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1 Introduction

Liquid jets appear in an extremely diverse and large number of applications. A very strongly active field is
that of fuel jets from injection engines, widely used in the automotive and aerospace industry; other fields of
application include medical apparatuses, so-called “atomizers” used by commercial products in many industries,
flows through hoses and nozzles for various industrial purposes as well as firefighting. Some of these applications
and atomization methods are described in the review paper by [6].

The range of applications involving atomizing liquid jets forming two-phase fluid flows is still very large.
The complexity of the atomizing process, involving numerous physical phenomena and many variables, ranging
from the conditions inside the nozzle (or some generating source) to the interaction between the atomization
process and the environment into which the jet is penetrating, all account for numerous challenges in physical
an mathematical modeling. Notwithstanding, several mathematical models have been attempted to describe
different aspects of the jets in this regime. For example, [7] and [2] independently derived differential equations
for a fuel jet’s tip penetration distance as a function of time, [1] proposed a model for the gas entrainment in a
full cone spray and [5] devised a one-dimensional model for the induced air velocity in sprays. No model known
to the present authors addresses so far the description of physical dynamical quantities as the composite density
of the liquid-gas jet or the dynamic pressure of the spray. Related models have been presented by [3, 4].

2 The model

Consider a full-cone high-speed liquid jet coming out from a circular nozzle (of very small diameter) and into an
ambient gas, with a constant high gauge pressure liquid input and a small conical angle. We want to calculate
the dynamic parameters of the two-phase jet at some short distance from the nozzle. We then wish to calculate
the dynamic pressure of this jet at this distance. The relevant variables and parameters of the model are
depicted in figure 1.

2.1 Initial momentum flux

The momentum of a flat disc of water of infinitesimal width coming out of the circular nozzle is

dp0 = m0v0 (1)

Where the mass of the flat disc is m0 = 1
4ρ0πd

2
0dz. Note that dz = v0dt. This velocity may be calculated

from the input gauge pressure, p0, by Bernoulli’s principle, neglecting the dynamic pressure inside the nozzle
and assuming the static pressure is totally converted to the jet’s dynamic pressure just outside the nozzle. Thus
p0 ≈ 1

2ρ0v
2
0 implies

v0 =

√
2p0
ρ0

(2)

Figure 1: Diagram of the full-cone high-speed liquid jet system.
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Substituting m0 and v0 into equation (1) we get

dp

dt

∣∣∣∣
z=0

=
1

2
πd20p0 (3)

which is the momentum flux coming out of the nozzle as a result of the input gauge pressure inside the
nozzle.

2.2 Conservation of momentum

We assume that the fluid at a distance z is a two-phase fluid of mixed liquid droplets and gas. This fluid
has a composite density ρ, depending on the distance from the nozzle, z. Assume conservation of momentum,
i.e. the momentum of the two-phase fluid is solely that from the original input pressure, the droplets transfer
momentum to the initially static gas by drag forces and they reach dynamic equilibrium both gas and droplets
moving at the same speed inside the jet. We assume that the latter process occurs so fast immediately outside
the nozzle’s exit that we may neglect the non-equilibrum zone near the nozzle.

Analogous to the previous calculations for the initial momentum, the momentum at some distance z is
dp = mv, where m = 1

4ρπd
2dz and dz = vdt, by which

dp

dt

∣∣∣∣
z

=
1

4
πρd2v2, (4)

which is the momentum flux of a cross-section of the two-phase fluid jet at a distance z from the nozzle.

Equating (3) and (4) by conservation of momentum, using again (2) and solving for v we get

v2 =

(
d0
d

)2
ρ0
ρ
v20 . (5)

2.3 Volume of air in the two-phase fluid

The total fluid of the thin disc at the impact distance is dV = dV0 + dVg, where the subscript “g” denotes
the quantities related to the “gas”, i.e. the total volume dV of the two-phase fluid spray is just the sum of
the volume of the original quantity of liquid coming out of the nozzle dV0 plus the added volume of entrained
gas in dynamic equilibrium dVg. The volume of liquid is already known since it is just the original volume of
liquid coming out of the nozzle. Also, the total volume of the spray at the target distance is straightforward to
calculate from the conical geometry. Then dVg = dV − dV0 from where we can calculate a volumetric flow rate
of the gas entrainment:

dVg
dt

=
1

4
π(d2v − d20v0) (6)

Here we can substitute for v0 from equation (2). Also since tan(θ) = (d− d0)/2z we get d = d0 + 2z tan(θ),
and we can substitute this expression too.

2.4 Density of the two-phase fluid

The mean composite density of a two-phase fluid spray thin-disc element is just the total mass over the total
volume:

ρ =
dm

dV
=
dm0 + dmg

dV0 + dVg
=
ρ0dV0 + ρgdVg
dV0 + dVg

(7)

After substituting dVg from (6), and the initial volumetric flux from analogous calculations, simplifying and
solving for ρ we obtain

ρ = ρg +
d20v0
d2v

(ρ0 − ρg), (8)

which describes the density of the two-phase fluid spray at the distance z from the nozzle; unfortunately, it
depends on v which makes the dependency circular as we can see from equation (5).
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2.5 Explicit dimensionless expressions for the axial velocity and composite density
of the spray

From equations (5) and (8) we identify a system of two nonlinear equations with two unknowns, v and ρ. We
can eliminate ρ from the system to get v explicitly in dimensionless form as

v̂ =
ρ∗ − 1 +

√
(ρ∗ − 1)2 + 4d̂2ρ∗

2d̂2ρ∗
(9)

where ρ∗ = ρg/ρ0, d̂ = d/d0 and v̂ = v/v0.
Analogously, we can get an explicit dimensionless form of ρ by eliminating v from the same described system,

obtaining:

ρ̂ = ρ̃+
√
ρ̃2 − ρ2∗ (10)

where ρ̃ = ρ∗ + (1 − ρ∗)2/2d̂2.
With both ρ̂ and v̂ calculated, the dimensionless form of the dynamic pressure, p̂ = p/p0 (where p0 = 1

2ρ0v
2
0

is the output dynamic pressure at the nozzle’s exit), which accounts for the total pressure at the target distance,
may be calculated as

p̂ =

(
ρ̂

ρ∗d̂

)2

. (11)

Notice the implicit single-variable dependence of v̂(ẑ), ρ̂(ẑ) and p̂(ẑ) on the dimensionless form of the axial

distance ẑ by substituting d̂ = 1 + 2ẑ tan θ in (9)-(11), where ẑ = z/z0.
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