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I. MOTIVATION AND BACKGROUND

Long-range interaction.— In recent years, fine-tuning of the interactions between particles has been
realized in various experimental setups such as atomic, molecular, and optical systems [1–4]. These
advances push the long-range interacting systems from the theoretical playground to the field relevant
to practical applications. We here consider a Hamiltonian H on D-dimensional lattice with power-law
decaying interactions:

H =
∑
i<j

hi,j +
n∑
i=1

hi, ‖hi,j‖ ≤
g0
dαi,j

, α : power exponent of the interaction decay (1)

where {hi,j}i<j are the bi-partite interaction operators, {hi}ni=1 are the on-site potentials, g0 is a constant
of O(1) and di,j is the distance between the spins i and j. One of the examples of controllable long-range
interacting spin systems is the 1D long-range transverse Ising model, namely hi,j = Ji,jσ

x
i σ

x
j /d

α
i,j , where

the exponent is tunable from α = 0 to α = 3 [3, 4]. These systems often exhibit novel quantum phases that
do not appear in short-range interacting systems [5–7]. In both experimental and theoretical contexts,
long-range-interacting systems play crucial roles in modern physics. So far, most existing analyses of
short-range interacting systems require non-trivial modifications before they can be applied to systems
with long-range interactions. In the present work, we focus on the question of how fast information
propagates in the dynamics by long-range interactions. Mathematically, we aim to derive the Lieb-
Robinson bound which characterizes the operator spreading due to the time evolution. The Lieb-Robinson
bound not only characterize the dynamics, but also has turned out to be a crucial ingredient in analyzing
universal physics in many-body systems (see the introduction in the attached paper [8]). Moreover, the
experimental advancement enables the direct observation of the the Lieb-Robinson bounds [2, 3, 9].
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FIG. 1. When we consider a time-evolution Oi(t) of a local operator Oi, the quasi-locality of the interaction ensures
that Oi(t) is well-approximated by an operator which is defined on a ball region i[r] having distance at most r from
i. We say that the dynamics defines the linear light cone if we can achieve an arbitrary approximation error for
r = O(t) as in (4).
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Linear-light cone.— We first define the linear-light cone. We are now interested in the time-evolution
by the Hamiltonian H. For the simplicity, we consider an operator Oi which is locally defined on the site
i and analyze Oi(t) := eiHtOie

−iHt. Mainly, we focus on the following two quantities:

‖[Oi(t), Oj ]‖ and ‖[Oi(t)−Oi(t, i[r])]‖ (2)

with

Oi(t, i[r]) := 1
tri[r]c(1̂)

tri[r]c [Oi(t)]⊗ 1̂i[r]c , (3)

where i[r] denotes the set of sites having distance at most r from the site i and i[r]c is its complement set.
The second quantity in (2) characterizes the error of the local approximation for the time-evolved operator
Oi(t) into the region i[r] (see Fig. 1). We note that the decay of ‖[Oi(t) − Oi(t, i[r])]‖ provides other
information that may not be given only from the decay of ‖[Oi(t), Oj ]‖. By using the above notations, we
define the linear light cone in the following sense. We say that the Hamiltonian dynamics e−iHt defines
a linear light cone iff for an arbitrary error δ ∈ R and a fixed t

‖[Oi(t)−Oi(t, i[r])]‖ ≤ δ for r ≥ vt,δ|t|, (4)

where vt,δ is finite in the limit of |t| → ∞ (i.e., v∞,δ = const.). From the definition, the amount of
information propagation is smaller than δ outside the region separated by the distance vt,δ|t|. Our
purpose is to answer the following long-standing problem: “What is the critical exponent αc that ensures
the linear right cone in long-range interacting systems?”

Previous works on the long-range Lieb-Robinson bound.— As one of generic aspects on the Lieb-
Robinson bound, Refs. [10, 11] proved an effective light cone which grows exponentially with the time;
that is, information propagate exponentially fast in time. These results are general irrespective of α (> 0).
Later, more detailed universal result was given by Foss-Feig et al. [12]. They proved that the effective
light cone is polynomial with respect to the time; in more details, the shape of the light-cone was given
by t−(α−D+1)/(α−2D) (α > 2D) with D the spatial dimension. However, in spite of much effort [13–15],
it has been still unclear what is the sufficient condition for α to give the linear light cone. As a related
work, in one-dimensional two-body interacting systems, the long-range Lieb-Robinson bound has been
proved very recently in the form of ‖[Oi(t), Oj ]‖ . t/di,j for α > 3 [16], which implies a non-trivial upper
bound up to the time t = O(di,j). However, only the above commutation relation is not sufficient to
upper-bound the whole amount of information propagation outside the light cone in the sense of (4).

II. SUMMARY OF MAIN RESULTS

We first summarize our main results on the linear light cone in long-range interacting systems (see
attached paper [8] for more rigorous statements). We second show several implications.

1. For α > 2D + 1, the Hamiltonian in Eq. (1) satisfies the Lieb-Robinson bound for ‖[Oi(t), Oj ]‖ as

‖[Oi(t), Oj ]‖ ≤ CH |t|2D+1(R− v̄|t|)−α (5)

for ∀j ∈ Λ with R = di,j . Also, the Lieb-Robinson bound for ‖[Oi(t)−Oi(t, i[r])]‖ is given by

‖[Oi(t)−Oi(t, i[R])]‖ ≤ C′H |t|D+1(R− v̄|t|)−α+D, (6)

where R > v̄|t| is considered and CH , C′H and v̄ are constants which depend only on the parameters
{D, g0, α} and a geometric constant which is defined by the lattice structure.
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2. (Remark on the linear light cone)— From the inequality (6), we can calculate the Lieb-Robinson
velocity vδ,t defined in Eq. (4):

vδ,t = v̄ + cδ−
1

α−D |t|
α−2D−1
α−D t→∞−−−→ v̄

with c a constant of O(1), where we use the condition α > 2D + 1. Therefore, we prove that for
α > 2D + 1 the linear light cone exists even under the long-range interactions.

3. (Remark on the generalization)—In the Hamiltonian (1), we have assumed the two-body interac-
tion, but the results (5) and (6) can be extended to arbitrary k-local Hamiltonians (i.e., k-body
interactions). Even without the k-locality, we obtain the similar Lieb-Robinson bound to (5) and
(6). In that case, we need an additional logarithmic term of log2D(R + 1) (see Method section in
the attached paper [8]). Moreover, we emphasize that the inequalities (5) and (6) is generalized to
generic operators OX and OY beyond single-site operators, where OX and OY are supported on
subsets X and Y .

4. (Remark on the optimality)— The above Lieb-Robinson bounds implies that the condition α >
2D + 1 is a sufficient condition for arbitrary Hamiltonians to have the linear-light cone. Then, it
is a natural question whether this condition can be further improved or not. On this point, we
prove the achievability of our Lieb-Robinson bound for α > 2D + 1. In order to discuss the point,
we explicitly provide a quantum-state transfer protocol that achieves our Lieb-Robinson bound (5)
for α > 2D + 1 and violates the linear light-cone for α < 2D + 1. Our protocol is applied to
(1/2)-spin systems and composed of only the Ising-type long-range interactions and simple short-
range interactions which generate the controlled NOT gate operation. This simple quantum model
(i.e., two-body interaction and (1/2)-spin systems) already saturates the Lieb-Robinson bound
of (5), and hence our condition α > 2D+ 1 for the linear light cone cannot be improved unless we
consider quite a special class of Hamiltonians. Therefore, our result gives the complete answer that
the critical αc for existence of the linear light cone is equal to 2D + 1 (i.e., αc = 2D + 1).

Note added: at the same time of our replacement to the present version, a similar result which
discusses the optimality of our Lieb-Robinson bound also appeared [17].

[Proof ideas (see Supplementary materials of the attached paper [8])] In our proof, we
decompose the total length scale into pieces and take in each of the length scales iteratively. In the
decomposition, the length scales are roughly classified into two categories: ‘the middle range’ and ‘the
long range.’ We decompose the Hamiltonian as follows: H = H≤`t +H>`t , where we choose `t = |t|η̃ with
η̃ := 1− α−2D−1

2(α−D) < 1. We further decompose `t into q∗ pieces as {`q}q
∗+1
q=1 , where `q = `

1+ηq
q−1 with ηq > 0,

`q∗ = `t and `q∗+1 = ∞. Accordingly, we define the Hamiltonian Hq :=
∑
`q−1≤diam(Z)<`q hZ , H1:q :=∑q

s=1Hs. Note that H1:q∗ = H≤`t , Hq∗+1 = H>`t and H1:q∗+1 = H. Our task is to derive the Lieb-
Robinson bound for H1:q provided that the Lieb-Robinson bound for H1:q−1 is given. By repeating this
process q∗ times, we obtain the Lieb-Robinson bounds (5) and (6).

Our derivation of the Lieb-Robinson bound consists of the following 3 steps. In the first step, we
decompose the unitary operator e−iH1:qt as

e−iH1:qt = e−iH1:q−1tT e−
∫ t

0 Hq(H1:q−1,τ)dτ ,

where Hq(H1:q−1, τ) = eiH1:q−1τHqe
−iH1:q−1τ . We then estimate the quasi-locality of the time-evolved

Hamiltonian Hq(H1:q−1, τ). In the second step, based on the quasi-locality of Hq(H1:q−1, τ), we derive
the Lieb-Robinson bound for the unitary operator T e−

∫ t
0 Hq(H1:q−1,τ)dτ . In third step, by using the given

forms of the Lieb-Robinson bound for e−iH1:q−1t, we connect the Lieb-Robinson bounds for e−iH1:q−1t and
T e−

∫ t
0 Hq(H1:q−1,τ)dτ . We then arrive at the Lieb-Robinson bound for H1:q, and then return to the first

step in order to obtain the Lieb-Robinson bound for H1:q+1.
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The technical difficulties lie in that we need to connect so many Lieb-Robinson bounds; in the step
by step connections, a simple estimation makes the Lieb-Robinson velocity diverge rapidly, and hence
highly refined analyses are required to obtain a finite velocity (see Theorem 4 and Proposition 5 in Sec.
IV of attached paper [8]).
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