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This article reviews the past works on topological Hall effects of magnons in insulating magnets
with a particular focus on ferrimagnets. First, we discuss the magnonic quantum Hall effect in
ferromagnets induced by the Aharonov-Casher effect. Specifically, starting from the classical Hall
effect of magnons proposed by Meier and Loss [F. Meier and D. Loss, Phys. Rev. Lett. 90, 167204
(2003)], we establish the Landau quantization of magnons with suitable electric-field configuration
through the Aharonov-Casher effect in ferromagnets. Magnons are shown to form the Landau levels,
giving rise to chiral edge magnon states. Second, by making use of the Néel magnetic order of
insulating antiferromagnets, we show that a bosonic counterpart of electronic topological insulators
can be established by the electric field gradient via the Aharonov-Casher effect, extending the notion
of symmetry protected topological phases to antiferromagnetic insulators. Using magnons with
opposite magnetic dipole moments associated with the Néel order, we establish a magnonic analog of
the quantum spin Hall effect characterized by helical edge magnon states. We generalize this known
result for antiferromagnets to ferrimagnets, leading to the discussion of the topological Hall effect
of magnons in the bulk of ferrimagnets. Third, we show that the topological Hall effect is expected
to exist in ferrimagnets with skyrmion crystal, by extending the magnetic texture-induced thermal
Hall effects of magnons in skyrmion crystal phases of FMs proposed by Hoogdalem et al. [K. A. van
Hoogdalem et al., Phys. Rev. B 87, 024402 (2013)] into ferrimagnets. One particular feature of the
topological Hall effect of ferrimagnets is that it is thermally tunable in that the direction of heat flux
changes across the angular momentum compensation point at which the angular momentum changes
its sign with respect to the magnetization direction. Last, by enumerating the recent development
of experimental techniques, we give our perspective and provide a platform to discuss a direction
for further development of topological magnonics.

I. INTRODUCTION

The research on the Hall effects with topological char-
acteristics in spin systems has a long history. For exam-
ple, in 1995, Haldane and Arovas [1] predicted a quan-
tized spin Hall response in two-dimensional chiral mag-
nets (e.g., chiral spin liquids) to a gradient of magnetic
fields. In 2003 Meier and Loss [2] found a magnonic
analog of the Hall effect through the Aharonov-Casher
(AC) effect [3], and in 2009 Fujimoto [4] proposed the
one through the Berry phase associated with a spin chi-
rality of frustrated magnets. The magnetic field gradi-
ent, which has been used to drive spinful quasiparticles
in magnetic insulators including magnons and spinons,
is now understood as a nonequilibrium spin chemical po-
tential [5–8]. Notably, Ref. [9] reported the measurement
and control of the spin chemical potential in magnetic in-
sulators using nitrogen-vacancy centers in diamonds [10].

In 2010, Katsura et al. [11] proposed thermal Hall ef-
fects in insulating quantum magnets subjected to tem-
perature gradient. Heat currents are carried by spinons
in a spin liquid, while they are carried by magnons [12, 13]
in ordered magnets. They showed that the Dyaloshin-
skii–Moriya interaction (DMI) [14–16] plays the role of a
vector potential for magnons and, as such, can give rise
to the finite Berry curvature and the resultant thermal
Hall effect. In the same year, their theoretical predic-
tion was experimentally confirmed by Onose et al. [17],
where the thermal Hall effect of magnons was observed

in an insulating ferromagnet (FM) with a pyrochlore lat-
tice structure with the finite DMI. Since the discovery
of the DMI-induced thermal Hall effect, the DMI has
been playing a central role in the study of magnon Hall
effects. Magnonic analogues of the Haldane-Kane-Mele
model [18–20] were proposed in Refs. [21, 22], and anal-
ogous magnon spin Nernst effects for antiferromagnets
(AFs) were predicted in Refs. [23, 24]. The numerical
demonstration of the DMI-induced chiral edge magnons
states have been reported in several theoretical works in-
cluding Refs. [25, 26].

Both the DMI and the AC effect are the manifesta-
tions of spin-orbit coupling, and there are certain simi-
larities between them as discussed in Ref. [27]. In partic-
ular, both can give rise to the Berry curvature for mag-
netic quasiparticles and thus the thermal Hall effect. The
AC effect has been probed experimentally. For example,
Ref. [28] measured the AC effect in small arrays of meso-
scopic semiconductor rings, and Ref. [29] demonstrated
the coupling of electric field to spin waves and observed
the AC effect on magnons in a centrosymmetric ferrite.

In 2011, Matsumoto and Murakami [30, 31] pointed out
that there should be a correction term of orbital angular
momentum for magnons to the expression of the thermal
Hall coefficient derived in Ref. [11]. For the details of the
issue, see the instructive review articles Refs. [32, 33].
They also showed that the dipolar interaction makes the
Berry curvature [34] nonzero, and discussed the ensuing
thermal Hall effect of magnons [35]. Using the dipolar in-
teraction, in 2013 Shindou et al. [36] proposed a topolog-
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FIG. 1. Schematic illustration of the insulating ferrimagnet
on a square lattice. Spins on the sublattice A(B) have the
spin quantum number SA(B) with SA ̸= SB for ferrimagnets,
while SA = SB for antiferromagnets.

ical magnonic crystal associated with chiral edge magnon
states [37].

There are several related works. See Ref. [38] for a
quantum Hall effect of spin currents in Helium-3 [39],
Ref. [40] for the orbital magnetic moment of magnons,
Ref. [41] for twisted magnon beams carrying orbital an-
gular momentum, Ref. [42] for the electric field control
of magnonic Josephson spin current and persistent spin
current through the AC phase (cf., Ref. [43] for Helium-
3), and Ref. [44] for a non-Abelian AC phase factor in
mesoscopic systems.

In this review article, we provide an overview of our
past works [45–47] on magnonic Hall effects in insulating
magnets, with a particular focus on ferrimagnets (Fig. 1).
First, we review the existing theory on the Landau quan-
tization of magnons induced by the AC effect in a fer-
romagnet [45], which was built upon the work [2] by
Meier and Loss on the magnon Hall effect. We show
that magnons form the Landau levels, giving rise to chi-
ral edge magnon states associated with the finite Chern
number. We also showed that Hall transport coefficients
of magnons described by the Chern number in an almost
flat band. Carefully taking into account the quantum-
statistical properties of bosons and thereby appropriately
defining the thermal Hall conductance for magnons, we
revealed that the magnonic Wiedemann-Franz law [48] is
satisfied also in magnonic Hall systems. Second, we dis-
cuss our finding [46] of a bosonic counterpart of electronic
topological insulators [49], which makes use of the Néel
magnetic order of insulating AFs and extends the notion
of symmetry protected topological phases to AFs. More
specifically, by using two specifies of magnons with op-
posite chirality existing in antiferromagnets, we found a
magnonic analog of the quantum spin Hall effect charac-
terized by helical edge magnon states [50, 51]. Focusing
on the topological Hall phase for magnons, we also stud-
ied the bulk Hall effects, such as magnonic spin, ther-
mal, Nernst, and Ettinghausen effects. The theory for
the magnonic Hall effects of antiferromagnets is gener-
alized into ferrimagnets in this work, which consist of
two (or more) inequivalent magnetic sublattices that are

coupled antiferromagnetically. Last, we review the tun-
able thermal Hall effect of ferrimagnetic skyrmion crystal
found in Ref. [47], which was built upon the analogous
work [52] on magnetic texture-induced thermal Hall ef-
fects of magnons in skyrmion crystal phases of FMs. The
unique tunability of ferrimagnets gives us a handle to con-
trol the magnonic thermal Hall currents in that the direc-
tion of heat flux changes across the angular momentum
compensation point (CP), where the angular momentum
density of the ferrimagnet vanishes.

This paper is organized as follows. In Sec. II we
summarize the properties of insulating ferrimagnets. In
Sec. III we explain Hall effects of magnons through the
AC phase in insulating FMs, AFs, and ferrimagnets; in
Sec. III C we develop the work [46] on AFs into ferrimag-
nets. In Sec. IV we discuss the tunable thermal Hall effect
of magnons in skyrmion crystal phases of ferrimagnets.
Finally, we provide a perspective for further development
of magnonics [32, 33, 53, 54] in Sec. V, and conclude in
Sec. VI.

II. MAGNONS IN FERRIMAGNETS

Ferrimagnets are magnets consisting of multiple in-
equivalent magnetic sublattices that are coupled antifer-
romagnetically (see Fig. 1 for the schematics) [55–57]. In
some sense, antiferromagnets can be considered as special
case of ferrimagnets where the magnetic sublattices hap-
pen to be equivalent. The order parameter of collinear
ferrimagnets is given by the Néel order parameter as in
the case of AFs. Low-energy physics of insulating fer-
rimagnets is characterized by the spin-up magnon and
the spin-down magnon (with respect to the background
Néel order) which have the magnetic dipole momentum of
σgσµBez for the spin-σ magnons (σ = ±) [58], where µB

is the Bohr magneton and gσ is the g-factor for the spin-σ
magnon. The g-factors of the two types of magnons are
generally different from each other g↑ ̸= g↓ in ferrimag-
nets due to the inequivalence of the constituent sublat-
tices, while they coincide g↑ = g↓ in AFs.

There are two types of compensation points (tempera-
ture or chemical composition) in ferrimagnets. One is the
magnetization compensation point where the magnetiza-
tion vanishes. The other is the aforementioned CP. Due
to the σ-dependence of the g-factor, CP generally differs
from the magnetization compensation point in ferrimag-
nets. Magnons in ferrimagnets differ from those in AFs.
For example, the up (σ = +) and down (σ = −) magnons
are not degenerate in ferrimagnets, while they are degen-
erate in AFs. See Refs. [58–60] for details, e.g., the energy
dispersion and the magnon gap etc. in spin language.

Note that, for readers’ convenience, we will use the
subscript σ = +(−) as ↑ (↓) for a physical quantity O
depending on the species of magnons, e.g., Oσ=+(−) as
O↑(↓), when it becomes more readable.

In addition to magnons, the dynamics of topological
solitons such as domain walls and skyrmions in ferrimag-
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FIG. 2. Left: Schematic illustration of magnetic excitations
in (a) a FM and (b) an AF associated with a classical Néel
magnetic order. Right: Schematic illustration of edge magnon
states in a two-dimensional topological (a) FM and (b) AF
subjected to the AC effect. (a) Chiral edge magnon state. (b)
Helical edge magnon state. (a) Magnons with gµBez propa-
gate along the edge of a finite sample in one direction. (b)
Spin-σ magnons, i.e., up and down magnons (σ = ±1) with
opposite magnetic dipole moments σgµBez, propagate along
the edge in opposite directions. Reprinted with permission
from Ref. [46].

nets can be distinct from those of FMs and AFs. See, e.g.,
Ref. [61] for fast domain wall motion in the vicinity of CP
in ferrimagnets, and Ref. [62] for the NMR measurement
of an enhancement of domain wall mobility at CP in ferri-
magnets. The coupling of magnons to other particles can
exhibit distinct features in ferrimagnets as well. See, e.g.,
Ref. [63], where the magnon-photon coupling is strongly
enhanced at CP in ferrimagnets, compared to FMs and
AFs.

III. AHARONOV-CASHER EFFECT

A. Ferromagnets

We [45] consider a two-dimensional ferromagnet in the
xy plane (e.g., a square lattice) subjected to an spa-
tially varying electric field E. Through the AC effect [3],
the applied electric field couples to the magnetic dipole
gµBez of magnons [2], where g is the g-factor and µB the
Bohr magneton. Magnons, which are chargeless bosonic
quasiparticles carrying a magnetic dipole moment gµBez
along the z direction, are described by the following
Hamiltonian [2] for low-energy dynamics:

Hm = −
∑
⟨ij⟩

tije
iθij (aia

†
j +H.c.), (1)

where a(†) is the magnon annihilation (creation) operator
and

θij =
gµB

ℏc2

∫ xj

xi

dr · (E× ez) (2)

is the AC phase that magnons acquire during the hop-
ping between the nearest neighboring sites ⟨ij⟩ with the
amplitude tij .

Assuming an isotropic spin Hamiltonian and taking the
continuum limit, the single-magnon Hamiltonian is given
by [45]

Hm =
1

2m

(
p+

gµB

c
Am

)2

(3)

with the effective mass of magnons m and the electric
vector potential at position r = (x, y, 0) defined as [45,
46]

Am(r) :=
1

c
E(r)× ez. (4)

This Hamiltonian is analogous to the Hamiltonian for a
charged particle moving in the presence of a vector po-
tential, i.e., the Aharonov-Bohm (AB) effect [64]; the
AC effect differs from the AB effect, however, in that
the coupling constant is given by gµB instead of the
charge e and the vector potential Am is induced by
the electric field instead of the magnetic field. The AC
vector potential can give rise to the nontrivial gauge
for magnons as follows. The electric field of the form
E(r) = E(−x/2,−y/2, 0) with a constant field gradient E
gives rise to an analog of the symmetric gauge potential
Am(r) = (E/c)(−y/2,+x/2, 0). Also, the electric field
given by E(r) = E(−x, 0, 0) yields the so-called Landau
gauge Am(r) = (E/c)(0, x, 0). Both cases yield the finite
fictitious magnetic field for magnons in the z direction:

∇×Am =
E
c
ez. (5)

We can immediately recognize that the role of the per-
pendicular magnetic field for the charged particles in the
AB effect [64] is played by the in-plane electric field gra-
dient E for magnons in the AC effect.

This analogy gives rise to the Landau quantization of
magnons bands in the AC effect. Specifically, we [45]
found that magnons form the Landau level with the prin-
cipal quantum number n,

En = ℏωc

(
n+

1

2

)
, n = 0, 1, 2, · · · , (6)

and perform cyclotron motions with the frequency

ωc :=
gµBE
mc2

(7)

and the electric length lE being defined by

lE :=

√
ℏc2
gµBE

. (8)

The magnons in this phase form skipping orbits along the
boundary, giving rise to chiral edge states (Fig. 2). See
Fig. 3 for the plot of the flat magnon bands with chiral
edge states.

Next, we discuss the resultant Hall transport proper-
ties in the bulk of magnets [17, 30, 31, 35]. Under the
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TABLE I. Landau quantization for nonrelativistic-like and relativistic-like [65] magnons through the AC effect [45]. Ref. [66]
proposed that a relativistic-like magnon spectrum is generated on two-dimensional honeycomb lattices. See Ref. [45] for the
details of the parameters.

Nonrelativistic-like magnon Relativistic-like magnon
Dispersion: Quadratic Linear

Hamiltonian: Hm = 1
2m

(
p+ gµB

c
Am

)2. HD(F) = vJσ ·
(
p+ gµB

c
Am

)
+ ε̂.

Landau level: En = ℏωc(n+ 1/2). E
D(F)
n± = ±ℏωD(F)

c
√
n+ ε.

Frequency: ωc = gµBE
mc2

∝ 1/lE
2. ω

D(F)
c =

√
2vJ/lE ∝ 1/lE .

En − En−1: En − En−1 = ℏωc. E
D(F)
n+ − E

D(F)
n−1+ = ℏωD(F)

c (
√
n−

√
n− 1).

E/tx
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FIG. 3. Plot of the magnon band structure in ferromagnets
in the presence of an electric-field gradient as a function of
the rescaled wavevector obtained by numerically solving the
tight-binding model of Eq. (3) for the isotropic case. The
first and partially the second Landau levels are shown. See
Ref. [45] for the details of the parameters. Reprinted with
permission from Ref. [45].

assumption that the spin along the z direction remains a
good quantum number, spin and heat Hall current den-
sities, j and jQ, under a gradient [1, 67] of an effective
magnetic field (i.e., nonequilibrium magnon chemical po-
tential [6–9]) and a temperature gradient, are described,
within linear response regime, by the following 2× 2 On-
sager matrix,(

⟨jy⟩
⟨jQy ⟩

)
=

(
Lyx
11 Lyx

12

Lyx
21 Lyx

22

)(
−∂xB

−∂xT/T

)
. (9)

At low temperature

kBT ≪ ℏωc, (10)

the lowest mode n = 0 contributes dominantly to the
bulk Hall transport. When the band width of the n = 0
Landau level is much smaller than kBT ,

(Band width) ≪ kBT, (11)

the energy band can be regarded as being almost flat
in the Bloch wavevector space [45, 68]. The typical en-
ergy value for the almost flat band of the lowest Lan-
dau level n = 0 is denoted by E∗

0 with the Bose-
distribution function nB(E

∗
0 ). Assuming such an almost

flat band at low temperature, the Hall transport coeffi-
cients [17, 30, 31, 35] become characterized by the Chern
number N0 [45, 68], analogous to the (integer) quantum
Hall effect [69, 70] of charged particles, as [45]

Lyx
ij = (kBT )

η(gµB)
2−ηCη

(
nB(E

∗
0 )
)
· N0/h, (12)

where η = i+j−2, C0
(
nB(E

∗
0 )
)
= nB(E

∗
0 ), C1

(
nB(E

∗
0 )
)
=

[1 + nB(E
∗
0 )]log[1 + nB(E

∗
0 )] − nB(E

∗
0 )log[nB(E

∗
0 )], and

C2
(
nB(E

∗
0 )
)

= [1 + nB(E
∗
0 )]

(
log[1 + 1/nB(E

∗
0 )]

)2 −(
log[nB(E

∗
0 )]

)2−2Li2
(
−nB(E∗

0 )
)

with the polylogarithm
function Lis(z) =

∑∞
n=1 z

n/ns.
We stress that in contrast to the case of charged

fermions (e.g., electrons), in general Hall transport coeffi-
cients of magnons cannot be described by the Chern num-
ber alone due to the nature of the Bose-distribution func-
tion; instead, those are generally characterized by the
product of the Berry curvature and the Bose-distribution
function. Only in the case of almost flat bands, Hall
transport coefficients of magnons become describable by
the Chern number alone. This is a crucial distinction in
Hall transport between charged particles and magnons.
See also Ref. [68] for the almost flat band and the resul-
tant relation between magnonic Hall conductances and
the Chern number, and Ref. [71] for nearly flat bands
with nonzero Chern numbers.

We remark that the quantum-statistical properties of
bosons and fermions also give rise to the difference in
the appropriate definition of the thermal Hall conduc-
tance, see Ref. [45, 48] for details. Also, for relativistic-
like magnons with linear dispersion (which can be found
in, e.g., easy-plane magnets), the Landau quantizations
are different from those of non-relativistic-like magnons
with quadratic dispersion. See Table I and Ref. [45] for
the details of the comparison.

See Ref. [72] for a magnonic chiral anomaly in py-
rochlore ferromagnets through the AC effect and Ref. [73]
for a chiral anomaly of Weyl magnons in stacked honey-
comb ferromagnets through the AC effect. Refer also to
Ref. [36] for topological chiral edge state of magnons in
a magnonic crystal with the dipolar interaction, Ref. [37]
for chiral edge modes of spin wave in magnetic dipole-
dipole interactions, Ref. [74] for magnetostatic spin wave
analog of integer quantum Hall state, and Ref. [35] for
thermal Hall effect of magnons [17, 30, 31, 35] in dipolar
interaction.
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FIG. 4. Plots of the magnonic energy spectrum for magnons
in antiferromagnets in the presence of an electric-field gra-
dient as a function of the rescaled wavevector obtained by
numerically solving the tight-binding model of Eq. (13). The
first and partially the second Landau levels are shown. See
Ref. [46] for the details of the parameters. Reprinted with
permission from Ref. [46].

B. Antiferromagnets

In AFs [46], there are both up and down magnons,
and they are degenerate in the absence of an external
field. By assuming the isotropic spin Hamiltonian and
within the approximation retaining up to the second or-
der in terms of the magnon operators, up and down
magnons are completely decoupled in AFs with spin-
rotational symmetry around the z axis, and the dynamics
of magnons in the AF is described as the combination of
two independent copies of the dynamics of magnons in
a FM for each mode σ = ±1. Thus in the AC effect
the spin-σ magnon with the magnetic dipole momentum
σgµBez is described by the Hamiltonian

Hmσ =
1

2m

(
p̂+ σ

gµB

c
Am

)2

, (13)

where Am is the corresponding AC-induced vector poten-
tial. Then we find that up and down magnons (σ = ±)
form the same Landau levels for the principal quantum
number nσ:

Enσ
= ℏωc

(
nσ +

1

2

)
, nσ = 0, 1, 2, · · · , (14)

and perform cyclotron motions with the same frequency
ωc, but they propagate in opposite directions. This gives
rise to helical edge magnon states (Fig. 2) and each
magnon mode has the finite Chern number. See Fig. 4
for the plot of the magnon bands.

Next, we discuss the resultant Hall transport proper-
ties in the bulk of AFs. In the linear response regime the
spin and heat Hall current densities for each mode, jyσ
and jQyσ, respectively, under a gradient [1, 67] of an effec-
tive magnetic field (i.e., nonequilibrium magnon chemical

potential [6–9]) and a temperature gradient are described
by the Onsager matrix as(

⟨jyσ⟩
⟨jQyσ⟩

)
=

(
Lyx
11σ Lyx

12σ

Lyx
21σ Lyx

22σ

)(
∂xB

−∂xT/T

)
. (15)

At low temperature kBT ≪ ℏωc, the lowest mode n = 0
makes a major contribution to the bulk Hall transport.
The typical energy value of the almost flat band in
the lowest Landau level n = 0 for the spin-σ magnon
is denoted by E∗

0σ with the Bose-distribution function
nB(E

∗
0σ). Within the approximation of the almost flat

band, the Hall transport coefficients [17, 30, 31, 35] Lyx
ijσ

become characterized by the Chern number N0σ = σ the
spin-σ magnon brings, and those are described by [46]

Lyx
ijσ = (kBT )

η(σgµB)
2−ηCη

(
nB(E

∗
0σ)

)
· N0σ/h, (16)

where η = i+ j − 2.
Assuming E∗

0↑ ≈ E∗
0↓ =: E∗

0 and dropping the index yx
for convenience, the Hall transport coefficient Eq. (16) is
recast into

Lyx
ijσ = σ2−ηL′

ijN0σ, (17)

with L′
ij := (kBT )

η(gµB)
2−ηCη

(
nB(E

∗
0 )
)
/h, which is in-

dependent of the index σ. Defining the total magnonic
spin and heat Hall current densities as, Jy :=

∑
σ jyσ

and JQ
y :=

∑
σ j

Q
yσ, respectively, Eq. (15) is recast into(

⟨Jy⟩
⟨JQ

y ⟩

)
=

(
L′
11(N0↑ +N0↓) L′

12(N0↑ −N0↓)
L′
21(N0↑ −N0↓) L′

22(N0↑ +N0↓)

)(
∂xB
−∂xT

T

)
.

(18)

The component of L′
12 represents the magnonic spin

Nernst effect [23, 24], L′
21 the magnonic Nernst-

Ettinghausen effects [32], and L′
11 magnonic spin Hall

effect in the bulk AF. As for the thermal Hall effect, see
Ref. [42] for the appropriate definition of the thermal Hall
conductance. Refer to also Ref. [46] for thermomagnetic
transport in topologically trivial AFs.

We would like to remark here that, throughout this
study [46], we worked under the assumption that the to-
tal spin along the z direction is conserved and remains a
good quantum number. See Ref. [75] for Z2 topological
invariant of a general magnon spin Hall system, Ref. [76]
for three-dimensional topological magnon systems, and
Ref. [33] for non-Hermiticity of magnon Bogoliubov-de
Gennes systems. See also Refs. [24, 77] for magnon Hall
effects in bilayer systems.

In addition to the electric-field gradient that induces a
gauge field via the AC effect, it is known that artificial
gauge field can be induced by an inhomogeneous strain
which is applied to lattice systems. See Ref. [78] for a
magnonic Landau level and an emergent supersymmetry
in the strained AFs. Refer to also Ref. [79] for topolog-
ical magnons in Kitaev magnets [80], and Ref. [81] for
magnon-phonon hybrid excitations in AFs.
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C. Ferrimagnets

Now, we discuss the magnon bands in ferrimagnets
in the presence of an electric-field gradient by allowing
for the inequivalent constituent sublattices and thereby
generalizing the previous result for antiferromagnets. In
ferrimagnets, up and down magnons are no longer degen-
erated. Through the AC effect the spin-σ magnon with
the magnetic dipole momentum σgσµBez is described by
the Hamiltonian

Hmσ =
1

2m

(
p̂+ σ

gσµB

c
Am

)2

+∆σ, (19)

where ∆σ is the magnon gap for the spin-σ magnon. Note
that in contrast to AFs, the g-factor of the spin-σ magnon
in ferrimagnets depends on the index σ, see Ref. [59, 60]
for details. Refer also to Ref. [58] for the effective mass
of magnons m and the magnon gap ∆σ in spin language.

The spin-σ magnon exhibits Landau quantization in
the presence of an electric-field gradient via the AC ef-
fects in ferrimagnets akin to the case of AFs, assuming
that the kinetic energy dominates the potential energy.
However, due to the σ-dependence of the g-factor, gσ,
the frequency of the cyclotron motion also depends on
the index σ

ωcσ :=
gσµBE
mc2

. (20)

Then we find that Landau level with the principal quan-
tum number n ∈ N0 and the electric length also depend
on the index σ as

Enσ =ℏωcσ

(
n+

1

2

)
, (21a)

lEσ :=

√
ℏc2

gσµBE
, (21b)

respectively. Similarly to antiferromagnetic cases, these
magnons in ferrimagnets are expected to possess the he-
lical edge magnon states and finite Chern numbers.

Next, we discuss the resultant Hall transport proper-
ties in the bulk of ferrimagnets. Note that we need to
take into account the σ-dependence of the g-factors of
magnons carefully. At low temperature kBT ≪ ℏωcσ,
the lowest mode n = 0 makes a major contribution to
the bulk Hall transport. The typical energy value of the
almost flat band in the lowest Landau level n = 0 for
the spin-σ magnon is denoted by E∗

0σ with the Bose-
distribution function nB(E

∗
0σ). Note that in contrast

to AFs, due to the σ-dependence of the g-factor and
that of the cyclotron frequency ωcσ accordingly, up and
down magnons are no longer degenerated. This results in
E∗

0↑ ̸= E∗
0↓. Within the approximation of the almost flat

band, the Hall transport coefficients [17, 30, 31, 35, 45]
Lyx
ijσ become characterized by the Chern number N0σ = σ

the spin-σ magnon brings. Then the Hall transport coef-
ficients of the Onsager matrix [Eq.(15)] for ferrimagnets
are described by

Lyx
ijσ = (kBT )

η(σgσµB)
2−ηCη

(
nB(E

∗
0σ)

)
· N0σ/h,(22)

with N0σ = σ. Defining the total magnonic spin and
heat Hall current densities as, Jy :=

∑
σ jyσ and JQ

y :=∑
σ j

Q
yσ, respectively, the Onsager matrix [Eq.(15)] is re-

cast into (
⟨Jy⟩
⟨JQ

y ⟩

)
=

(
Lyx
11 Lyx

12

Lyx
21 Lyx

22

)(
∂xB

−∂xT/T

)
, (23)

where

Lyx
11 :=

∑
σ

Lyx
11σ

=
µ2
B

h

[
g2↑C0(nB(E

∗
0↑))− g2↓C0(nB(E

∗
0↓))

]
, (24a)

Lyx
12 :=

∑
σ

Lyx
12σ

=
µB

h
kBT

[
g↑C1(nB(E

∗
0↑)) + g↓C1(nB(E

∗
0↓))

]
,

(24b)

Lyx
21 :=

∑
σ

Lyx
21σ = Lyx

12 , (24c)

Lyx
22 :=

∑
σ

Lyx
22σ

=
(kBT )

2

h

[
C2(nB(E

∗
0↑))− C2(nB(E

∗
0↓))

]
. (24d)

Note that the contributions from two types of magnons
are generally different unlike the cases of AFs. This can
results in the thermal and spin transport properties dif-
fering from those of AFs such as the presence of the spin
Seebeck effect in the absence of an external field predicted
in Ref. [60].

IV. THERMAL HALL EFFECT IN
FERRIMAGNETIC SKYRMION CRYSTALS

In Ref. [52] Hoogdalem et al. proposed the mag-
netic texture-induced thermal Hall effects of magnons
in skyrmion crystal phases of FMs. They found that
magnons acquire the fictitious electromagnetic poten-
tials [82–84] induced by the noncollinear ground state
and thereby form the Landau level and induce thermal
Hall effect. In Ref. [47] we extended the work by Hoog-
dalem et al. [52] into the one for ferrimagnets.

See the instructive review article Ref. [85] and refer-
ences therein for topological properties and dynamics of
magnetic skyrmions. Refer to also Ref. [86] for quantum
skyrmions in chiral magnets, Ref. [87] for quantum dy-
namics of skyrmions in chiral magnets, Ref. [88] for quan-
tum depinning of a magnetic skyrmion, and Ref. [89] for
intrinsic magnon-driven skyrmions.

A. General formalism for a collinear ferrimagnet

Let us consider a collinear ferrimagnet [47]. Follow-
ing Refs. [90–92], we neglect the dipolar interaction by
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ferrimagnet in skyrmion crystal phase

x

y

rT

jQ s = 0

s < 0

s > 0

FIG. 5. Schematic illustration of thermal Hall effect in a
skyrmion crystal phase of ferrimagnets, where s is the spin
density. A temperature gradient ∇T generates the magnonic
heat flux jQ, whose direction can be controlled by control-
ling the spin density via, e.g., temperature. Reprinted with
permission from Ref. [47].

considering the cases where it is dominated by the ex-
change energy and the skyrmion-induced electromagnetic
fields. The dynamics of ferrimagnets is described by
the Landau-Lifshitz-like equation [61, 93, 94]. Since the
equation of motion is second order in time derivative akin
to that of AFs, there are two types of solutions ψσ rep-
resenting spin-σ magnons. Solving the equation up to
linear order in the fluctuation [95, 96] in the presence
of the magnetic texture, the equation of motion for the
spin-σ magnon is given by [47]

−σs
(
i∂t −

σϕ

ℏ

)
ψσ + ρ

(
i∂t −

σϕ

ℏ

)2

ψσ

= A

(
∇
i
− σa

ℏ

)2

ψσ,

(25)

where s is the equilibrium spin density, ρ denotes the in-
ertia associated with the dynamics of the magnetic order,
A represents the exchange coefficient, a is the textured-
induced vector potential, and ϕ is the scalar potential
that is generated only when the magnetic texture is dy-
namic. Although we do not discuss the explicit expres-
sions for the scalar and the vector potentials, they can be
found in Ref. [47]. The vector potential consists of two
parts; one is from the exchange energy, and the other
from the DMI. Since the spin-σ magnon carries a mag-
netic dipole moment whose directions are locked parallel
and antiparallel with respect to the background spin tex-
ture [97], they acquire the vector potential a (i.e., the
Berry phase) with the opposite signs [note the prefac-
tor σ in front of a in Eq. (25)]. In other words, they
experience the opposite fictitious electromagnetic fields.

It is instructive to consider the case without the mag-
netic texture. In the absence of the scalar and the vector
potentials, ϕ = 0 and a = 0, Eq. (25) has the plane-wave
solutions [98]. The energy-momentum relation for spin-σ
magnons is given by [47]

ϵσ(k) =
√
(mc2)2 + ℏ2c2k2 + sgn(σs)mc2, (26)

where c :=
√
A/ρ represents the characteristic magnon

speed in the absence of electromagnetic fields, and m :=
ℏ|s|/2A is the effective mass of magnons. Note that they
are not degenerate generally, with one exception at CP
where s = 0. We remark here that during the derivation,
we used the exchange approximation; we focused on high-
energy magnons whose wavelength is much smaller than
the spatial extension of the texture, where kinetic energy
dominates the Zeeman energy, and thus neglected the
second and higher order terms in ϕ and a with the term
proportional to the external field.

Next, we investigate the nature of Eq. (25). At CP,
the equilibrium spin density vanishes s = 0. At this
special point, the dynamics of ferrimagnets becomes
antiferromagnetic and that magnon dynamics becomes
relativistic-like in that the equation of magnon motion is
reduced to the following Klein-Gordon equation [65]:

(iℏ∂t − σϕ)
2
ψσ = c2

(
ℏ
i
∇− σa

)2

ψσ. (27)

On the other hand, when it is far from CP so that we can
neglect the second-order time-derivative term ∝ ρ over
the first-order term ∝ s for the low-energy dynamics. the
equation of magnon motion [Eq. (25)] for the ferrimagnet
becomes that of ferromagnets [52, 95] and nonrelativistic-
like in that it is characterized by the effective mass of
magnons m, resembling the Schrödinger equation for a
nonrelativistic charged particle under an electromagnetic
field:

−sgn(σs)iℏ∂tψσ =

[
1

2m

(
ℏ
i
∇− σa

)2

− sgn(s)ϕ

]
ψσ.

(28)

Note that spin-up magnons and spin-down magnons ex-
perience the opposite fictitious magnetic field induced by
the magnetic texture. Therefore, their contributions to
the thermal Hall conductivity compensate each other as
discussed further below.

B. Skyrmion crystal of a ferrimagnet

We apply the above formalism to magnons in a
skyrmion crystal of a quasi-two-dimensional ferrimag-
net (Fig. 5) with assuming that the skyrmion crystal is
static and thereby the fictitious electric field vanishes. A
skyrmion is characterized by its integer skyrmion num-
ber [99] counting how many times the order parameter
n0 wraps the unit sphere as

Q :=
1

4π

∫
dxdyn0 · (∂xn0 × ∂yn0) =:

∫
dxdyρsky.(29)

As observed in several materials [85], under suitable con-
ditions, skyrmions can crystalize in a triangular lattice,
giving rise to the finite skyrmion number density ρsky per
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unit area. The associated fictitious magnetic field [52] is
given by [47]

bt = −4πℏρskyẑ. (30)

We remark that the spatial profile of the magnetic field
depends on the details of materials, and it is difficult to
take it into account analytically. Therefore, we work un-
der the assumption that the effect can be accounted for
by spatially averaging as b = −4πℏ⟨ρsky⟩ẑ. The cor-
responding magnetic length is given as l =

√
ℏ/|bz| =

1/
√
4π|⟨ρsky⟩|. This is proportional to the distance be-

tween neighboring skyrmions. Note that after spatial av-
eraging, the DMI-induced contribution bd vanishes.

Within the approximation of the uniform skyrmion
density, from Eq. (25) we find that the magnon bands
in a ferrimagnetic skyrmion crystal is given by [47]

ϵσn =
√
(mc2)2 + ℏc2bz(2n+ 1) + sgn(σs)mc2 , (31)

and thus forms the Landau level. Those magnons in
Landau quantization gives rise to the thermal Hall effect
(cf., Sec. III C). As mentioned before, spin-up magnons
and spin-down magnons experience the opposite ficti-
tious magnetic fields. Therefore, their contributions to
the thermal Hall effects compete with each other as illus-
trated in Fig. 6. In particular, since spin-up magnons and
spin-down magnons within the same Landau levels n are
degenerate when s = 0, i.e., at CP, the resultant thermal
Hall conductivity vanishes at CP within our formalism.
Since we can go across CP by changing the temperature,
our result indicates that the thermal Hall effect in ferri-
magnetic skyrmion crystal can be controlled by changing
temperature. We remark here that these results, orig-
inally obtained in Ref. [47], were obtained by assum-
ing that the sublattice-symmetry-breaking terms in the
Hamiltonian (e.g., the distinct anisotropy, exchange co-
efficients, etc between the two sublattices) except for the
angular momentum densities of the two sublattices are
negligible compared to the kinetic energy of magnons,
within which it has been shown that the thermal Hall
conductivity vanishes at CP. However, when the sublat-
tice symmetry is strongly broken in ferrimagnets, the
point at which the thermal Hall conductivity vanishes
would not coincide with CP. See Refs. [100, 101] for
the magnonic transport properties in antiferromagnetic
skyrmion crystals.

V. OUTLOOK

As we have discussed, the dynamics of ferrimagnets
is fundamentally different from those of FMs and AFs,
which is ultimately rooted in the fact that they con-
sist of inequivalent magnetic sublattices [55, 56]. For
this reason, magnons in ferrimagnets can give rise to
unique phenomena that cannot be found in FMs and
AFs, e.g., the discussed tunable thermal Hall effect in the
skyrmion crystal phase [47]. Although there have been

FIG. 6. Schematic illustrations of the spin-σ magnon motion
subjected to a temperature gradient ∇T = (∂xT )x̂ and the
resultant transverse energy flux jQ = jyQŷ. The spin direction
σ of magnons is represented by + and −. Reprinted with
permission from Ref. [47]

some progress in understanding and utilizing magnons of
ferrimagnets, we believe that there are several interesting
directions that are open to further research. For example,
understanding the interaction of the charge current and
the dynamics is largely open research area in ferrimag-
netic spintronics [102]. In particular, understanding of
the interaction of the charge current and magnons is not
achieved yet, albeit its potential to enable electrically-
controllable ferrimagnet-based magnonics. In addition,
the previous research on magnons of ferrimagnets have
mainly focused on the vicinity of CP. The significance of
the magnetization compensation point on ferrimagnetic
magnons is yet to be explored.

There have been significant experimental achievements
regarding magnons and spin waves, driven by both fun-
damental interest as well as practical motivations. Ob-
servation of magnon planar Hall effect was reported in
Ref. [103], Snell’s law for spin wave in Refs. [104, 105],
the AC effect in small arrays of mesoscopic semiconduc-
tor rings in Ref. [28], the AC effect on magnons in a
centrosymmetric ferrite in Ref. [29], thermal generation
of spin currents for AFs in Ref. [106], and measurement
of magnonic spin conductance and the nonequilibrium
spin chemical potential in Ref. [107] and Ref. [9], respec-
tively. The real-time observation of spin-wave propaga-
tion is now possible using infrared camera, and Ref. [108]
reported the observation of magnon Hall-like effect. On
top of Brillouin light scattering spectroscopy [109–111],
neutron scattering measurement is a powerful tool for
the observation of topological magnon states. Using the
experimental scheme, Ref. [112] reported the observa-
tion of topological magnon bands in a kagome lattice
ferromagnet, where a magnon band is rendered flat due
to the kagome lattice geometry. Given these estimates,
we hope our theoretical predictions are experimentally
demonstrated in the near future.

The interdisciplinary research field [113, 114] between
magnonics [32, 33, 53, 54] and optics [115–121], dubbed
optomagnonics [122–124], has been developing rapidly.
As an example, see Refs. [125–128] for a magnonic analog
of the Floquet topological insulators [129, 130], Ref. [131]
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for the laser control of magnonic topological phases, and
Ref. [58] for quasiequilibrium Bose-Einstein condensa-
tion of magnons in ferrimagnets through the optical Bar-
nett effect [132, 133] (i.e., the circularly polarized laser-
induced magnetization [134, 135]). See Ref. [58] for the
distinction between the optical Barnett effect and the in-
verse Faraday effect [115, 136, 137]. Refer to also the
instructive review articles Refs. [114, 138] with the ref-
erences therein for Floquet engineering of quantum ma-
terials. We expect that exploiting magnonic analog of
higher-order topological insulators [139, 140] can be a
promising research direction [141–146] for further devel-
opment of topological magnonics.

VI. CONCLUDING REMARKS

Making use of the analogy with the AB effect for elec-
trically charged particles, we have uncovered magnon dy-
namics in the AC effect and proposed topological Hall ef-
fect of magnons in FMs, AFs, and ferrimagnets. Focusing
on the intrinsic properties of ferrimagnets, we have also
found the tunable magnonic Hall effect in the skyrmion
crystal phase of ferrimagnets. We believe that experi-
mentally observing these phenomena would significantly

advance the field of magnonics by connecting it to topol-
ogy more strongly. We believe these goals are now within
reach with current device and measurement technologies.
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