0 â0 iδâ†0 + iF̂0NR + i δ F̂0 .

(5)

Therefore, since Eq. (5) has no interaction with the fluctuations of the other modes, the dynamics reduce to
that of the well-known single-mode Kerr model. In the
case of negligible non-radiative damping and no thermal
population (Nith = 0), the minimum quantum noise is
in
out
C0in ≡ min[C0,θ
(0)] = 0.5 and S0out ≡ min[S0,θ
(0)] = 0,
obtained for pumping intensities close to the bistability
turning point [12–16]. It is known that such extracavity
perfect squeezing is due to an interference effect between
the incident pump field and the reemitted light.
In presence of disorder, the situation is qualitatively
different. We have solved Eq. (4) by considering a random potential with amplitude ∆V and correlation length
λc . We have calculated the squeezing of the ground intracavity mode (denoted by i = 0) assuming that only the
ground mode is coherently excited (hF̂i i = δi,0 F0pump (t)).
This means that only the ground mode has a coherent amplitude hâ0 i and that the expectation values in
Eq. (4) are given by hâ†i âj i = δi,0 δj,0 |hâ0 i|2 + δi,j Nith
and hâi âj i = δi,0 δj,0 hâ0 i2 . Following Eq. (4), the ground
mode (i = 0) is coupled to the higher modes via the terms
2g000j hâ†0 â0 iδâj and g0j00 hâ0 â0 iδâ†j . Such intermode coupling terms produce an excess noise for the ground photonic mode.
Representative results are depicted in Fig. 1. We have
considered parameters for a GaAs microcavity (details in
the caption). For the case Nith = 0 (no thermal population), the only relevant damping parameter for the intracavity dynamics is the total loss rate Γirad + ΓiN R = Γ .
Of course, for the extracavity noise statistics, the ratio
Γ0N R /Γ0rad is crucial. In the calculation of Fig. 1, we
have considered Γ0rad ≫ Γ0N R (ideal condition). In the
case Nith > 0, the non-radiative loss rate plays an important role. For the modes i 6= 0, we have considered for
R
simplicity Γi6N
=0 = Γ . We have considered a finite-size 2D
system (100 µm×100 µm) with periodic boundary conditions and the correlation length of disorder is λc = 5 µm.
The pump frequency is ωp = ωi=0 + Γ . In Figs. 1(a)
and 1(b), we present results for the minimum intracavity
out
in
, respecquadrature noise Ci=0
and extracavity one Si=0
tively, as a function of the disorder potential amplitude
∆V , normalized to the homogeneous broadening Γ . The
solid line refers to the case where Ni6th
=0 = 0, i.e., the nonpumped modes are in the vacuum state with no excess
thermal noise. For negligible disorder (∆V /Γ ≪ 1), the
in
minimum intracavity noise takes the value Ci=0
= 0.5,
out
and the extracavity noise is Si=0 = 0. For ∆V /Γ = 0.1
(point (i)) the intracavity and extracavity noises are only
slightly increased to 0.55 and 0.13, respectively. Increasing ∆V /Γ , the minimum noises significantly increase and
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FIG. 1: (a) Minimum value Ci=0
of the quadrature quantum optical noise of the ground intracavity mode versus the
disorder potential amplitude ∆V (normalized to the mode
in
homogeneous broadening Γ ). The dotted line (Ci=0
= 1)
is the standard quantum limit. The solid line is calculated
under the condition that only the ground mode is driven coherently, while all the other modes are in the vacuum state.
The dashed line is obtained by considering a thermal population Ni6th
=0 = 1, while only the ground mode is coherently
out
pumped. (b) Minimum value Si=0
of the quadrature noise
of the extracavity field which has the same transverse profile as the ground intracavity mode. (c) Surface plots of the
disordered potential (bottom) and of the ground mode photonic wavefunctions (top) for the different amplitudes (i), (ii),
(iii) of the disorder potential, also indicated in (a) and (b).
Parameters: 100µm × 100µm system with periodic boundary conditions; disorder potential with correlation length
λc = 5 µm; ~ωkz ,0 = 1.5 eV; ǫ = 13; g = 0.01 meVµm2 ;
rad
NR
~Γ = ~Γ0rad = ~Γi6NR
= 0;
=0 = 0.1 meV; ~Γi6=0 = ~Γ0
ωp = ωi=0 + Γ . Averaging over 100 disorder configurations.

in
out
reach a maximum values of Ci=0
= 0.77 and Si=0
= 0.75
for ∆V /Γ = 2 (point (ii)). Increasing ∆V /Γ further, the
in
noises decrease and recover the values Ci=0
= 0.5 and
out
Si=0 = 0 (for example, ∆V /Γ = 100, point (iii)). In
Fig. 1(c), we show a surface representation of the photonic ground mode squared wavefunction |ψ0 (r)|2 (top)
and of the disordered potential (bottom), showing the
increasing degree of localization of the photonic ground
wavefunction with increasing value of ∆V . Note that the
dashed line in Figs. 1(a) and 1(b) instead is for the case
with Ni6th
=0 = 1, meaning that the non-pumped modes
have excess noise due to a thermal population. In such






















  ∆Γ

FIG. 2: (a) Localization length L0 of the ground mode normalized to the system size Lplane versus the normalized disorder amplitude ∆V /Γ . (b) Solid line: effective number
Neff = πΓ WDOS (ω0 ) − 1 of modes weighted by the nonlinearity to the ground mode. Dashed line: actual number
Nact = πΓ ρDOS(ω0 ) − 1 of modes, by taking into account
the normal density of states.

a case, there is a similar behavior to the case Ni6th
=0 = 0
(solid line), but, importantly, the minimum noise can be
larger than 1 (larger than the standard quantum limit).
In order to understand the origin of this interesting
behavior of the nonlinear quantum squeezing generation
in presence of disorder, we have studied in detail the
localization properties, the density of states of the disordered eigenstates and the nonlinear coupling between
them. We have found that the generation of quantum
squeezing can be forbidden if (a) there is a significant
number of modes close in energy to the ground mode
(ωi≥1 − ω0 ∼ Γ ) and (b) they are significantly coupled to the ground mode (g000i has to be comparable
to g0000 ). In order to quantify the localization,
we have
p
considered the localization length L0 = h|r − hri|2 i of
the photonic ground mode, where the average h· · ·i is
taken on the ground mode state. In Fig. 2(a), we plot
L0 divided by Lplane (the size of a planewave mode) as
a function of disorder amplitude ∆V . For small values
of ∆V , L0 /Lplane ≃ 1 and, since the translational invariance is broken only very weakly, the nonlinear coupling coefficients are such that g000i /g0000 ≃ δi,0 . However, increasing ∆V , the wavefunction becomes more and
more localized and a transition from L0 /Lplane = 1 to
L0 /Lplane ≪ 1 occurs. In the strong localization limit,
we have found that an energy gap between the ground
photonic mode and the higher modes is opened (see the
sketches of energy structures in Fig. 2(a)). This energy gap effectively decouples the ground mode (i = 0)
from the other modes (i ≥ 1) and protects the quantum squeezing generation from the multimode coupling.
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Hence, the ideal values for single-mode Kerr squeezing
are recovered both in the case of negligible and very
strong localization, albeit for very different reasons. In
the case of no disorder, the selection rule due to the
translational invariance is responsible for the mode decoupling; in the strong localization limit, the decoupling
is due to a frequency gap ωi≥1 − ω0 ≫ Γ . In between,
the multimode coupling produces an excess noise, which
is maximum for a critical value of ∆V /Γ (around 2 for
the considered type of disorder).
In order to get further insight into the nonlinear multimode coupling, we have
Pconsidered the density of photonic states ρDOS (ω) = i LiR(ω), where Li (ω) is a normalized Lorentzian function ( dω Li (ω) = 1) with center ωi and width Γirad + ΓiN R . Having the density of
states ρDOS (ω), it is possible to compute the number
Nact = πΓ ρDOS (ω0 ) − 1 of modes whose eigenfrequencies
differ from ω0 less than Γ . Such a number Nact is plotted
in Fig. 2(b) (dashed line). It is apparent that Nact is not
responsible alone for the non-monotonous dependence of
the quantum noise versus disorder amplitude in Fig. 1(a).
Indeed, as apparent from Eq. (4), the Kerr quantum
squeezing is generated by the term g0000 hâ0 â0 iδâ†0 , while
the excess noise due to the coupling to the i-th mode
(i 6= 0) comes from the term g0i00 hâ0 â0 iδâ†i . Hence, the
ratio between the amplitudes g000i and g0000 plays an
important role. It is therefore instructive to study the
behavior of the quantity
X
|g000i /g0000 |2 Li (ω).
(6)
WDOS (ω) =

photon levels are obtained already in a micropillar with
a 4 µm diameter and a level separation larger than the
broadening can be achieved [19]. Of course, the complete
suppression of extracavity noise can be detected only by
using a local oscillator [10] with the same spatial shape
as the ground photonic wavefunction.
In conclusion, we have presented a theory for the role of
photon localization on the nonlinear generation of quantum squeezing in a disordered planar microcavity. We
have shown that the ideal single-mode quantum noise
reduction is limited by nonlinear multimode coupling between disordered eigenmodes, even when the modes are
in the vacuum state. Protection from multimode coupling is obtained in the strong localization limit [20]. Our
study shows the interesting link between nonlinear quantum noise properties and photon localization and may
stimulate a wide range of experimental and theoretical
investigations in a variety of systems. For example, the
link between Anderson localization and quantum noise
in 3D photonic systems [4], or the quantum noise statistics of superfluid light in a nonlinear disordered medium
[22, 23] are intriguing problems to explore in the future.
We wish to thank A. Amo, A. Bramati, I. Carusotto, C.
Fabre, E. Giacobino, J. Ph. Karr for discussions and/or
for a critical reading of the manuscript.

WDOS (ω) is a modified density of states where the contribution of each state is weighted by its nonlinear coupling to the ground mode. Such simple weighted density of states indeed qualitatively reproduces the nonmonotonous dependence of the excess noise as a function of the disorder amplitude in Fig. 1(a). This is
confirmed by looking at the effective number of modes
obtained with the weighted density of states, namely
Neff = πΓ WDOS (ω0 ) − 1, which is plotted by a solid line
in Fig. 2(b).
From the above discussion, it is now clear that, in planar cavities with disorder amplitude ∆V comparable to
the mode homogeneous broadening Γ , the generation of
quantum squeezing can be severely limited by nonlinear
coupling between disordered states. This critical condition ∆V ≃ Γ is actually achieved in semiconductor GaAs
microcavities, which have been experimentally investigated in recent works [15, 17, 18]. However, our results
also show that the system where photonic energy levels
are separated much more than the homogeneous broadening Γ the ideal single-mode Kerr squeezing can be recovered. Therefore, in this context, it appears natural
to consider artificially localized photonic systems such as
micropillars [18] to achieve a protected quantum squeezing generation. In GaAs-based microcavities, discrete

As disordered potential Vk for the in-plane motion of
photons, we have considered a Gaussian function [24]
with amplitude ∆V and correlation length λc . Namely,
2 2
we have taken Vk = ∆V e−λc k /4+iθk , where the phase
θk is given by aPrandom function satisfying θk = −θ−k to
make V (r) = k Vk eik·r real. The 2D system with size
Lx ×Ly is divided into a Nx ×Ny grid (Nx = Ny = 128 in
our numerical calculations) and the in-plane wavevector
k = (kx , ky ) in the first Brillouin zone is used: kx,y =
2πn/Lx,y and n = −Nx,y /2, −Nx,y /2 + 1, . . . , Nx,y /2 − 1.
The eigenfrequency ωi and function ψi (r) in the 2D
system is calculated by solving a eigenvalue problem
[~ωp
kz (−i∇) + V (r)]ψi (r) = ~ωi ψi (r), where ωkz (−i∇) =
√c
kz 2 − ∇2 . We have used periodic boundary condiǫ
tions for the photonic wavefunction. In the numerical
diagonalization, the matrix is relatively sparse.

i

SUPPLEMENTARY MATERIAL
1. Calculation of in-plane eigenmodes

2. Treatment of extracavity fields

For the treatment of extracavity fields in Eq. (4) on the
main paper, we have followed a generalized input-output
approach for the present system. The coupling between
the intracavity and the extracavity fields is described by
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the following Hamiltonian:
Z ∞
i
Xh
i~
κi,q â†i α̂q (ω) − κ∗i,q α̂†q (ω)âi .
dω
Hextra = − √
2π −∞
i,q
(7)
α̂q (ω) is the annihilation operator of the extracavity field
with frequency ω and in-plane wavevector q and the coupling coefficient κi,q is represented by the Fourier
√ transform ψ̃i,k of eigenfunction ψi (r) as κi,q = Γ rad ψ̃ik .
Here, it is convenient to consider a set of extracavity
fields with the same transverse profile as the intracavity
eigenmodes, namely:
X
α̂i (ω) ≡
α̂q (ω)ψ̃i,q .
(8)
q

In terms of this basis, Eq. (7) is rewritten as
r
Z
i
Xh †
Γ rad ∞
Hextra = −i~
dω
âi α̂i (ω) − α̂†i (ω)âi .
2π −∞
i
(9)
Therefore, the extracavity mode with the same transverse spatial profile as the i-th intracavity mode is not
affected by the other orthogonal intracavity modes, and
then Eq. (4) on the main paper and the input-output
relation
√
Γ rad âi (ω)
(10)
α̂OUT
(ω) = −α̂IN
i
i (ω) +

centrated within the light cone. Actually, in our calculation, there is negligible amplitude of the fundamental
mode ψ̃0,q outside the light cone.

3. Details about correlation functions

The quadrature amplitude of the i-th intracavity mode
in
(t) = âi (t)eiωp t−iθ + â†i (t)e−iωp t+iθ . The
is defined as Xi,θ
quantum noise is then quantified by the correlation funcin
in
in
in
in
tion Ci,θ
(τ ) = hXi,θ
(τ )Xi,θ
(0)i − hXi,θ
(τ )ihXi,θ
(0)i =
in
in
in
in
in
hδXi,θ (τ )δXi,θ (0)i, where δXi,θ = Xi,θ − hXi,θ i. The
intracavity quadrature noise is given by the equal-time
in
correlation function Ci,θ
(τ = 0). The extracavity
out
quadrature is defined as Xi,θ
(t) = α̂OUT
(t)eiωp t−iθ +
i
OUT†
−iωp t+iθ
α̂i
(t)e
. Its quantum noise is quantified by
out
the Fourier transform of correlation function Si,θ
(ω) =
R∞
iωτ
out
out
out
out
dτ
e
[hX
(τ
)X
(0)i
−
hX
(τ
)ihX
(0)i].
As
i,θ
i,θ
i,θ
i,θ
∞
already well explained in the literature [12–14], the extracavity field quantum noise properties are affected by
the interference between the incident (input) field and
the reemitted light by the cavity. If the quadrature noise
in
of the fundamental intracavity mode is Ci=0
= 0.5, it
out
can be shown that a perfect squeezing (Si=0 = 0) can be
obtained outside in the case Γ0N R ≪ Γ0rad .
4. Linearization Bogoliubov method

IN/OUT

(ω)
are derived by the standard approach [8, 9]. α̂i
is the so-called input/output operator (operator α̂i (ω, t0 )
where t0 → −∞/∞) is the initial/final time of the dynamics, and the Langevin force operator in Eq. (4) on
the main paper is written as
Z ∞
1
dω e−iωt α̂IN
F̂i (t) = hF̂i (t)i + δ F̂ (t) = √
i (ω).
2π −∞
(11)
In practice, the dynamics of extracavity field α̂i (ω) can
be measured by using a local oscillator spot with the appropriate shape, if the wavefunction ψ̃i,q is mostly con-

(δω − i

Γirad +ΓiN R
)δij + 2gi00j |hâ0 i|2
2
∗
−gij00
hâ0 i∗2

where δω ≡ ωi + 2gi00i Nith − ωp . The system is stable when the imaginary part of its eigenvalues are all
negative. In order to find the minimum of intracavity
and extracavity quantum noise, we calculated the valin
in
out
out
ues Ci=0
= min[Ci=0,θ
(0)] and Si=0
= min[Si=0,θ
(0)]
obtained by tuning the quadrature phase θ and by tun-

Concerning the stability of the mean-field solutions
hâi i, we note that the brackets in Eq. (4) on the main
paper are calculated as hâ†i âj i = δi,0 δj,0 |hâ0 i|2 + δi,j Nith
and hâi âj i = δi,0 δj,0 hâ0 i2 . Moreover, we treat |hâ0 i|2 as a
variable proportional to the pump intensity and check the
system stability by a linearization Bogoliubov method.
When we consider N eigenmodes of in-plane photonic
motion, the size of the Bogoliubov matrix L is 2N × 2N .
When L is divided into N × N blocks with each size 2 × 2,
the (i, j) block is written as

(−δω − i

gij00 hâ0 i2

Γirad +ΓiN R
)δij
2

∗
− 2gi00j
|hâ0 i|2

!

,

(12)

ing the pump intensity in the stability region. For the
system with only one photon mode, the minimum valin
out
ues Ci=0
= 0.5 and Si=0
= 0 are obtained at two pump
intensities at an instability boundary. However, for the
system with many modes and no translational invariance,
in general, the system has many instability regions and

6
the minimum is obtained not just at the boundaries. We
considered the minimum values below the first instability.
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