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Abstract—We study the problem of learning the Hamiltonian
of a quantum many-body system given samples from its Gibbs
(thermal) state. The classical analog of this problem, known
as learning graphical models or Boltzmann machines, is a
well-studied question in machine learning and statistics. In
this work, we give the first sample-efficient algorithm for
the quantum Hamiltonian learning problem. In particular,
we prove that polynomially many samples in the number
of particles (qudits) are necessary and sufficient for learning
the parameters of a spatially local Hamiltonian in �2-norm.
Our main contribution is in establishing the strong convexity
of the log-partition function of quantum many-body systems,
which along with the maximum entropy estimation yields our
sample-efficient algorithm. Classically, the strong convexity for
partition functions follows from the Markov property of Gibbs
distributions. This is, however, known to be violated in its
exact form in the quantum case. We introduce several new
ideas to obtain an unconditional result that avoids relying on
the Markov property of quantum systems, at the cost of a
slightly weaker bound. In particular, we prove a lower bound
on the variance of quasi-local operators with respect to the
Gibbs state, which might be of independent interest. Our work
paves the way toward a more rigorous application of machine
learning techniques to quantum many-body problems.

Keywords-Quantum computing; many-body systems; sample
complexity; quantum learning; partition function; strong con-
vexity

I. INTRODUCTION

The success of machine learning algorithms in analyzing

high-dimensional data, has resulted in a surge of interest

in applying these algorithms to study quantum many-body

systems whose description requires dealing with an expo-

nentially large state space. One important problem in this

direction is the quantum Hamiltonian learning problem,

which has been the focus of many recent theoretical and

experimental works [1], [2], [3], [4], [5], [6], [7]. Here,

one would like to learn the underlying Hamiltonian of a

quantum system given multiple identical copies of its Gibbs

(thermal) state. The classical analog of this problem is a

central problem in machine learning and modern statistical

inference, known as learning graphical models or Boltzmann
machines (aka Ising models). Classically, understanding the

learnability of Boltzmann machines was initiated by the

works of Hinton and others in the 80s [8], [9]. In the past

few years, there has been renewed interest in this subject and

has seen significant progress resulting in provably efficient
learning algorithms for graphical models with optimal num-

ber of samples and time complexity especially for sparse

and bounded-degree graphs [10], [11], [12], [13], [14].

Thus far, a rigorous analysis of the quantum Hamiltonian

learning problem with guaranteed sample complexity has

been lacking. The main contribution of this work is to

provide the first sample-efficient algorithm for this task.

We now introduce the quantum Hamiltonian learning

problem. Consider a κ-local Hamiltonian H acting on n
qudits. In general, we can parameterize H by

H(μ) =

m∑
�=1

μ�E�

where μ� ∈ R and {E�}m�=1 are a set of orthogonal bases

for the space of Hermitian operators. For instance in the

case of qubits, E� can be taken as a tensor product of at

most κ Pauli operators that act non-trivially only on spatially

contiguous qubits. We let the vector μ = (μ1, . . . , μm)� be

the vector of interaction coefficients. In our setup, without

loss of generality we assume the Hamiltonian is traceless,

i.e., for the identity operator E� = 1, the coefficient μ� = 0.

At a inverse-temperature β, the qudits are in the Gibbs state
defined as

ρβ(μ) =
e−βH(μ)

tr[e−βH(μ)]
.

In the learning problem, we are given multiple copies of

ρβ(μ) and can perform arbitrary local measurements on

them. From the measurement data, we can obtain all the

κ-local marginals of ρβ(μ) denoted by

e� = tr[ρβ(μ)E�] for � ∈ [m].

The goal is to learn the coefficients μ� of the Hamilto-

nian H using the result of these measurements. We call

this the Hamiltonian Learning Problem. Before stating our

main results, we provide further motivations to investigate

this problem.

Physics perspective: Quantum many-body systems consist

of many quantum particles (qudits) that locally interact with
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each other. The interactions between these particles are

described by the Hamiltonian of the system. Even though

the interactions in the Hamiltonian are local, the state of

the whole system can be highly entangled. This leads to

intriguing phenomena such as novel phases of matter. Physi-

cists are interested in both synthesizing quantum many-body

systems with a specified Hamiltonian and also characterizing

the Hamiltonian of an existing material. Algorithms for

Hamiltonian learning can directly address these problems

and provide a rigorous procedure for inferring the interac-

tions between quantum particles from measurement data.

Verification of quantum devices: The size of the available

quantum computers is increasing and they are becoming

capable of running more intricate quantum algorithms or

preparing highly entangled states over larger number of

qubits. Due to the noise in these devices, a major challenge

that accompanies the scalable development of quantum

devices is to efficiently certify their functionality. In recent

times, one widely used subroutine in quantum algorithms

is quantum Gibbs sampling. Preparing and measuring the

Gibbs state of a given Hamiltonian is used in quantum

algorithms for solving semi-definite programs [15], [16],

[17], [18], quantum simulated annealing [19], [20], quantum

machine learning [21], [22], or quantum simulations at

finite temperature [23]. Given near term quantum devices

will be noisy, an important problem when implementing

these quantum subroutines is to certify the performance of

the quantum Gibbs samplers and to calibrate them. More

specifically, it would be ideal to have a classical algorithm

that verifies from the output of a Gibbs sampler whether the

correct Hamiltonian has been implemented.

Quantum machine learning for quantum data: A popular

family of models for describing classical distributions are

graphical models or Markov random fields. These models

naturally encode the causal structure between random vari-

ables and have found widespread applications in various

areas such as social networks, computer vision, signal pro-

cessing, and statistics (see [14] for a survey). A simple and

well-studied example of such a family is the classical Ising
model (i.e. Boltzmann machine) defined over a graph whose

vertices correspond to the random variables xi. A natural

distribution that one can associate to this model is

pr[X = x] =
1

Z
exp

(∑
i∼j

Jijxixj +
∑
i

hixi

)
(1)

where Jij , hi ∈ R are real coefficients and the normalization

factor Z is called the partition function. This distribution

in Eq. (1) is also known as the Gibbs distribution. There

is a rich body of work on learnability of Ising models

given samples from the Gibbs distribution. Remarkably, a

sequence of works concluded in showing a classical sample-

efficient algorithm with a running time quadratic in the

number of vertices that outputs estimates of the coefficients

Jij and hi [10], [11], [12]. Similar results have been also

proved for more general graphical models.

Considering these achievements in learning theory and

the broad practical application of machine learning algo-

rithms, there has been a rising interest in connecting these

techniques to problems in quantum computing and many-

body physics. This along with other related problems is

loosely referred to as quantum machine learning. Is there

a natural problem that we can rigorously establish such a

connection for it? Thus far, the proposals we are aware of in

this direction are based on heuristic grounds. One proposal

that stands out due to its similarity to the classical case is

the problem of learning quantum Ising model (or quantum

Boltzmann machine [22]) or more generally the Hamiltonian

Learning Problem.

In this paper, we rigorously establish the sample com-

plexity of the Hamiltonian Learning Problem, which asks

how many samples are sufficient in order to estimate the

Hamiltonian with a desired error. We show that one can

reliably learn a Hamiltonian from a sample set whose size

is polynomial in the number of qudits. To the best of our

knowledge, this is the first such result that unconditionally

obtains a non-trivial sample complexity. We believe our

work opens the doors to further study of this problem using

insight from machine learning and optimization theory.

The detailed proofs and further discussion on the topics

presented here is given in the full version of this work [24].

II. MAIN RESULTS

Motivated by these applications, we now formally define

the Hamiltonian learning problem.

Problem 1 (Hamiltonian learning problem). Consider a κ-
local Hamiltonian H(μ) =

∑m
�=1 μ�E� that acts on n qudits

and consists of m local terms such that max�∈[m] |μ�| ≤
1. In the Hamiltonian Learning Problem, we are given N
copies of the Gibbs state of this Hamiltonian

ρβ(μ) =
e−βH(μ)

tr[e−βH(μ)]

at a fixed inverse-temperature β. Our goal is to obtain an
approximate μ̂ = (μ̂1, . . . , μ̂m) for the coefficients μ such
that with probability at least 1− δ,

||μ− μ̂||2 ≤ ε,

where ||μ− μ̂||2 =
(∑m

�=1 |μ� − μ̂�|2
) 1

2 is the �2-norm of
the difference of μ and μ̂.

Our main result is a sample-efficient algorithm for the

Hamiltonian Learning Problem.

Theorem 2 (Sample-efficient Hamiltonian learning). The
Hamiltonian Learning Problem 1 can be solved using

N = O
(
eO(βc)

βc̃ε2
·m3 · log

(m
δ

))
(2)
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copies of the Gibbs state ρβ(μ), where c, c̃ ≥ 1 are constants
that depend on the geometry of the underlying graph.

Our work establishes the first unconditional and rigorous

upper bounds on the sample complexity of the Hamiltonian

Learning Problem. For spatially local Hamiltonians, the

number of interaction terms m scales as O(n). Hence, our

result in Theorem 2 implies a sample complexity polynomial

in the number of qudits.

We remark that the number of samples in (2) diverges to

infinity as β →∞ or β → 0. As the temperature increases

(β → 0), the Gibbs state approaches the maximally mixed

state independent of the choice of parameters μ. At low

temperatures (β → ∞), the Gibbs state is in the vicinity

of the ground space, which for instance, could be a product

state |0〉⊗n for the various choices of μ. In either cases,

more sample are required to distinguish the parameters μ.

To complement our upper bound, we also obtain a Ω(
√
m)

lower bound for the Hamiltonian Learning Problem with �2
norm using a simple reduction to the state discrimination

problem [25] . Hence, our upper bound in Theorem 2 is

tight up to polynomial factors.

Theorem 3 (Lower bound on sample complexity). The
number of copies N of the Gibbs state needed to solve the
Hamiltonian Learning Problem and outputs a μ̂ satisfying
‖μ̂− μ‖2 ≤ ε with probability 1− δ is lower bounded by

N ≥ Ω
(√m+ log(1− δ)

βε

)
.

The proof of these results is provided in the full version

of the paper [24].

Here, we give a brief summary of some of the ideas and

techniques used to prove Theorem 2.

In statistical learning theory, a conventional method for

obtaining the parameters of a probability distribution from

data relies on the concepts of sufficient statistics and the

maximum entropy estimation. Suppose p(x;μ) is a family

of probability distributions parameterized by μ that we

want to learn. This family could for instance be various

normal distributions with different mean or variance. Let

X1, . . . , Xm ∼ p(x;μ) be m samples from a distribution

in this family. A sufficient statistic is a function T of

these samples T (X1, . . . , Xm) such that conditioned on that,

the original date set X1, . . . , Xm does not depend on the

parameter μ. For example, the sample mean and variance

are well known sufficient statistic functions.

Given classical samples of a data set, a learning algorithm

first obtains the sufficient statistic of this data set. Once we

achieve this, there is a well-motivated algorithm to estimate

the unknown parameter μ is the following: find the distri-

bution, with the maximum Shannon entropy, that matches

the observed statistic T (x). The reason for “searching” over

the largest entropy distribution is because, intuitively, this

estimate will be the least biased estimation for a given

set of samples from a data set [26], [27]. This technique

(which is related also the maximum likelihood estimation

problem), is often used for analyzing the complexity of

classical statistical problems.

We first observe that the techniques can also be ex-

tended naturally to the quantum Hamiltonian Learning prob-

lem [28]. The maximum entropy principle has appeared

earlier in [29] to learn the thermal state from local measure-

ments and the work of Brandao and Svore [17] in the context

of quantum algorithms for semi-definite programming. In

this direction, we first formally show that the trace marginals

tr[E�ρ] for all � ∈ [m] provide a sufficient statistic for the

Hamiltonian Learning Problem.

Similar to the classical case discussed above, one impli-

cation of this is a method for learning the Hamiltonian H:

first measure all the κ-local marginals of the Gibbs state e�,
then among all the states, find the one that matches those

marginals. Finding such a state can be naturally formulated

in terms of an optimization problem known as the maximum
entropy problem:

max
σ

S(σ)

s.t. tr[σE�] = e�, ∀� ∈ [m]

σ � 0, tr[σ] = 1.

(3)

where S(σ) = − tr[σ log σ] is the von Neumann entropy of

the state σ. The optimal solution of this program is a quan-

tum state with a familiar structure [28]. Namely, it is a Gibbs

state ρ(λ) for some set of coefficients λ = (λ1, . . . , λm).
The coefficients λ are the Lagrange multipliers correspond-

ing to the dual of this program.

The main technical problem that we address in this work

is analyzing the robustness of the optimization in (3) to

the statistical error in the marginals. This is necessary since

practically we can only obtain estimates ê� for the marginals

(i.e. the empirical averages) instead of the exact values e�.
This is an instance of a stochastic optimization which is a

well-studied problem in optimization.

One technique for analyzing the sample complexity in

stochastic optimization is based on the notion of strong
convexity. In general a function f : Rm → R is α-strongly

convex if its Hessian matrix satisfies∇2f(x) � α1, where α
is some positive constant. We apply the strong convexity

framework to the dual of the convex program in (3) in

two steps:

1) Proving the strong convexity of the objective function:

This is equivalent to showing that the log-partition function

(aka the free energy) is strongly convex. This result is the

main technical contribution of our work and is stated in the

following theorem:

Proposition 4 (Strong convexity of the log-partition func-

tion). Let H =
∑m

�=1 μ�E� be a κ-local Hamiltonian
over a finite dimensional lattice with ||μ||∞ ≤ 1. For a
given inverse-temperature β, there are constants c, c′ > 3
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depending on the geometric properties of the lattice such
that

∇2 logZβ(μ) � e−O(βc) β
c′

m
· 1, (4)

i.e., for every vector v ∈ R
m we have vT ·∇2 logZβ(μ)·v ≥

e−O(βc) β
c′

m · ||v||22.

2) Bounding the error in estimating μ in terms of the error
in estimating the marginals e�: In this step we show that as

long as the statistical error of the marginals is small, using

the strong convexity property from step (1), we can prove

an upper bound on the difference between the solutions of

the ideal and the empirical optimizations. The result can be

stated as follows:

Proposition 5 (Error bound from strong convexity). Let
δ, α > 0. Suppose the marginals e� are determined up to
error δ, i.e., |e� − ê�| ≤ δ for all � ∈ [m]. Additionally
assume ∇2 logZβ(λ) � α1 and ||λ|| ≤ 1. Then the optimal
solution to the dual of the optimization in (3) satisfies

||μ− μ̂||2 ≤
2β
√
mδ

α

By substituting the expression for the strong convexity

parameter α in Proposition 4 into the bound given in

Proposition 5, we obtain our claimed sample complexity in

Theorem 2.

The proof of Proposition 4, involves two main ideas. First,

we show that the term vT · ∇2 logZβ(μ) · v can be lower

bounded by the variance of a quasi-local operator. While this

can be easily shown for classical Hamiltonians, establishing

this for non-commuting Hamiltonians requires extra care.

We use the Lieb-Robinson bound [30], [31] and the Belief

Propagation framework of [32] to achieve this. The second

issue we address is obtaining an Ω(1/m) lower-bound on

this variance. This is technically challenging and is done in

multiple steps. We first use the robustness of the spectrum of

the Gibbs state to local unitary perturbations (following and

extending the techniques of [33]) to prove that the variance

of the quasi-local operator is greater than the variance of

an operator acting on O(1) qudits. Finally, we show that

this latter variance is at least a constant by relating it to the

variance of the same operator at infinite temperature.

III. FURTHER DISCUSSIONS

A. Connection to previous work

A similar problem to Hamiltonian Learning Problem

known as the shadow tomography has been considered

before [34], [35], [17] where instead of the coefficients

μ�, we want to find a state σ that approximately matches

tr[E�σ] ≈ε tr[E�ρ] given multiple copies of an unknown

state ρ. It was shown poly(logm, log dn, 1/ε) copies of ρ
are sufficient for tomography. The Hamiltonian Learning

Problem differs from the shadow tomography problem. Our

goal is to estimate the Hamiltonian (i.e., the coefficients μ�)

within some given error bound. The shadow tomography

protocol only concerns with estimating the marginals tr[E�ρ]
up to a fixed error and by itself does not imply a bound

on the Hamiltonian. Moreover, since the Hamiltonians we

consider are spatially local, we only need to measure local
observables E�. This means we do not need to rely on

the whole machinery of the shadow tomography which is

applicable even when E� are non-local. We instead use a

variant of this method introduced in [36] or other approaches

such as those in [37], [38] to estimate tr[E�ρβ ].
There have been a number of proposals for the Hamilto-

nian Learning Problem in the past. In [1], [6], [39] learning

the Hamiltonian from local measurements is considered.

Their approach is based on setting up a linear system of

equations whose constraints (i.e., the matrix of coefficients)

are determined from the measurement outcomes. The solu-

tion of these equations is the parameter μk of the Hamil-

tonian. The sample complexity in this approach depends

inverse polynomially on the “spectral gap” of the matrix of

coefficients which thus far has not been rigorously bounded.

Another line of work considers learning the Hamiltonian

using a trusted quantum simulator [4], [5], [40] which is

analyzed using a combination of numerical evidence and

heuristic arguments. Amin et al. [41] quantized classical

Boltzmann machines and proposed a method to train and

learn quantum Boltzmann machines using gradient descent.

As mentioned earlier, there has been a fruitful series of

works on the classical analog of the Hamiltonian Learn-

ing Problem (see e.g., [10], [11], [12]). In our work, we

assume it is a priori known that the interaction graph

of the Hamiltonian is spatially local. We then estimate

the parameters in �2-norm using poly(n) samples which

is polynomially tight even for classical Hamiltonians. If

we instead consider estimation in �∞-norm, the classical

algorithms can achieve a stronger result. That is, given

O(log n) samples, they succeed in efficiently learning the

structure of the underlying graph and its parameters in �∞-

norm. If we apply our current analysis to this setup, we

cannot improve our poly(n) sample complexity to O(log n).
This is in part because the classical results devise a more

efficient convex program that learns the parameters node-

wise (this relies on the commutativity of the Hamiltonian

terms), and partly because their required strong convexity

assumptions is based on the Markov property, none of which

are known to be quantizable.

B. Open questions

In Section II we explained our approach to analyzing the

Hamiltonian Learning Problem based on reducing data to its

sufficient statistics and using maximum entropy estimation.

An issue with this approach is the blowup in the computa-

tional complexity. It is shown in [42] that this approach basi-

cally requires approximating the partition function which is
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NP-hard. Ideally, one would like to have an algorithm for the

Hamiltonian Learning Problem that requires small number

of samples, but also has an efficient running time. Satisfying

both these constraints for all inverse-temperatures β even

in the classical learning problems is quite challenging. It

was only recently that more efficient algorithms are devised

for learning graphical models [11], [12]. In this work, we

focus on the less demanding but still non-trivial question

of bounding the sample complexity and leave obtaining an

efficient running time for future work. Below we mention

some of the open problems in this direction.

It is an interesting open question to improve the depen-

dency of the strong convexity parameter α ideally to a

constant independent of system size, assuming physically-

motivated conditions such as the decay of correlations or the

decay of conditional mutual information. Another approach

might be to derive such a bound at high temperatures where

powerful tools such as cluster expansions are available [43].

We also expect our bounds can be improved for commuting

Hamiltonians. Indeed, using structural results such as [44],

[45], one should be able to follow the same strategy as in

the classical spin systems to find a constant lower bound on

the variance of commuting Hamiltonians.

There are recent results on efficiently computing the parti-

tion function of quantum many-body systems under various

assumptions [46], [47], [43], [48], [49]. We expect by com-

bining these results with our maximum entropy estimation

algorithm, one can obtain efficient classical algorithms for

the Hamiltonian Learning Problem. Another approach might

be to use calibrated quantum computers (or Gibbs samplers)

as in [50], [17] to solve the maximum entropy optimization

using multiplicative weight update method and learn the

parameters of another quantum device.

Finally, an important future direction is to devise more re-

fined objective functions for the Hamiltonian Learning Prob-

lem that matches the performance of the learning algorithms

for the classical problem as discussed in Section III-A. Given

the non-commutative nature of quantum Hamiltonians, this

seems to require substantially new ideas and advances in

characterizing the information theoretic properties of the

quantum Gibbs states.
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