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Abstract
Fig. 1. High-speed atomizing liquid jet.

• Industrial applications, e.g. sprays,
fuel injection, water cutters, etc., also
in medicine and environment.

• Long history of their study but there
is no satisfactory theoretical model.

• We propose a simple and comprehen-
sive two-phase fluid model.

• Basic assumptions: (i) stable high-
speed jet; (ii) mixture of liquid and
gas with its phases in dynamic equilib-
rium.

• We impose partial conservation of the
volumetric liquid mass flux and en-
ergy.

• Solving the model’s Eqs. we numeri-
cally calculate the composite density,
velocity, pressure and width of the jet.

• We obtain good comparison with ex-
perimental data.

Numerical results
• Physical values of a water jet in air.

• Gauge pressures of 5, 10 and 15 MPa.

Figure 2. Impinging jet results.

Energy and mass loss
Figure 2. Slices model diagram.

• Energy loss. Causes are: (i) droplets’
surface energy; (ii) droplets’ oscilla-
tions; (iii) turbulence; (iv) escaping
droplets; and (v) thermal dissipation.

• However different, they depend
mostly on: speed and distance traveling
at such speed.

• For two contiguous thin disc fluid el-
ements, K2 = K1∆Le(v1,∆z), where
0 ≤ ∆Le ≤ 1 is the proportion of pre-
served energy.

• Energy loss should be greater for
greater velocities and travel distances.

• The simplest model with these quali-
ties is

∆Le(vi,∆z) =
1

1 + vi∆z/He
, (1)

where He is the “energy half-loss”.

• Liquid mass loss. Causes of liquid
mass loss are: (i) escaping droplets;
and (ii) evaporation.

• We derive a liquid mass loss factor
∆Lm analogous to ∆Le.

Conclusions and future work
• The proposed model is simple, predic-

tive and based on sound physical prin-
ciples.

• Modeling of He, Hm and θ underway,
aiming to obtain the first full “first-
principles” model.

• Full discussion in [1].
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Basic mathematical model
Figure 2. Basic model diagram.

• Assume a two-phase fluid in equilibrium
with energy and liquid mass losses.

• The assumption of approximate con-
stant velocity only holds when conser-
vation of energy is perfect.

• Thus, we must write recurrence formu-
las to update the value of the velocity
along the trajectory of a fluid element
and solve numerically.

• Conservation of mass. The composite
(mean) density of the two-phase fluid
is:

ρj =
mj

Vj
=
ρlV lj + ρgV gj
V lj + V gj

(2)

• By liquid mass-loss, liquid volumes
are related by:

V lj = V lj−1∆Lm(vj−1,∆z).

• By geometry, total volume is Vj =
1
4πd

2
j∆z, where dj = dj−1 + 2∆z tan θ

is the diameter.

• The gas volume is just V gj = Vj − V lj .

• Substituting in (2) and rearranging:

ρj = ρg +
V lj
Vj

(ρl − ρg) (3)

• Conservation of energy. The energy
of a disc liquid elment is Kj = 1

2mjv
2
j ,

where mj = Vjρj .

• By energy loss, Kj =
Kj−1dLe(vj−1,∆z).

• Substituting and rearranging, we get

v3j =

(
dj−1

dj

)2
ρj−1

ρj
v3j−1dLe (4)

• Eliminating ρj from (3) and (4):

vj =

(
dj−1

dj

)2/3

(ρj−1dLe)1/3ρjvj−1

(5)

• From (5) we can calculate vj directly
having previously calculated ρj−1 and
ρj .

• We can calculate the initial velocity by

Bernoulli’s principle, v0 u
√

2p0
ρ0

.


