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PAPER
Eigenvalue Based Relay Selection for XOR-Physical Layer Network
Coding in Bi-Directional Wireless Relaying Networks

Satoshi DENNO†a), Senior Member, Kazuma YAMAMOTO†, and Yafei HOU†, Members

SUMMARY This paper proposes relay selection techniques for XOR
physical layer network coding with MMSE based non-linear precoding in
MIMO bi-directional wireless relaying networks. The proposed selection
techniques are derived on the different assumption about characteristics of
the MMSE based non-linear precoding in the wireless network. We show
that the signal to noise power ratio (SNR) is dependent on the product of
all the eigenvalues in the channels from the terminals to relays. This paper
shows that the best selection techniques in all the proposed techniques is to
select a group of the relays that maximizes the product. Therefore, the se-
lection technique is called “product of all eigenvalues (PAE)” in this paper.
The performance of the proposed relay selection techniques is evaluated in
a MIMO bi-directional wireless relaying network where two terminals with
2 antennas exchange their information via relays. When the PAE is applied
to select a group of the 2 relays out of the 10 relays where an antenna is
placed, the PAE attains a gain of more than 13dB at the BER of 10−3.
key words: physical layer network coding, non-linear precoding, MIMO,
signal to noise power ratio, eigenvalues

1. Introduction

Wireless communication is best suited to connect devices
with the internet for internet of things (IoT) applications.
Because IoT devices are scattered in the world, wider cov-
erage area is demanded for wireless networks to support
IoT applications. Wireless relaying has been considered
to extend coverage areas. Wireless relays have been intro-
duced not only in wireless networks for IoT such as wire-
less smart utility network (WiSUN), but also wireless lo-
cal area networks (WLANs). In those wireless networks,
time division duplex (TDD) is applied to send information
from the source to the destination via relays [1]. When bi-
directional communications are performed in the wireless
relaying networks, however, the frequency utilization effi-
ciency is reduced. Physical layer network coding (PLNC)
has been considered to mitigate the drawback [2]–[5]. Many
PLNC techniques have been proposed for further perfor-
mance improvement [6]–[12]. Especially, XOR-PLNC has
been shown to achieve the optimum performance in terms
of channel capacity. Precoding techniques [13] have been
proposed for XOR-PLNCs to reduce computational com-
plexity of relays, while achieving a little bit better trans-
mission performance [14]. The XOR-PLNC has been ex-
tended to MIMO bi-directional relaying networks [15], [16].
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Moreover, some precoding techniques have been proposed
for transmission performance enhancement in MIMO bi-
directional relaying networks [17]–[19]. In the above in-
vestigations, relays are assumed to be pre-assigned for bi-
directional communications in the networks. Since many
relays may be scattered around the source terminal and
the destination terminal, actually, relay selection has been
investigated to improve transmission performance in one-
directional relaying networks [20]–[22]. Relay selection
has also been considered for bi-directional relaying network
with PLNC [23]–[25]. In the literature, the transmission per-
formance is analyzed when the relay that maximizes crite-
ria is selected based on the min-max approach in systems
where an antenna is installed on terminals and relays. Over-
all SNR, minimum Euclidean distance, total throughput are
applied as the criteria. The same approach has been ex-
tended for MIMO bi-directional relay systems. However,
the conventional techniques are complicated to find the best
combination of relays even though channel coding is not
taken into account.

This paper proposes techniques to select relays in or-
der to improve the transmission performance in MIMO bi-
directional relaying networks with XOR-PLNC. We intro-
duce a simple selection criterion that is defined as the end-
to-end BER performance of the relaying network. The pro-
posed technique selects a group of the relays that maxi-
mizes the selection criterion. We apply lattice reduction-
aided non-linear precoding to simplify the selection signal
processing and to improve the transmission power efficiency
of the transmission signals. Additionally, we use error cor-
rection coding to each stream to improve transmission per-
formance. We show that the proposed selection technique
can be implemented with almost same computational com-
plexity as that in conventional multi-user MIMO based on
the block diagonalization.

Next section describes a network model, and the pro-
posed relay selection techniques are explained in Sect. 3.
The performance of the proposed selection is evaluated in
Sect. 4 and the concluding remarks are presented in Sect. 5.

Throughout the paper, (A)−1, (B)
1
2 , superscript T, and

superscript H denote an inverse matrix of a matrix A, a
square root matrix of a real diagonal matrix B, transpose,
and Hermitian transpose of a matrix or a vector, respectively.
tr [A] denotes trace of a matrix A. j indicates the imaginary
unit. E

[
ζ
]
, <[α], and =[α] represent the ensemble average

of a variable ζ, a real part, and an imaginary part of a com-
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plex number α.

2. Network Model

We assume a wireless network where two terminals com-
municate with each other via relays. The two terminals are
called “terminal A” and “terminal B” respectively, in this
paper. While NT antennas are placed on the terminal, only
one antenna is deployed in the relays. We assume that the
NR relays are scattered between the two terminals. When
the PLNC is applied to the communication, those terminals
transmit their own signals for the relays, simultaneously in
the first slot, and the NS relays out of the NR relays broadcast
the signals for the two terminals. However, precoding is ap-
plied to the transmitters on the terminals to reduce the com-
plexity of the demodulation at the relays [18], [19], while
the relays send their signals without any precoding.

The signal processing in the XOR-PLNC is described
in detail as follows. NS bit streams are encoded and the NS
encoded bit streams are provided to the Quaternary phase
shift keying (QPSK) modulators independently, at each ter-
minal. The modulation signals are fed to a non-linear pre-
coder. The non-linear precoder output vector is transmitted
as a transmission signal vector. Let XΩ ∈ C

NT×1 denote the
transmission signal vector, where Ω takes A or B, the trans-
mission signal vector can be defined as [26]–[28],

XΩ = WΩ (SΩ + KΩMΩ) (1)

In (1), WΩ ∈ C
NT×NS , SΩ ∈ C

NS×1, KΩ ∈ C
NS×NS and

MΩ ∈ C
NS×1 represent a precoding matrix, a modulation

signal vector, a Gaussian integer vector, and a modulus vec-
tor that is changed adaptivery [18]. The transmission signal
vectors XΩ Ω =A, B, are transmitted from the two termi-
nals with the NT antennas, simultaneously, and are traveling
in fading channels. Since the two terminals transmit their
signals for the relays simultaneously, superposition of the
transmission signal vectors are received at all the relays. As
is described below, the NS relays that are selected out of
all the relays actually detect the transmission signals. Let
YR ∈ C

NS×1 denote a received signal vector containing the
signals received at those relays, the received signal vector
can be written in the following.

YR = HAXA + HBXB + NR, (2)

where HA ∈ C
NS×NT , HB ∈ C

NS×NT , and NR ∈ C
NS×1 rep-

resent a channel matrix between the terminal A and the
selected relays, that between the terminal B and those re-
lays, and the additive white Gaussian noise (AWGN) vector.
Those relays possibly receive superposition of the 2NT sig-
nal streams, even though only one antenna is placed on every
relay. The network is regarded as one of overloaded MIMO
networks. Those relays estimate an XOR-coded signal vec-
tor X̂Ω ∈ C

NS×1 from the received signal vector YR [18].
Let X̂Ω be defined as X̂Ω =

(
x̂Ω(n1) · · · x̂Ω(nNS )

)T where
x̂Ω(k) ∈ C denotes a transmit signal from the kth relay to
the terminal Ω. The XOR-coded signal x̂R(k) ∈ C is defined

as x̂R(k) = sA(k) ⊕ sB(k), where sΩ(k) ∈ C and ⊕ denote
a modulation signal defined a SΩ(k) = (sΩ(1) · · · sΩ(NS))T,
and a complex XOR operation defined in the following. The
complex XOR operation ⊕ is defined as sA(k) ⊕ sB(k) =

< [sA(k)] · < [sB(k)] + j= [sA(k)] · = [sB(k)].
Let yR(k) denote the signal received at the kth relay, i.e,

YR =
(
yR(n1) · · · yR(nNS )

)T, if the precoder orthogonalizes
the channels between the relays and the terminal, the soft
decision signal x̄R(k) ∈ C of the XOR-coded signal can be
estimated as [14],

< [x̄R(k)] = log
p
(
< [x̂R(k) = 1] |YR

)
p
(
< [x̂R(k) = −1] |YR

)
≈ log

p
(
< [sA(k)sB(k) = 1] |<

[
yR(k)

])
p
(
< [sA(k)sB(k) = −1] |<

[
yR(k)

]) . (3)

In (3), p(α|β) represents a conditional probability that an
event α happens when an event β occurred. The imagi-
nary part of the soft decision signal can be estimated in
the same way. In the above derivation, since the relays do
not have a functionality to exchange their received signals
among them†, the soft decision symbol is estimated with
only the signal received at its own relay, e.g., the kth relay
in (3). The output signal x̄R(k) is provided to the channel
decoder, and the output signal stream from the decoder is
encoded and re-modulated in the same manner to that at the
terminals. In other words, the kth selected relay decodes the
XOR-coded signal stream of the kth signal streams transmit-
ted from the terminal A and B. The decoder output stream is
re-encoded and the output is re-modulated at the kth relay,
independently.

In the next time slot, the selected relays transmit their
re-modulated signals, which can be expressed in a vector
form, i.e., XR ∈ C

NR×1 defined as XR =
(
xR(n1) · · · xR(nNS )

)T

where xR(ni) ∈ C denotes a re-modulated signal at the nith
relay. The signal vector XR is received at both the terminals
as,

YΩ = HH
ΩXR + NΩ, Ω = A or B. (4)

YΩ ∈ C
NT×1 and NΩ ∈ C

NT×1,Ω = A or B in (4) denote a
received signal vector and the AWGN vector at the terminal
Ω. As is seen in (4), the network model is regarded as that in
single user MIMO networks. Conventional MIMO receivers
can be applied to the receiver on the terminal. The network
model is illustrated in Fig. 1.

Next section proposes novel relay selection techniques
for the XOR-PLNC with non-linear precoding.

3. Relay Selection for Precoded XOR Physical Layer
Network Coding

3.1 Non-Linear Precoding Based on MMSE

For maximizing the signal to noise power ratio (SNR) of the

†The need for additional time slots or frequency band to ex-
change reduces the frequency utilization efficiency.
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Fig. 1 Network model.

signals received at the selected relays, we apply minimum
mean square error (MMSE) based precoding to the termi-
nals [29], [30]. The precoding matrix WΩ of the MMSE
based precoder is written as follows.

WΩ = gΩHH
ΩΦΩ (5)

ΦΩ =

HΩHH
Ω +

σ2NR

σ2
S

INS

−1

(6)

In (6), ΦΩ ∈ C
NS×NS , gΩ ∈ R, σ2 ∈ R, σ2

S ∈ R, and
INS ∈ Z

NS×NS denote a rectangular matrix, a normalization
factor, the power of the AWGN generated in the relay, that
of the transmit signal, and the NS dimensional identity ma-
trix, respectively. Because the QPSK modulator sends the
modulation signal sΩ(k) = ±1 + ±j, σ2

S becomes 2, i.e.,
σ2

S = 2. Although many non-linear precoding techniques
have been proposed based on the MMSE, we apply a non-
linear precoding [18], [19] based on Tomlinson-Harashima
precoding(THP) [26], [27], because such precoding can be
implemented with relatively lower computational complex-
ity than the other techniques, such as the vector perturba-
tion [28]. The lattice reduction is applied to improve the
performance. Let TΩ ∈ C

NS×NS denote a unimodular ma-
trix, the channel matrix is transformed with the unimodular
matrix as [31], HH

Ω√
σ2NR
σ2

S
INS

 TΩ = QΩD
1
2
Ω

RΩ. (7)

In (7), QΩ ∈ C
(NS+NT)×NS , RΩ ∈ C

NS×NS , and DΩ ∈ C
NS×NS

represent a part of a unitary matrix, an upper triangular ma-
trix with 1 in all the diagonal positions, and a diagonal ma-
trix, respectively. Let BΩ ∈ C

NS×NS represent a lower off-
diagonal matrix defined as BΩ = RH

Ω
− INS ∈ C

NS×NS , feed-
back filtering can be carried out with the off-diagonal matrix
as follows [19].

vΩ(k) = mod
[
TH

Ω (k) SΩ − BΩ(k)VΩ,MΩ (k)
]

= TH
Ω (k) SΩ − BΩ(k)VΩ + kΩ(k)MΩ(k)

k = 1, · · · ,NS (8)

In (8), vΩ(k) ∈ C, BΩ(k) ∈ CNS×1 and TΩ(k) ∈ C denote a kth
entry of a feedback filter output vector VΩ ∈ C

NS×1, the kth
column vector of the matrix BΩ and the kth row vector of the
unimodular vector TΩ, i.e., VΩ = (vΩ (1) · · · vΩ (NS))T, BΩ =

(BΩ(1) · · ·BΩ(NS)) and TH
Ω

=
(
TΩ(1)H · · ·TΩ(NS)H

)
, respec-

tively. In addition, kΩ(k) ∈ C and MΩ (k) denote a Gaussian
integer and the kth entry of the vector MΩ. Let FΩ ∈ C

NT×NS

denote a feedforward filter weight matrix, the feedforward
filter weight matrix is defined as FH

Ω
R−H

Ω
= HH

Ω
ΦΩ. If (5)∼

(8) are taken into account, the feedforward filter weight ma-
trix FH

Ω
can be expressed as,

FH
Ω = HH

ΩTΩR−1
Ω D−1

Ω , (9)

With the feedback filter and the feedforward filter, the pre-
coder weight matrix WΩ can be calculated as follows.

WΩ = gΩFH
ΩVΩ (10)

gΩ =

√√√√√√√√ NS
NS−1∑
k=0

∣∣∣FΩ,k

∣∣∣2 σ2
Ω,M (k)

, (11)

where σ2
Ω,M (k) represents power of the feedback filter out-

put signals. In (11), the normalization factor gΩ is derived
to set the transmission power to NS.

The next section explains our proposed relay selection
for the XOR-PLNC with the above precoder.

3.2 Relay Selection

As is described above, all the relays are numbered such as
a kth relay, k = 0 ∼ NR − 1. We specify groups of the re-
lays where NS relays are contained as described previously.
When the n1th ∼ nNS th relays are contained in an nth group,
the group index n is defined in the following.

n =

NS∑
k=1

nkNk−1
R (12)

Although the group index n was omitted for simplicity of the
notations in the above sections, we hereafter add the group
index, such as WΩn , YRn , HΩn , SΩn , and gΩn .

Let PA→B,n ∈ R denote the BER of the XOR-PLNC in
the relaying network from the terminal A to the terminal B
via the nth relay group, the BER can be written as follows.

PA→B,n = PRn

(
1 − PRn→B

)
+

(
1 − PRn

)
PRn→B

: PRn + PRn→B (13)

In (13), PRn ∈ R and PRn→B ∈ R represent the BER at the re-
lays, and that from the relays to the terminal B, respectively.
In the above derivation, PRn PRn→B is neglected, because it
is much smaller than the probability PRn when the Eb/N0 is
high.

The BER PRn depends on the performance of the input
sequence provided to the channel decoder. The soft detec-
tion signals are fed to the decoder as the input sequence at
the relays. When the above precoding is applied at the ter-
minals, the soft decision signal can be rewritten in the fol-
lowing equation [14].

< [x̄R(k)]=|<
[
yR(k)

]
|
(
(ξn−1) gAn − (ξn+1) gBn

)
+2gAngBn
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=

{
gBn<

[
sAn (k) ⊕ sBn (k)

]
+< [nR (k)] gAn > gBn

gAn<
[
sAn (k) ⊕ sBn (k)

]
+< [nR (k)] gAn ≤ gBn

,

(14)

where ξn indicates a function defined in the following.

ξn =

{
1 gAn > gBn

−1 gAn ≤ gBn

(15)

As is described above, the imaginary part of the soft decision
signal can be estimated in the same manner to (14). Eq. (14)
implies that the SNR of the input signal sequence to the
decoder is expressed with the normalization factor smaller
than the other. Because the decoding performance is depen-
dent on the SNR of input signal sequence in principle, the
BER of the channel decoder output stream can be reduced
to that in the worse channel. Let PA→Rn ∈ R and PB→Rn ∈ R
denote the BER in the channel with the channel gain gAn and
that with the gain gBn , the BER at the relay can be expressed
as,

PR = min
(
PA→Rn , PB→Rn

)
. (16)

Let PPLNC ∈ R denote the average BER of the two direc-
tional wireless communications, i.e., that from the terminal
A to the B, and that from the terminal B to the A, the average
BER is described as,

P =
1
2

(
PA→B,n + PB→A,n

)
= PR +

1
2

(
pRn→A + PRn→B

)
<

{
PA→Rn + PRn→A ' PA→Rn PA→Rn > PB→Rn

PB→Rn + PRn→B ' PB→Rn PA→Rn ≤ PB→Rn

(17)

In the above derivation, we use the fact that the BER PΩ→Rn

is worse than that of PRn→Ω, because the channel from the
terminal to the relays is regarded as that in an overloaded
network where the 2 signal streams are simultaneously re-
ceived at every relay with an antenna†. The BER PPLNC is
approximated by that of the channel worse that the other. In
a word, the BER of the XOR-PLNC depends on that of the
worse channel.

It is the optimum to select a group of the relays that
makes the network achieve the minimum BER performance.
In other words, it is the best to select a relay group that min-
imizes the BER PA→Rn when PA→Rn > PB→Rn . We take a
min-max approach to select a group out of all the possible
groups in the channel. We propose terminal selection algo-
rithms based on the min-max approach for the XOR-PLNC
in the following section.

†Even if the non-linear precoding is applied at the terminals,
the 2 signal streams are received at all the relays with one an-
tenna in the network model. The signal reception at the relays
is regarded as that in an overloaded MIMO network. On the other
hand, the network model described in (4) is also regarded as one
of non-overloaded MIMO channels. Therefore, the transmission
performance in the channels from the relays to the terminals in the
second slot is better than that in the first slot, because the max-
imum likelihood detection (MLD) is applied at the terminals for
the optimum performance.

3.2.1 Minimum of Normalization Gains (MNG)

This paper applies the MMSE-based non-linear precoding
defined in (5) and (6). When the Eb/N0 is high enough,
the MMSE precoding is approximated with the zero forcing
(ZF) precoding. The approximation simplifies the network
model in (2) to,

YR ≈ gAn SAn + gBn SBn + NR. (18)

The Gaussian integer multiples of the modulus are omitted
from the above equation, because they can be removed at the
relays. The above equation means that the transmission per-
formance between the terminal to the relays only depends on
the normalization factor gΩn , Ω =A or B. The BER PA→Rn

and PB→Rn can be written as follows.

PA→Rn =
1
2

erfc


√
g2

An

2σ2

 , PB→Rn =
1
2

erfc


√
g2

Bn

2σ2


In the above equations, erfc (t) indicates the complementary
error function defined as,

erfc (t) =
2
√
π

∫ ∞

t
e−y

2
dy.

Since the BER performance is a monotonically decreasing
function with respect to an input t, the BER is improved as

the SNR such as
g2

An
2σ2 increases. Because the BER PR de-

pends on the performance in the worse channel as described
above, the min-max approach is reduced to the following
selection algorithm, which is expected to achieve the best
performance in the channel written in (18).

nMNG = arg max
n

[
min

An , Bn

[
g2

An
, g2

Bn

]]
(19)

The above selection is called as “minimum of normaliza-
tion gains (MNG)” in this paper, because the group to max-
imize the minimum among the two normalization factors is
selected.

3.2.2 Product of All Eigenvalues (PAE)

Although the network model is approximated in the previ-
ous section, the model can be rewritten as follows without
approximation.

YR≈gAn HAn HH
An
ΦΩn SAn + gBn HBn HH

Bn
ΦΩn SBn + NR

= gAn SAn + gBn SBn

−
2σ2NR

σ2
S

(
gAnΦAn SAn + gBnΦBn SBn

)
+ NR

=gAn SAn + gBn SBn + N̄R (20)

The Gaussian integer multiples of the modulus are also
omitted in the above equation. In (20), N̄R ∈ C

NS×1 denotes
a noise vector defined as,
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N̄R = −
2σ2NS

σ2
S

(
gAnΦAn SAn + gBnΦBn SBn

)
+ NR. (21)

The kth entry of the noise vector N̄R ∈ C
NS×1 is represented

as n̄R(k) ∈ C, i.e., N̄R = (n̄R(1) · · · n̄R(NS))T.
In the following explanation, we assume that the nor-

malization factor gAn is bigger than the other gBn . As is ex-
plained, the SNR of the soft decision signal at the kth relay
ρR,n ∈ R is written as follows.

ρR,n =

g2
Bn

E
[∣∣∣sAn (k) � sBn (k)

∣∣∣2]
E

[
|n̄R (k)|2

]
≈

g2
Bn
σ2

R

2σ2 +
4NSσ4

σ2
s

(
g2

An
ΥAn + g2

Bn
ΥBn

) (22)

When the MMSE criterion is used in precoders, the received
signal SNR is the same among the streams. Therefore, the
index k to specify the relay number is not attached to the
SNR ρRn in the above equation. In (22), σ2

R ∈ R and ΥBn ∈ R
represent the power of the XOR coded signal, i.e., σ2

R =

E
[∣∣∣sAn (k) � sBn (k)

∣∣∣2] and a term defined in the following.

ΥΩn =tr
[
Φ−2

Ωn

]
=

NS−1∑
i=0

(
γΩn(i) +

2NSσ
2

σ2
s

)−2

≥NS
NS

√√√NS−1∏
i=0

(
γΩn(i) +

2NSσ2

σ2
s

)−2

(23)

In (23), γΩn(i) indicates the ith eigenvalue of the channel ma-
trix HΩn , which is defined as,

HΩn =UΩnΓ
1
2
Ωn

VH
Ωn

ΓΩn =diag
(
γΩn (0) · · · γΩn (NS − 1)

)
(24)

When the inequality in (23) is substituted for (22), the SNR
of the soft decision signals at the relays ρR,n can be rewritten
in (25). In the proposed network, the relays and the termi-
nals transmit the QPSK modulation signals with the same
power, i.e., σ2

R = σ2
S. Because we have assumed gAn ≥ gBn

in the network, the SNR ρR,n at the relays can be further
rewritten as follows.

ρR.n<
σ4

s

8N2
Sσ

4
NS

√√√NS−1∏
i=0

(
γAn(i) +

2NSσ
2

σ2
s

) (
γBn(i) +

2NSσ
2

σ2
s

)

≈
σ4

s

8N2
Sσ

4
NS

√√√NS−1∏
i=0

γAn(i) γBn(i) (26)

As is described above, it is the optimum to select a group
that maximizes the SNR of the decoder input signals. Al-
though the SNR expressed in (26) is upperbound, we can
expect that a group to maximize the SNR defined in (26) is

the optimum. Since the Nth root function is a monotoni-
cally increasing function, it is the best to select a group to
maximize the product of all the eigenvalues as follows.

nPAE = max
n

NS−1∏
i=0

γAn(i) γBn(i)

 (27)

The above selection algorithm is called as “product of all
eigenvalues (PAE)” in this paper, because the index to max-
imize the product of all the eigenvalues is selected.

3.2.3 Product of Minimum Eigenvalues (PME)

As is explained above, we apply the precoder based on a
linear spatial filtering assisted by the lattice reduction. Al-
though the SNR upperbound is expressed in (26), the trans-
mission performance is often dependent only on the mini-
mum eigenvalue, especially, when linear spatial filtering is
used in wireless channels. A technique to select a group
of the relays that maximizes the product of the minimum
eigenvalues is named as “product of minimum eigenvalues
(PME)” in this paper, which is defined as,

nPME = arg max
n

[
min

i

(
γAn(i)

)
, min

i

(
γBn(i)

)]
. (28)

As is seen from Sect. 3.2.1 to Sect. 3.2.3, the proposed
selection techniques only need the gains of the proposed
precoders and the eigenvalues of the channel matrices be-
tween the relays and the terminals, even though the perfor-
mance of the channel coding is taken into account. Although
most conventional techniques for MIMO bidirectional relay-
ing networks take the min-max approach as our proposed
techniques do, they explicitly search the transmission sig-
nal vector that maximizes the end-to-end performance in the
system without error correction coding. The proposed selec-
tion is much less complex than conventional techniques.

When the proposed selection is implemented in wire-
less communication systems, the proposed selection needs a
controller to select the relays. The channel matrix between
the relays and the terminal Ω is estimated at the terminal Ω

and the estimated matrix is sent to the controller where the
best relays are selected with the proposed selection tech-
niques. The controller informs the terminals the relays to
send the signals. We assume that the controller is imple-
mented in base stations or access points of wireless access
networks.

The channel state information (CSI) between the termi-
nals and all the relays is necessary to collect, and the eigen-
value decomposition is performed at the controller, which
needs some overhead in communication and complexity. On
the other hand, similar overhead and complexity is needed
for a controller in conventional multi-user MIMO based on
the block diagonalization. The proposed selection needs al-
most as same overhead and complexity as that in conven-
tional multi-user MIMO based on the block diagonalization.
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4. Simulation

The performance of the proposed selection techniques is
verified by computer simulation. As is described above, the
QPSK modulation is applied, and the rate half convolutional
code with the constraint length of 3 is used [32]. The num-
ber of the antennas on the terminals is 2, i.e., NT = 2. The
proposed techniques select a group of 2 relays among 10 re-
lays, i.e., NS = 2 and NR = 10. The channel between the ter-
minal and the relay is modeled with independent and iden-
tically distributed (i.i.d.) Rayleigh fading based on Jakes’
model [33]†. Simulation parameters are listed in Table 1.
The performance of the proposed selection is compared with
that of the random selection in the following, because the
random selection is regarded as one of conventional tech-
niques. However, since most conventional techniques do not
explicitly take account of error correction coding, they are
not compared with the proposed selection.

4.1 SNR Distribution at Relays

Figure 2 shows the cumulative distribution function (CDF)
with respect to the SNR at the relays. In the figure, the pro-
posed selection techniques are compared. The performance
of the random selection is added as a reference. The PAE
achieves the best SNR performance, while the SNR of the
PME is slightly worse than that of the PAE. Besides, the
SNR of the MNG is much worse than the PME and the ran-
dom selection is the worst in all the selection techniques.
As is discussed above, while the MNG is derived on the as-
sumption of the MMSE precoding coming close to the zero

†This means that all the relays are located at the same distance
from the terminals, which is the best situation in terms of the diver-
sity gain. The proposes selection is expected to achieve the poten-
tial performance, i.e., the best performance. If the configuration is
changed, the proposed selection degrades. For instance, since the
PAE uses the product of all the eigenvalues in the channels of the
two links such as the terminal A to the relays and the terminal B to
the relays, if the eigenvalues of the one link are attenuated, the per-
formance is deteriorated. Since overall performance depends on
the characteristics of the two links in one-directional relaying net-
works, however, similar performance degradation will happen if
the characteristics are changed. In other words, when the distance
between the terminal and the relay is different from each other, the
performance of the proposed selection is degraded as that of any
selection techniques gets worse.

Table 1 Simulation parameters.

Modulation QPSK/Single Carrier
Channel model Rayleigh fading

No. of antennas on every terminal 2
No. of relays NR 10

No. of antennas on every relay 1
No. of selected relays NS 2

Lattice reduction LLL algorithm [34], [35]
with δ = 0.75

Signal detection on terminals MLD

Error correction code Convolutional code with
R = 1/2,K = 3

Decoding at relays Soft input Viterbi algorithm
Decoding at terminals Hard input Viterbi algorithm

Fig. 2 Cumulative distribution function of SNR at relays.

forcing (ZF) precoding when the Eb/N0 is high, the PAE is
derived without that assumption. The above performance
gap between the MNG and the PAE infers that the transmis-
sion performance is greatly affected by the second term in
the right hand side of (21), which has to be taken into ac-
count when the network performance is discussed.

4.2 BER Performance at Relays

Figure 3 confirms the BER performance of the proposed re-
lay selection. The performance of the random selection is
also added in the figure. As is indicated by Fig. 2, the PAE
achieves the best BER performance in all the selection tech-
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Fig. 3 BER at relays.

Fig. 4 BER at terminals.

niques, and the PME is a little bit inferior to the PAE†. The
BER performance gap of the MNG from the PAE is about
5dB at the BER of 10−3. The PAE attains more than 13dB
better BER performance at the BER of 10−3 than the random
selection technique.

4.3 BER Performance at Terminals

Figure 4 evaluated the BER performance of the XOR-PLNC
with the proposed relay selection techniques at the relays.
The random selection technique is added in this figure. As
is described in Sect. 3.2, the transmission performance from
the terminal to the relays is worse than that from the relays
to the terminal. The explanation is supported by the figure
that the BER performance of the XOR-PLNC is almost the

†As is described in Sect. 3.2.2, the PAE is derived as the best
selection technique in all the proposed selection techniques. How-
ever, the PAE and the PME achieve similar performance, which
infers that the product of the minimum eigenvalues dominates the
characteristics of the product of all the eigenvalues. In a word, the
other bigger eigenvalues are not influential to the selection perfor-
mance.

Fig. 5 BER v.s. number of relays.

same to that shown in Fig. 3.

4.4 BER Performance at Terminals with Respect to the
Number of Relays

Figure 5 shows the BER performance at the terminals with
respect to the number of the relays. Since the performance
of the PAE is almost the same to that of the PME, the perfor-
mance of the PME is shown in the figure. The performance
of the proposed selection gets better as the number of the re-
lays increases, because more diversity gain can be obtained
as the number of the relays increases. Especially, since we
apply the i.i.d. Rayleigh fading on the assumption of all
the relays placed at the same distance from the terminal, the
proposed selection achieves that superior performance as the
number of the relays increases.

5. Conclusion

This paper has proposed relay selection techniques for the
XOR-PLNC with MMSE based non-linear precoding in
MIMO bi-directional two hop relaying networks. We have
shown that the transmission performance of the XOR-PLNC
is dependent on that from the terminal to the relays. There-
fore, the proposed techniques select a group of the relays
that maximizes the transmission performance. In a word, a
group of the relays to maximize the SNR of the received sig-
nals at those relays is selected in the proposed techniques.
This paper derives three selection techniques on different
assumptions about the characteristics of the MMSE-based
precoding. We show that the SNR at the relays can be char-
acterized by the product of all the eigenvalues in the chan-
nels from the two terminals to the relays. One of the pro-
posed techniques applies the product of all the eigenvalues
as a selection metric, which is called “product of all eigen-
values(PAE)”. The performance of the proposed selection
techniques is confirmed by computer simulation in a situa-
tion where two terminals with 2 antennas surround 10 relays
with one antenna. When 2 relays are selected, the proposed
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PAE achieves the best transmission performance. The PAE
attains a gain of more than 13dB at the BER of 10−3.
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