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I. MOTIVATION AND BACKGROUND

A fundamental principle of many-body physics is causality, that is, the strict prohibition of information
propagation outside the light cone. However, in non-relativistic systems, it is often unclear whether such
a light cone can be well-defined. In 1972, Lieb and Robinson considered this problem and proved the
existence of the effective light-cone [Lieb and Robinson, Commun. Math. Phys. (1972)]; outside of it, the
amount of information decays exponentially with the distance. This effective light-cone is characterized
in the form of “Lieb-Robinson bound,” and it is linear with respect to time. The primary background is
that the Lieb-Robinson bound plays a key role in tackling important problems in interdisciplinary fields,
such as through statistical mechanics, condensed matter/quantum material science, quantum information,
and high-energy physics. For example, it has been utilized to establish clustering theorem on bi-partite
correlations in the ground states [M. B. Hastings, PRL (2004)] and efficient classical/quantum algorithm
to simulate the quantum many-body dynamics [T. J. Osborne, PRL (2006), J. Haah, et al., FOCS’18
(QIP’19)].

However, the original work by Lieb and Robinson and the followed generalizations usually assume the
two conditions, namely short-rangeness of the interactions and the finitely bounded local energy. The
latter condition means that in lattice systems the upper bound of the on-site energy is finite. Without
these conditions, the situation becomes highly non-trivial. Under the breakdown of the first condition
(i.e., the interaction is long-range), recent studies have given a comprehensive characterization of the
shape of the light cone [Kuwahara and Saito, PRX (2020) TQC’20, M. Tran, et al., QIP’21]. On the
other hand, the lack of the latter condition is mostly unsolved despite its ubiquitousness in realistic
experiments. The representative example to break the condition is the interacting boson systems, which
have been typically treated in cold atom setups. Indeed, the first experiment on the Lieb-Robinson bound
was made for quench dynamics in the Bose-Hubbard model [M. Cheneau, et al., Nature (2012)]. Even
though there are no rigorous proofs, most people believed that there should exist linear light cones at
least in usual setups where are realized in laboratories. This provides a strong motivation to understand
the universal structure of the Lieb-Robinson bound in these systems.

Then, can we prove the linear light cone in general? The answer is, unfortunately, no. Eisert and
Gross have given an explicit counterexample where the linear light cone is broken down [Eisert and Gross,
PRL (2009), QIP’09]. In that example, the information propagation is even exponentially fast with time.
Without the boson-boson interactions, one can prove the Lieb-Robinson bound with the linear light cone
[B. Nachtergaele, et al., Commun. Math. Phys. (2009), M. P. Woods, et al., PRL (2015)] When the
boson-boson interactions are included, all the mathematical tools to prove the Lieb-Robinson bound
break down. Thus far, almost all the theoretical attempts have turned out to be failures, and it has been
a crucial open question in which cases the information propagation is well suppressed in interacting boson
systems. As a few specific exceptions, Schuch and the collaborators have given a finite speed of spreading
of the initially concentrated bosons on the vacuum [N. Schuch, et al., PRA (2011), QIP’11]. Also, as a
general result, the Lieb-Robinson velocity has been qualitatively improved from O(N) to O(

√
N) with

N the total number of bosons, which is still infinitely large in the limit of N →∞ [Wang and Hazzard,
PRX Quantum (2020)].

II. SUMMARY OF MAIN RESULTS

In this work, we report a significant advance on this question. We proved the Lieb-Robinson bound
with an almost linear light cone in a setup that is relevant to real experiments. Our result provides the
first breakthrough to identity the Lieb-Robinson bound in interacting boson systems as well as prove
various consequences that have been obtained in the context of the Lieb-Robinson bound in standard
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FIG. 1. Schematic picture of Theorem 1. Initially, a state ρ0 is time independent, namely [ρ0, H] = 0. We assume
that probability for many bosons to be concentrated on one site is exponentially small [see the condition (3)]. We
then consider propagation of a local perturbation to ρ0 such as ρ→ Oi0ρ0O

†
i0
, where i0 ∈ Λ and Oi0 can take the

form of projection onto the site i0 for example. We are now interested in how fast this perturbation propagates.
Mathematically, after the time evolution, ρ(t) is given by Oi0(t)ρ0Oi0(t)†, and hence we aim to estimate the
approximation error of Oi0(t)ρ0 ≈ O(t)

i0[R]ρ0, where O(t)
i0[R] is an appropriate operator supported on the subset i0[R],

which is the ball region with i0 the center and R the radius. Our main result is regarding the approximation error
for finite R.

quantum spin systems. As simplest applications, we have proved the clustering theorem and the efficiency
guarantee for the classical simulation of the quantum dynamics, which have been considered to be crucial
applications of the Lieb-Robinson bound. We believe that the Lieb-Robinson bound obtained in this
study will play primary roles in analyzing various ongoing problems.

We consider interacting boson systems which are described by the Bose-Hubbard type Hamiltonians:

H :=
∑
〈i,j〉

Ji,j(bib
†
j + h.c.) +

∑
Z⊂Λ:|Z|≤k

vZ (|Ji,j | ≤ J̄), (1)

with bi and b†i as the annihilation and the creation operators of boson, respectively,
∑
〈i,j〉 means the

summation for all the pairs of the adjacent sites {i, j} on the lattice, and vZ consists of finite-range
boson-boson interactions on the subset Z*1. The simplest example is the Bose-Hubbard model:

H =
∑
〈i,j〉

J(bib
†
j + h.c.) + U

2
∑
i∈Λ

n̂i(n̂i − 1)− µ
∑
i∈Λ

n̂i, (2)

where U and µ areO(1) constants. In this model, when all the bosons clump on one site, the on-site energy
can be as large as poly(N) (N : the total number of bosons), which leads to the infinite Lieb-Robinson
velocity for N → ∞. Even though it is quite unlikely that many bosons clump together in realistic
experiments, we need to take such situations into account for mathematically rigorous justifications. Even
if so many bosons do not sit on one site at the initial time, a large bias of the boson distribution may occur
due to the time evolution, which induces an unexpected acceleration of the information propagation.

Our main result is the Lieb-Robinson bound in the following form (Fig. 1):

Theorem 1. Let ρ0 be an arbitrary time-independent quantum state satisfying the low-boson-density
condition as

max
i∈Λ

tr(ec0(n̂i−q̄)ρ0) ≤ 1 c0 ≤ 1, q̄ = O(1). (3)

*1 For example, in the case of Z = {i, j}, vZ includes interactions like n̂4
i , n̂2

i en̂j , en̂2
i n̂3

j and so on.
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This condition ensures that probability for many bosons to be concentrated on one site is exponentially
small in the initial state ρ0. Then, we can approximate Oi0(t)ρ0 by using another operator O(t)

i0[R] sup-
ported on i0[R] (a ball region with i0 the center and R the radius) with the approximation error as
follows: ∥∥∥(Oi0(t)−O(t)

i0[R]

)
ρ0
∥∥∥ ≤ ‖Oi0‖ exp

(
−C1

R

t log(R) + C2 log(R)
)
, (4)

with Oi0 be an operator supported on the site i0, where t ≥ 1, C1 and C2 are constants of O(1) which
only depends on the details of the system.

III. IMPLICATIONS

(Almost linear light cone) From the theorem, the information propagation is restricted in the region
at most separated from i0 by t log2(t). Therefore, we can ensure that acceleration of the information
propagation observed in [Eisert and Gross, PRL (2009), QIP’09] cannot occur in our model, where the
speed of the information becomes at most poly-logarithmically large with the time as log2(t).

(Clustering theorem for the gapped ground states) We here denote |E0〉 as the non-degenerate
ground state and ∆E as the spectral gap. We upper-bound the correlation function Cor(OX , OY ) :=
〈E0|OXOY |E0〉−〈E0|OX |E0〉〈E0|OY |E0〉, where OX and OY are operators supported on X and Y . When
|E0〉 satisfies the condition (3), the following inequality holds:

Cor(OX , OY ) ≤ C3‖OX‖ · ‖OY ‖ exp
(
−
√
C ′3∆E
log(R)R

)
, (5)

where C3, C ′3 and C ′′3 are O(1) constants. From the inequality, the bi-partite correlations decay beyond
R ≈ Õ(1/∆E).

(Time complexity to simulate the quench dynamics) The primary research target in exper-
iments is the quantum dynamics by quench of the Hamiltonian parameter. We extend our theory to
analyze the time complexity to classically compute the quench dynamics. Here, a system is initially pre-
pared in a steady state ρ0 (e.g., the ground state), and then evolves unitarily in time under the sudden
change of the Hamiltonian parameters like H → H ′. We consider the case where the Hamiltonian H ′ is
given by H ′ = H + hX0 .

Our purpose is to find an appropriate unitary operator Ui0[R] supported on i0[R] which gives ρ0(H ′, t) ≈
Ui0[R]ρ0U

†
i0[R]. For initial state ρ0 with the conditions, [ρ0, H] = 0 and (3), we have

∥∥∥ρ0(H ′, t)− Ui0[R]ρ0U
†
i0[R]

∥∥∥
1
≤ exp

(
−C ′1

(R− r0)
t log(R) + C ′2 log(R)

)
, (6)

where we define r0 such that X0 ∈ i0[r0] for an appropriate i0 ∈ Λ, and C ′1 and C ′2 are constants of
O(1) which only depends on the details of the system. Moreover, the computation cost to construct the
unitary operator Ui0[R] is at most of exp

[
O
(
RD log(R)

)]
(D: spatial dimension). When we consider 1D

chains and want to achieve an error of ε, the computational cost above reduces to

exp
[
t log3(t) + t log(1/ε) log log2(1/ε)

]
, (7)

where we assume r0 = O(1). When the error ε is fixed, we have the time complexity of eO(t log3(t))*2. This
result is compared to the time-complexity eO(t) in standard quantum spin systems [T. J. Osborne, PRL
(2006)].

*2 If we can prove the strictly linear light cone, the time-complexity is expected to be improved to eO(t log(t)).
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