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A method of detecting Coherent Population Trapping resonance by phase modulation (PM) was
studied to expand the frequency locking range (LR). We calculated error signals by density matrix
analysis using an eigenvector algorithm and verified the calculated result using an 87Rb vapor cell and
a Rb-D1 vertical cavity surface-emitting laser. By comparing the error signal for PM with that for conventional frequency modulation (FM), it was found that the LR with PM is one order of magnitude
wider than that with FM without degrading the frequency stability. Published by AIP Publishing.
https://doi.org/10.1063/1.4991560
Microwave atomic clocks using Coherent Population
Trapping (CPT) have achieved a highly reproducible frequency reference with small size and low power consumption.1 It is anticipated that these features will not only lead to
replacement of elaborate crystal-based oscillators but also
bring the benefit of mobile frequency standards to various
applications such as wireless communication, sensor network, and positioning system. Further reduction in power
consumption for battery operation is currently pursued in the
use of the sleep mode2 since the warm-up time is reduced
considerably in CPT clocks owing to the immunity of CPT
resonance to the change in operation environment.
CPT atomic clocks are realized by tightly stabilizing
a local oscillator (LO) to a narrow CPT resonance. While
we normally employ voltage-controlled crystal oscillators
(VCXOs) as LOs, the deviation of their frequencies from the
nominal value is often larger than the spectral width of the
CPT resonance, requiring an initial sweep of LO frequency
to engage the stabilization. It is critically important to eliminate this initial frequency search for future intermittent operations. Broadening the linewidth of the CPT resonance by
high light intensity could be a solution to expand the locking
range (LR), but the overall performance suffers from the
penalty of lower frequency stability as both the quality factor
and signal to noise ratio (SNR) of the resonance degrade
because of power broadening and optical pumping. Also,
high light intensity leads to the increase in the light shift,
which degrades the long-term frequency stability. Tight
screening of VCXO or adding a control unit for temperature
makes it difficult to provide clocks within the acceptable
range of cost, size, and power consumption.
In this study, the phase modulation (PM) method was
applied to the detection of the CPT resonance to expand the
LR without broadening the linewidth. The PM method was
established to detect the resonances in optical systems such
as simple two-level systems or optical cavities.3–5 The LR
using this method can be widened without broadening the
absorption peak. The CPT resonance, on the other hand, is a
phenomenon that is relevant to an atom with three levels
and two incident optical radiations. While the system is quite
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different from the two-level system, the CPT resonance can
be regarded as an interaction of the two-level system comprising dark and bright states with one microwave photon.6
We considered that it is possible to apply the PM method to
the CPT resonance similarly to the two-level system in optical spectroscopy. To verify this assumption, an error signal
for the stabilization was first simulated on the basis of the
density matrix analysis using a modified eigenvector algorithm, resulting in good agreement with the theory of simple
two-level systems. The PM method was also applied to the
87
Rb CPT atomic clock using a vertical cavity surfaceemitting laser (VCSEL). By experimentally comparing the
error signal for PM and conventional frequency modulation
(FM), we confirmed that the fractional LR (FLR) is
expanded from sub ppm to several ppm without degrading
the short-term frequency stability.
We improved a simulation program based on a density
matrix using a time-domain solution algorithm7,8 to deal
with the transient response of the CPT resonance numerically. Recently, the time-domain algorithm was reported and
verified by another group.9 In this improved program, we
can take into account the various effects induced by light
intensity and relaxation rates, which were impossible to deal
with by frequency-domain solution.10 A K-type three-level
model of 87Rb having two ground states and a common
excited state was adopted in the calculation. The two ground
states correspond to F ¼ 1, mf ¼ 0 and F ¼ 2, mf ¼ 0 in the
52S1=2 state, and the excited state corresponds to the 52P1=2
state. The total decay rate of 52P1=2 was set to 490 MHz,
which we obtained from the absorption lines of a 87Rb cell
with N2 buffer gas at a pressure of 4.0 kPa.11 The error signal
of the CPT resonance was generally obtained by a synchronous detection of the transmitted light intensity, which is calculated on the basis of the density matrix analysis. Our
developed algorithm gives a solution of the density matrix
with modulation. Then, the error signal can be numerically
derived by obtaining the Fourier transform of the solution at
modulation frequency.
The inset of Fig. 1 shows the dependence of the signal
amplitude of the CPT resonance on the modulation frequency
fmod ð¼ xmod =2pÞ calculated using our program. The signal
amplitude had a cutoff characteristic when using FM, in

111, 201107-1

Published by AIP Publishing.

201107-2

Yano et al.

Appl. Phys. Lett. 111, 201107 (2017)

where K is a constant depending on the sideband intensity.
Assuming that the modulation frequency xmod is set to be
equal to c, the error signal of FM near the resonance is
expressed as
eFM  Kxmod

FIG. 1. Numerically calculated error signal of CPT resonance with PM (red
solid line) and FM (blue dot line): The gray band shows the noise level in
the case of SNR ¼ 10, which determines locking ranges. The inset shows the
signal amplitude as a function of modulation frequency. Points A and B for
PM and FM are the operating points that we employed in this work. The full
width at half maximum of the CPT resonance c=p is set at 540 Hz.

which the slope of the decrease was –20 dB/dec, owing to
the limited linewidth of the CPT resonance. When using
PM, the signal amplitude had a band-pass-like characteristic. The signal amplitude increased when fmod was close to
the relaxation of ground states c=2p and maintained its
value up to the relaxation rate of the optical transition
C=2p. Thus, a high modulation frequency of over c=2p can
be used to detect the CPT resonance using PM. This means
that FM detects the change in the steady states relevant to
incoherent processes, which takes a certain amount of decay
time. On the other hand, incoherent process is not necessary
for PM since it effectively detects the coherent phase shift
of one microwave photon. These frequency responses of
signal amplitude were experimentally confirmed by our
setup as described later.
Figure 1 shows the numerically calculated error signals
at the modulation frequency A (¼100 kHz) and B (¼270 Hz)
in the inset. The horizontal axis is a frequency detuning d relative to the atomic transition between two ground states.
Here, a large error signal was obtained using PM with large
detuning (d=c > 1) even though the slopes for PM and FM
overlapped near the transition frequency (d=c  0). LR can
be defined as the frequency range where LO is stabilized to
the transition without frequency sweeping. Then, in the case
of SNR ¼ 10 where the noise level is indicated as the gray
band, we can determine the LR as shown in Fig. 1. It is
clearly indicated that PM has wider LR than FM. In addition,
note that the slope of the error signal and SNR determine the
short-term frequency stability of the atomic clock. Thus, the
PM method allows the LR to be expanded without degrading
the short-term frequency stability.
By referring to the derivation of the error signals of the
two-level system,3–5 assuming that the CPT resonances
approximate the Lorentz function6 with a linewidth of 2c
and the modulation frequency xmod is much larger than c,
the error signals of PM near the resonance with the electric
susceptibility v are expressed as
ePM  KReðvÞ ¼ K

2dc
;
d2 þ c2

(1)

d
2dc3
c2
ImðvÞ ¼ K 2
¼ 2
ePM :
2
dd
d þ c2
ðd þ c2 Þ
(2)

Equations (1) and (2) indicate that the error signal has a
higher value for PM than for FM in the off-resonance
(d=c > 1) and that the error signals for PM and FM overlap
in the on-resonance (d=c < 1). Note that the error signal
decreases at large detuning proportional to 1=d and 1=d3 in
the PM and FM cases, respectively. The equations are in
good agreement with the numerical results shown in Fig. 1.
Thus, it was confirmed that the PM method can be applied to
the detection of the CPT resonance similarly to the two-level
system in optical spectroscopy.
To confirm the broad LR experimentally, a desktop-size
atomic clock was constructed as shown in Fig. 2. A singlemode VCSEL (Vixar Inc., P/N: I0-0795S-0000-B005) was
employed as a light source. The wavelength of the VCSEL
was 795 nm, which corresponds to the 87Rb-D1 line. The
VCSEL was driven by a dc injection current of 1.0 mA and
an RF signal whose frequency was half of the clock transition frequency. The frequency or phase of the RF signal is
modulated synchronously with the modulation frequency
fmod by using FM and PM functions of the RF generator. The
phase modulation depth is set at 0.8 rad. The laser wavelength was locked to the Rb absorption line by controlling
the temperature and injection current. The laser was circularly polarized. The output power of the signal generator, the
light power incident on the cell, and the beam diameter were
set to –11.2 dBm, 16 lW, and 3 mm, respectively. Isotopeenriched 87Rb atoms and N2 buffer gas were sealed in a glass
cell of 25 mm diameter and 22.5 mm length. The pressure of
the mixed gas was 4.0 kPa. The cell was covered with a solenoid coil to control the bias magnetic field. The temperature
of the gas cell was maintained at 60.0  C. The light passing

FIG. 2. Schematic diagram of the atomic clock used in the experiment. PD:
photodetector and TCXO: temperature-compensated crystal oscillator.
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FIG. 3. Error signals with PM and FM:
(a) calculation result with PM when a
bias magnetic field of 10 lT is applied,
(b) calculation result with FM, (c)
experimental result with PM, and (d)
experimental result with FM when a
bias magnetic field of 10 lT is applied.

through the gas cell was measured with a photodetector.
A temperature-compensated crystal oscillator (TCXO) was
employed as an LO. The output frequency was measured by a
frequency counter which was referenced by a hydrogen maser.
The clock frequency was found to be 6.834,696,636 GHz by
observing the CPT resonance. This value was 14 kHz higher
than that of the 87Rb fountain clock.12 This shift was caused
by the N2 buffer gas.
The experimental results are shown in Fig. 3 along with
calculated results. The measured SNR of resonance was
about 700 in this experiment. Several undesirable peaks indicated by filled triangles (䉲) can be observed in Figs. 3(c) and
3(d). These peaks correspond to Zeeman sublevels. By tuning the bias magnetic field, the positions of these peaks can
be controlled. The Zeeman sublevels are not considered in
our three-level calculation model. In Fig. 3(a), there is a
main peak and several subpeaks indicated by filled circles
(䊉). These subpeaks were generated by the modulation and
were reproduced in the experiment as shown in Fig. 3(c).
However, the second-order subpeaks (䊉 2) were larger than
the first-order subpeaks (䊉 1) in contrast to the calculation
result. This difference was due to the residual amplitude
modulation (RAM) of the VCSEL.13,14 By comparing Figs.
3(c) and 3(d), we clearly confirmed the widening of the LR.
The measured LR with FM was limited by the noise and was
6.8 kHz. On the other hand, the measured LR with PM was
limited by not the noise but the subpeaks generated by the
modulation. For the sake of comparison between the deviation of the LO frequency and LR, the fractional LR (FLR) is
defined as
FLRPM ¼

LRPM
;
fhfs

frequencies.15 Since the PM method allows signal detection
at higher frequencies where the laser FM noise is relatively
lower, an improved fractional frequency stability was
obtained by the PM method.
In conclusion, the PM method was applied to the detection of the CPT resonance to expand the locking range without broadening the linewidth. Error signals using the PM
method were numerically calculated by a time-domain analysis based on a density matrix, and they were compared with
those using the conventional FM method. As a result, the
PM method can provide a 29-fold wider locking range than
the FM method. It was found that the PM method is effective
in detecting the CPT resonance similarly to the two-level
system in optical spectroscopy. Furthermore, the PM method
was applied to a desktop-scale atomic clock employing an
87
Rb vapor cell and a VCSEL. Unlike the numerical expectation, the expansion of the locking range was limited by the
Zeeman sublevels. The measured fractional locking range
was 14.6 ppm, which was 14.6 times wider than that measured using the FM method. Frequency stability was also
improved by using the PM method.
The wider locking range obtained with our method
relaxes a constraint in the deviation of the LO frequency,
which may contribute to the reduction in the size, cost, and
power consumption of the CPT clock. Furthermore, note that
the wider locking range reduces the settling time of the feedback to engage the stabilization. It realizes not only the
robustness of the frequency lock but also intermittent operation for the battery operated devices in the future.

(3)

where fhfs is the hyperfine splitting frequency between
ground states. In Figs. 3(a) and 3(c), the LR (FLR) reached
200 kHz (29.3 ppm) and 100 kHz (14.6 ppm), respectively.
The theoretical LRPM is equal to twice the modulation frequency 2fmod. The LR in the experiment was reduced by
the Zeeman sublevels, which can be tuned via the bias
magnetic field.
Figure 4 shows the Allan deviations of the CPT atomic
clock using PM and FM. The frequency stability of the LO
was 6.2  10–11 at 1 s. The short-term stability is mainly limited by the laser FM noise, which decreases at higher Fourier

FIG. 4. Allan deviations: the circular and triangular dots are those for the
CPT atomic clock with PM and FM, respectively. The square dots are those
for free-run LO.
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