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I. MOTIVATION AND BACKGROUND

In the past few decades, one of the triumphs in the domain of quantum information theory has been
the characterization of quantum many-body systems using information-theoretic methods. In particular,
quantum entanglement in macroscopic length scale (i.e., long-range entanglement) provides a crucial key
in accessing the genuine non-trivial quantum effects. The theoretical advancements have opened up new
avenues to characterize the quantum phases [1], establish efficient classical and quantum algorithms to
simulate quantum many-body systems [2, 3], fault-tolerant quantum computation [4], and so on. An
outstanding problem in this direction is the following: “What kinds of long-range entanglement can
survive at room temperatures?” This simple question has received significant interest from researchers
from various backgrounds. Answers to this question have, in many instances, established profound
connections between information theory, computer science, and physics.

There are mainly two directions in tackling the above problem: i) finding a class of quantum Gibbs
states with long-range entanglement, ii) establishing a no-go theorem on the existence of the long-range
quantum entanglement. In the former direction, it has been identified that four-dimensional quantum
many-body systems can have long-range entanglement at room temperatures [5]. In the latter direction,
there has been an enormous number of numerical/theoretical studies to understand the universal law of
entanglement. In spite of these efforts, no theoretical framework exists that studies universal properties
of characteristic length scale in which the entanglement can exist. In tackling the problem, we necessarily
encounter two major barriers: i) difficulty of the low-temperature physics and ii) intractability of the
entanglement measures. Thus far, the establishment of universal laws on long-range entanglement has
been a challenging problem.

II. SUMMARY OF MAIN RESULTS AND APPLICATIONS

In this work, we have broken the barriers and proved that the bipartite entanglement decays expo-
nentially beyond the distance of poly(β) with β the inverse temperature. The main statement is applied
to generic quantum many-body systems of arbitrary dimensions at arbitrary temperatures. Thus, we
have identified a characteristic length scale of the bi-partite quantum entanglement. This result, in
turn, indicates that the long-range entanglement survives at a non-zero temperature only in the form
of (more than) tripartite entanglement. Indeed, all the observed long-range entanglements at non-zero
temperatures arise due to topological protection, which is associated with tripartite correlations [6–8].
We significantly unveil one of the essences of the macroscopic quantum phenomena at room temperatures.
Our result is unconditional since we make no assumption about the system details, temperatures, spatial
dimension, and considered observables. Also, we have proved that part of our results is qualitatively
optimal with respect to the temperature (see Sec. VI D in the technical paper).

Exponential clustering of quantum correlations.— In our study, we introduced a new quantity, ‘quan-
tum correlation,’ which is analogously defined to the quantum entanglement. The quantity is still ana-
lytically intractable, but as a critical advantage, we can prove the exponential clustering for the quantum
correlation. As our technical contribution, we have constructed an analytical bridge between quantum
entanglement and quantum correlation. The explicit definition of the quantum correlation is given as the
convex roof of the standard correlation:

QCρ(OA, OB) := inf
{ps,ρs}

∑
s

ps|Cρs(OA, OB)|, (1)

with inf{ps,ρs} the minimization for all possible decompositions of ρ such that ρ =
∑
s psρs (ps > 0), where

Cρ(OA, OB) is the standard correlation function, i.e., Cρ(OA, OB) := tr(ρOAOB)−tr(ρOA)·tr(ρOB). The
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quantum correlation is a natural quantum analog of the standard correlation function and has a significant
relationship with quantum entanglement (see Sec. III in the technical paper). At high-temperatures, the
well-known exponential clustering theorems [9, 10] ensure the exponential decay of Cρ(OA, OB) with the
distance R := dA,B. As in the following theorem, we can establish the quantum version of the exponential
clustering that holds at arbitrary temperatures of arbitrary dimensions:

Theorem 1. Let OA and OB be arbitrary operators with the unit norm that are supported on the
subsets A ⊂ Λ and B ⊂ Λ, respectively (dA,B = R). Then, when a quantum state ρβ = e−βH/tr(e−βH) is
given by a quantum Gibbs state with a short-range Hamiltonian, the quantum correlation QCρβ

(OA, OB)
is upper-bounded as follows (Theorem 10 in the technical paper):

QCρβ
(OA, OB) ≤ C0(|∂A|+ |∂B|) (1 + log |AB|) e−R/ξβ , (2)

where C0 is an O(1) constant and ξβ = O(β).

Exponential clustering of quantum entanglement.— As has been well known [11], analytical treatments
of quantum entanglement in mixed states are notoriously difficult. This point has been the primary
barrier for the theoretical studies on many-body entanglement. In order to avoid the barrier, we provide
a new route to analyze the many-body entanglement by connecting the quantum correlation and the
entanglement. We partially solve this connection as shown in the following proposition (Proposition 9 in
the technical paper):

Proposition 2. Let ρAB be an arbitrary quantum state such that QCρAB (OA, OB) ≤ ε‖OA‖ · ‖OB‖ for
two arbitrary operators OA and OB. We then obtain

EPPT
R (ρAB) ≤ 4DAB δ̄ log(1/δ̄), δ̄ := 4εmin(DA,DB), (3)

where DAB is the Hilbert space dimension in the region AB. Here, the PPT relative entanglement is
defined by EPPT

R (ρAB) := infσAB∈PPT S(ρAB||σAB), where PPT is a set of the quantum states σAB that
satisfy the PPT (positive partial transpose) condition, i.e., σTAAB � 0 for σAB ∈ PPT.

From the statement, we ensure that If QCρAB (OA, OB) = 0 for arbitrary pairs of OA, OB, the Peres-
Horodecki separability criterion [12], or PPT condition, is satisfied. At this stage, we have not succeeded
in completely proving the equivalence between the zero quantum correlations and no entanglement *1.

By using the above relation, we prove the following statement on the entanglement clustering (Corol-
lary 11 and Theorem 12 in the technical paper):

Theorem 3. Under the same setup as in Theorem 1, the PPT relative entanglement is upper-bounded
by

EPPT
R (ρβ,AB)

{
≤ C1 log(DAB)e−R/(c1ξ2

β)+c2β for 1D cases,
≤ C2e

−R/(2ξβ)+3 log(DAB) for general cases,
(4)

where C1, C2, c1, and c2 are constants of O(1). Note that for 1D cases the dependence on DAB is
significantly improved.

General limits on quantum coherence measures.— We have further possibilities to extend the current
results to more general coherence measures. Quantum coherence has been an active field in the charac-
terization of quantum resources [13]. Indeed, in the present work, we have already derived new general
limits on the coherence measures of the quantum Fisher information and the Wigner-Yanase-Dyson skew
information, both of which play central roles in the field of quantum metrology and macroscopic entan-
glement measure. This result would lead to further developments to identify the class of the quantum
coherence measures which must be short-range at arbitrary non-zero temperatures.

*1 We conjecture that the inequality (3) should be improved to the standard relative entanglement. Conjecture: ER(ρAB) .
DAB δ̄ log(1/δ̄), where ER(ρAB) := infσAB∈SEP S(ρAB ||σAB), where SEP is a set of the non-entangled quantum states.
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To show our result, we also consider another type of quantum correlation [14, 15] that is based
on the Wigner-Yanase-Dyson (WYD) skew information: Q̄ρ(OA, OB) :=

∫ 1
0 Q

(α)
ρ (OA, OB)dα with

Q
(α)
ρ (OA, OB) := tr(ρOAOB) − tr

(
ρ1−αOAρ

αOB
)
. In a previous study [14], it was numerically veri-

fied that the quantity Q̄ρ(OA, OB) shows an exponential decay with distance even at the critical point.
Because the WYD skew information is considered as a measure of quantum coherence [13], the decay
rate of Q̄ρ(OA, OB) has been dubbed as the ‘quantum coherence length’ [14]. Using a similar analysis
to the proof of Ineq. (2), we also prove that the numerical observations in Ref. [14, 15] universally hold
(Theorem 13 in the technical paper): Q(α)

ρβ (OA, OB) . (|∂A| + |∂B|)e−R/ξ
′
β for arbitrary α (0 ≤ α ≤ 1),

where ξ′β = O(β) (explicit form is given in the technical paper). The above inequality immediately yields
the general limits on the WYD skew information as well as the quantum Fisher information (Corollary 14
in the technical paper): I(α)

ρβ (K) . βDn and Fρβ (K) . βDn with K being an arbitrary operator in
the form of K =

∑
i∈ΛOi (Λ: total set of the sites), where I(α)

ρβ (K) and Fρβ (K) are the WYD skew
information [16] and the quantum Fisher information [17], respectively.

Summary.— In conclusion, our results provide new characterizations on the low-temperature phases.
At low temperatures, phase transitions can occur, and various macroscopic quantum phenomena can
be observed (e.g., Bose-Einstein condensation, superconducting, etc.). In this situation, there has been
no criterion on what kinds of quantum effects can be long-range (or must be short-range) at non-zero
temperatures. This point is highly contrasted to the situations in high-temperature phases, where various
information-theoretic analytical tools have unveiled simple structures of the quantum Gibbs states [9, 18].
So far, there has been little known on general theorems which hold regardless of the system details and
the temperature regimes [19–22]. Due to its difficulty and importance, even a small improvement on the
existing results has a great impact in the fields. Our results opened an entirely new direction on the
characterization of the low-temperature phases, and we made significant progress in this field.

III. KEY TECHNIQUES TO PROVE THEOREM 1

We here show several key techniques to prove the quantum version of the exponential clustering
theorem (Theorem 1). First of all, for a given density matrix ρ, we define the operator LO for an arbitrary
operator O as follows: LO :=

∑
s,s′

2
√
λsλs′

λs+λs′
〈λs|O|λs′〉|λs〉〈λs′ |, where we denote a spectral decomposition

of ρ by ρ =
∑
s λs|λs〉〈λs|.We note that the operator also plays a crucial role in proving that the quantum

Fisher Information is equal to the convex roof of variance [23].
As the first technique, for arbitrary two operators OA and OB, we prove the following inequality on

the quantum correlation For two arbitrary operators OA and OB, if we can find two operators L̃OA and
L̃OB such that

[L̃OA , L̃OB ] = 0, ‖LOA − L̃OA‖ ≤ δ1, ‖LOB − L̃OB‖ ≤ δ2 (5)

we upper-bound the quantum correlation QCρ(OA, OB) as follows:

QCρ(OA, OB) ≤ 3δ1 + 3δ2
2 + 1

4

∥∥∥[(ρ−1/2LOAρ
1/2
)
,
(
ρ1/2LOBρ

−1/2
)]∥∥∥ . (6)

As the second technique, when ρ is given by the quantum Gibbs state ρ ∝ e−βH , we express LO and
ρ±1/2LOρ∓1/2 by using the time evolution O(t) = eiHtOe−iHt:

LO =
∫ ∞
−∞

fβ(t)O(t)dt, ρ±1/2LOρ∓1/2 = O ±
∫ ∞
−∞

gβ(t)O(t)dt,

fβ(t) := 1
β cosh(π|t|/β) , gβ(t) := −i

β sinh(πt/β) . (7)

Here, we note that the functions fβ(t) and gβ(t) decays exponentially as e−t/O(β), and hence LO and
LOρ∓1/2 are approximately described by using short-time evolution up to t ≈ β.

Finally, when O is supported on a local region, we utilize the Lieb-Robinson bound [24, 25] to es-
timate the quasi-locality of LO and ρ±1/2LOρ∓1/2. We then estimate all the terms in the RHS of the
inequality (6), which yields the desired exponential clustering bound (2).
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