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Abstract

Bentonite is considered a barrier material in the geological disposal of high-level radioactive waste. Depending on the construction
method, it is necessary to know what the behavior of the bentonite barrier will be in the wetting process during the absorption of under-
ground water under different boundary conditions. In this study, water and soil particle movement during the wetting process of a com-
pacted bentonite under constrained and free swelling conditions was studied experimentally and numerically. For the constrained
swelling boundary condition, in which the swelling deformation was fully constrained, the distributions of the gravimetric water content
(w) were measured for specimens with different dry densities (qd), and then the water diffusivity (Dw) was obtained. It was found that Dw

showed a slightly decreasing trend with an increase in qd, while the numerical simulations showed that the difference in Dw induced by qd
was minor in terms of the evolving degree of saturation in the tested range. For the free swelling boundary condition, the distributions of
w and qd were measured for specimens with an initial qd of 1.6 Mg/m3. To obtain Dw and the soil particle diffusivity (Ds), an existing
theoretical framework, to which new concrete calculation equations had been added, was presented. Then, the performance of the frame-
work was examined by numerical simulations to illustrate the water and soil particle movement under conditions similar to those of the
experiment. It was found that the framework can describe the experimental results well, but that the accuracy of the results largely
depends on the accuracy of the experimental data.
� 2023 Production and hosting by Elsevier B.V. on behalf of The Japanese Geotechnical Society. This is an open access article under the CC BY-
NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The high-level radioactive waste generated during the
nuclear fuel recycling process is considered to be perma-
nently disposed in a geological disposal system, in which
the waste is isolated by a multi-barrier system deep under
the ground for>10 thousand years (Fig. 1). The buffer
material is one of the barriers; it consists of compacted
bentonite–sand blocks and is placed between two other
https://doi.org/10.1016/j.sandf.2023.101350
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barriers, namely, a metal container and the host rock. Dur-
ing the construction of the buffer material, there will be
some gaps between the barriers, as indicated in Fig. 1. Dis-
cussions are underway on how to deal with these gaps. The
gaps may be left as they are and later filled by the swelling
of the buffer material during the groundwater absorption
of this material, or initially filled with other materials (such
as bentonite pellets or sand). In either case, the water
absorption process (or wetting process) of the buffer mate-
rial is important for creating a safe design of the entire
system.
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Notations

Ds: Soil particle diffusivity
Dw: Water diffusivity
i: Space step number in numerical simulation
j: Time step number in numerical simulation
h: Space step length in numerical simulation
k: Time step length in numerical simulation
kd: Water permeability with respect to soil particles

in Darcy’s law
ks: Soil particle permeability with respect to space

coordinate system at rest
kw: Water permeability with respect to space coordi-

nate system at rest
qs: Volumetric flux of soil particles
qw: Volumetric flux of soil water
t: Wetting time
w: Gravimetric water content
wi: Initial w
Sr: Degree of saturation

z: Vertical coordinate
esw: Swelling strain
g: Volumetric solid content (=volume of soil parti-

cles/volume of specimen).
gi: Initial g
gn: Any g between gi and gsat
gsat: g value at full development of swelling deforma-

tion.
h: Volumetric water content
hi: Initial h
hn: Any h between hi and hsat
hsat: Saturated h
k: Time coefficient (=z/

p
t)

qd: Dry density
qdi: Initial dry density
ws: Swelling potential driving movement of soil par-

ticles
ww: Water potential driving movement of water
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To study the behavior of the buffer material in the wet-
ting process, much research has been conducted by wetting
compacted bentonite under different boundary conditions.
For instance, extensive studies have been done on the pres-
sure generated during the wetting of compacted bentonite
under the constrained swelling boundary condition, in
which the swelling deformation has essentially fully
stopped (e.g., Pusch 1980; Komine and Ogata 1994;
Fig. 1. Conceptual configuration of geological disposal system.
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Delage et al. 1998; Villar and Lloret 2008; Lee et al.
2012; Chen et al. 2016; Wang et al. 2022a). Another bound-
ary condition is the free swelling boundary condition, in
which the swelling deformation is free. The development
of this deformation is monitored during the wetting process
(e.g., Komine and Ogata 1994; Lloret and Villar 2007; Sun
et al. 2013; Navarro et al. 2014). It is noted that ‘‘free
swelling” herein stands for the condition in which deforma-
tion is not artificially stopped, but that the confining stress
is not necessary zero. Actually, vertical confining stresses
were applied under the free swelling boundary in most
cases. Recently, focus has been placed on another typical
boundary, namely, the limited free swelling boundary.
For this boundary, swelling deformation is initially free
and then artificially stopped after reaching a certain swel-
ling deformation (e.g., Nakashima et al. 2018; Jia et al.
2019; Watanabe and Yokoyama 2021). This boundary
may be regarded as a combination of the constrained swel-
ling boundary and the free swelling boundary.

For most of the above-mentioned studies, it was the
stress or strain state that was of most concern. On the other
hand, some studies have also been done to uncover the
characteristics of the water or soil particle movement dur-
ing wetting. For instance, Takeuchi et al. (1995) and Wang
et al. (2020) measured the water content distributions in
compacted bentonite by varying the wetting time under
the constrained swelling boundary. Nakano et al. (1986)
examined the water content and density distributions under
the free swelling boundary by varying the wetting time. For
both boundaries, liquid water was initially supplied from
one side of the specimen. Due to the unsaturated nature
of the specimen, the water moved (or was absorbed) into
the specimen from the water supply side until the specimen
was saturated. For the free swelling boundary, because of



Table 1
Physical properties of K_V1.

Property Used in constrained swelling tests Used in free swelling tests

Specific gravity (Gs) 2.80 ± 0.03a 2.70
Montmorillonite content (Cm) 53% b 48%
Main accessory mineralsc Quartz, Feldspar, Plagioclase, Calcite –
Content of particles size < 5 lm 73%c –
Liquid limit (LL) 505% d 477%
Plastic limit (PL) 45% d 29%
Cation exchangeable capacity (CEC)d 71.9 meq/100 g –
Extractable cations d Na+: 53.8 meq/100 g

Ca2+: 35.5 meq/100 g
Mg2+: 1.6 meq/100 g
K+: <1.0 meq/100 g

–

Note, a: reported by Wang et al. (2022b); b: reported by Wang et al. (2022a); c: reported by Wang et al. (2020); d: reported by Shirakawabe et al. (2021).
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the swelling nature of bentonite, the soil particles also
moved. More specifically, the expansive particles swelled,
resulting in swelling deformation (or the movement of the
soil particles) until the swelling potential of the specimen
was balanced with the other forces to which it was sub-
jected. By knowing the water content and density distribu-
tions, the water diffusivity and/or soil particle diffusivity, as
will be defined in later sections, can be obtained and used
to describe the water and/or soil particle movement based
on diffusion-type differential equations.

Another purpose of conducting such tests is to estimate
the coefficient of water permeability of unsaturated ben-
tonites from water diffusivity and water retention data
based on the extended Darcy equation (Takeuchi et al.
1995; Chijimatsu et al. 2000; Ye et al. 2009; Ruan et al.
2022). Perhaps because of that, simpler empirical equations
using water retention data alone are available (e.g., Van
Genuchten 1980), while studies on water and soil particle
movement are very limited for bentonites under different
boundaries. For instance, considering the underground
environment of geological disposal systems, the effects of
temperature, water chemistry, water pressure, bentonite
density, bentonite initial water content, etc. on water move-
ment should have been studied, but rarely have been. Fur-
thermore, among the limited studies that have been done,
most were conducted under the constrained swelling
boundary condition, whereby the soil particles practically
did not move. For the more complicated free swelling
boundary, although a theoretical framework to describe
the water and soil particle movement was generally estab-
lished (Smiles and Rosenthal 1968; Philip 1968; Philip
1969; Nakano et al. 1986), the framework has not been well
applied or discussed, perhaps because certain details were
not provided in the original works.

This paper investigated two topics: the effects of dry
density on water movement in compacted bentonite under
the constrained swelling boundary, and the re-organization
and application of the framework for water and soil parti-
cle movement under the free swelling boundary. For the
first topic, eight dry densities (from 1.0 to 1.7 Mg/m3) were
used in tests on bentonite specimens to obtain the water
3

diffusivity experimentally, and the effects of these dry
densities on the water diffusivity were then discussed using
simple numerical simulations. For the second topic, the
theoretical framework was re-organized and simple
equations to obtain the water and soil particle diffusivity
were newly proposed. Then, the performance of the
theoretical framework was examined numerically based
on the experimental data.

2. Material and test program

Commercial bentonite Kunigel V1 (K_V1), a candidate
material for use in Japanese geological disposal projects,
was used for all the tests conducted in this study. The phys-
ical properties of two batches of K_V1, used for the two
types of tests, are summarized in Table 1. The testing meth-
ods for obtaining these physical properties are given in
Wang et al. (2020, 2022a and 2022b) and Shirakawabe
et al. (2021). It should be noted that the cation exchange-
able capacity (CEC) is different from the sum of the extrac-
table cations because of the existence of soluble minerals in
K_V1 (Shirakawabe et al. 2022).

The constrained swelling tests were conducted with the
apparatus shown in Fig. 2(a). Specimens with a diameter
of 28 mm and a height of 10 mm or 20 mm were prepared
by static compaction using a hydraulic jack. The 20-mm
specimens were used for experimental convenience. A
higher specimen may introduce more sidewall friction,
resulting in nonuniformity of the specimen density (e.g.,
Suzuki and Fujita 1999). For specimens with a height to
diameter ratio of less than 1, the swelling pressure measure-
ments by Tanai and Kikuchi (2008) showed that the effects
of the specimen dimensions seem minor, except for very
dense specimens. The water content distribution results,
to be shown later, also indicate that the difference in spec-
imen height in this study would not be a significant issue.
Each specimen was sandwiched between two stainless
plates. Membrane filters were placed on and beneath the
specimen surface, by which water supplied from the water
inlet was transported to the specimen over time. After a
certain wetting time (t), the specimen, together with the



Fig. 2. Testing apparatuses: (a) apparatus for constrained swelling tests, (b) push-out device for / = 28 mm specimen, (c) apparatus for free swelling tests,
and (d) push-out device for / = 60 mm specimen.
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specimen ring, was removed and placed in the push-out
device shown in Fig. 2(b), on which the specimen was sliced
by a snap-off blade to have a thickness of 1 mm from the
wetting side (for certain loose specimens, the slices may
Table 2
Constrained swelling test conditions and results.

Individual specimen Average

t

h
qd
Mg/m3

wi

%
hi
%

hsat
%

qd
Mg/m3

2.58 1.042 6.81 5.55 62.8 1.04
5.82 1.036 7.23 7.07 63.0
2.73 1.134 6.81 6.39 59.5 1.14
6.13 1.136 7.23 8.20 59.4
2.90 1.232 6.81 7.37 56.0 1.23
15.3 1.222 7.24 8.85 56.3
1.77 1.335 6.55 6.41 52.3 1.33
18.5 1.329 7.07 9.41 52.5
17.3 1.314 7.74 10.2 53.1
3.08 1.424 6.81 9.68 49.1 1.42
16.0 1.424 7.24 10.3 49.1
2.00 1.493 6.55 8.02 46.7 1.48
18.3 1.477 7.07 10.4 47.3
16.9 1.471 7.74 11.4 47.5
2.45 1.627 6.55 9.75 41.9 1.62
18.2 1.620 7.07 11.5 42.1
22.6 1.604 7.63 12.3 42.7
2.25 1.725 6.55 11.3 38.4 1.73
17.7 1.733 7.07 12.2 38.1
22.3 1.733 7.63 13.2 38.1
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be thicker). The gravimetric water content (w) of these
slices was then immediately measured with a balance
having a resolution of 0.1 mg. The constrained swelling
test conditions and results are summarized in Table 2.
value Fitting parameter

wi

%
hi
%

hisat
%

A B C

7.02 6.31 62.9 4.99 1.18 6.55

7.02 7.30 59.3 4.70 1.12 7.28

7.03 8.11 56.1 4.32 1.09 8.60

7.12 8.67 52.5 4.85 1.25 8.44

7.03 9.99 49.3 4.38 1.16 8.70

7.12 9.94 47.1 5.07 1.36 8.89

7.08 11.2 42.1 5.23 1.45 8.66

7.08 12.2 38.2 5.87 1.68 7.24
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The individual specimens were prepared with dry densities
(qd) in the range of 1.0 to 1.7 Mg/m3 and t in the range of
2 h to 20 h for each qd case. Tests with longer wetting times
were not conducted since it was deemed unnecessary by a
previous study (Wang et al. 2020). For convenience, the
average values for the different density cases shown in
Table 2 are used hereafter. It is worth mentioning that a
pressure sensor was inserted in the apparatus for other pur-
poses, and that the pressure measurements are not shown
in this study. Additionally, the thin membrane filter
(0.14 mm), used instead of porous metal for water trans-
portation, was verified by past studies (e.g., Wang et al.
2022b, 2022c).

For the free swelling tests, the apparatus shown in Fig. 2
(c) was used. In this case, to reduce the sidewall friction
during swelling deformation, specimens with a diameter
of 60 mm and an initial height of 10 mm were prepared
by static compaction in a stainless specimen ring. Then,
each specimen, together with the specimen ring, was tight-
ened in the apparatus, where porous metal plates were
placed on both sides of the specimen. Next, water was filled
into the space above the specimen which penetrated into
the specimen through the water inlet holes in the piston.
A dead load, corresponding to a vertical stress of
19.6 kPa, was placed on top of the piston, and the swelling
deformation during wetting was measured by a deforma-
tion sensor. After wetting time t, the specimen was sliced
by another push-out device, shown in Fig. 2(d), every
2 mm (or perhaps slightly thicker for some specimens),
and w was measured thereafter. The free swelling test con-
ditions and results are summarized in Table 3. Only one qd
case at � 1.6 Mg/m3 was tested, and wetting time t was var-
ied from 10 min to 2 months.
Table 3
Free swelling test conditions and results.

th qdi
Mg/m3

wi% hi% gi% esw% Hf*mm

0.17 1.63 9.06 14.7 60.3 4.04 10.4
0.33 1.63 9.06 14.8 60.3 6.17 10.6
0.50 1.62 9.06 14.7 60.0 8.43 10.8
0.67 1.63 9.06 14.8 60.3 9.23 10.9
0.85 1.62 9.06 14.7 60.0 9.80 11.0
1.68 1.62 9.06 14.6 59.9 12.8 11.3
3.33 1.63 9.06 14.8 60.3 21.5 12.2
5.00 1.64 9.06 14.8 60.6 23.4 12.3
6.68 1.64 9.06 14.9 60.7 29.2 12.9
8.33 1.63 9.04 14.7 60.2 32.3 13.2
16.7 1.63 9.04 14.7 60.2 45.2 14.5
24.0 1.61 8.95 14.4 59.5 49.3 14.9
48.0 1.62 8.95 14.5 60.0 68.8 16.9
66.8 1.62 8.18 13.2 59.9 81.1 18.1
120 1.61 8.18 13.2 59.7 103 20.3
168 1.59 7.39 11.7 58.8 141 24.1
264 1.63 8.43 13.7 60.4 154 25.4
336 1.65 8.14 13.4 61.1 171 27.1
1464 1.58 8.53 13.4 58.3 193 29.3

Note, *: Converted final specimen height when initial height was exactly
10 mm.
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3. Test results

Fig. 3 shows the w distributions for the specimens in the
constrained swelling tests, where the origins of the vertical
coordinate (z) were set at the top surface of the specimens
(i.e., water inlet side), and in a downward direction as pos-
itive. The initial water contents (wi) of the specimens are
indicated by vertical bars. Apparently, w increases as z

approaches zero (water source) and t increases. The dashed
lines are the numerical simulation results, as will be
explained later in the discussion.

Fig. 4 shows the time histories of the swelling strain (esw)
and average qd obtained from the free swelling tests, where
esw is the change in specimen height divided by the initial
height and qd is the average of all the slices. It can be seen
that esw and average qd gradually approach an equilibrium
t
t

t
t

t
t
t

t
t
t

t
t
t

Fig. 3. Gravimetric water content distributions for constrained swelling
tests.
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Fig. 4. Time histories of swelling strain and average dry density from free
swelling tests.
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as t increases, although some scattering of the curves is
observed. This scattering was most likely induced by the
differences in the initial specimen conditions and testing
errors. Fig. 5 shows the w and qd distributions from the free
swelling tests. It is noted that the origins of z were set at the
top surface of the deformed specimens (i.e., the water inlet
side after wetting). It can be seen that the w of the top slice
continues to increase to about 200% by t = 16.8 h, while
w

w

z

Fig. 5. Gravimetric water content and dry density distributions from free
swelling tests.
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the w of the bottom slice starts to increase after t exceeds
3.33 h. The qd distributions also exhibit similar behavior;
however, it is very strange that the qd of many slices for
the cases of relatively shorter t is much larger than the ini-
tial dry density (qdi). The variation in qdi for the specimens
induced by the specimen compaction method (e.g., Suzuki
and Fujita 1999) might be a reason, but the major reason
can most likely be attributed to measurement errors. The
thickness of each slice was calculated as the change in
height of the specimen surface before and after each slice
was measured from a fixed point on the push-out device.
However, the slicing work was much more difficult than
that for the smaller specimens in the constrained swelling
tests, especially when the specimens were relatively hard
(i.e., small t or large qd). The surfaces of the slices are
not always perfectly even and very few soil masses induce
a large change in qd for such thin slices. Nevertheless, the
overall trend still illustrates the free swelling process well,
that is, swelling starts from the water inlet side and gradu-
ally propagates to the lower side with an increase in height.
Unexpectedly, neither w nor qd could achieve a uniform
distribution even after a wetting period of 2 months, even
though esw had technically reached equilibrium.

4. Discussion

4.1. Effect of qd on water movement along constrained

swelling boundary

For the constrained swelling tests, the movement of
water in compacted bentonite can be described by a diffu-
sion equation, Eq. (1), by combining the extended Darcy
equation for unsaturated soil (Eq. (2), the conservation
of mass (Eq. (3), and the definition of water diffusivity
Dw (Eq. (4) (Richards 1931; Klute 1972), where the effects
of gravity are ignored in Eq. (2) for simplicity, h is the vol-
umetric water content, kd is the coefficient of water perme-
ability in Darcy’s law, ww is the water potential driving the
movement of water, and qw is the volumetric flux of the soil
water.

@h
@t

¼ @

@z
Dw

@½03B8�
@z

� �
ð1Þ

qw ¼ �kd
@ww

@z
ð2Þ

@h
@t

¼ � @qw
@z

ð3Þ

Dw ¼ kd
@ww

@½03B8� ð4Þ

Bruce and Klute (1956) introduced the Boltzmann trans-
form to Eq. (1), for which Dw was set as a function of time
coefficient k(=z/

p
t), i.e., Dw = f (h) = f (h(k)), and

obtained Eq. (5).

� k
2

dh
dk

¼ d
dk

Dw
d½03B8�

dk

� �
ð5Þ
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Fig. 6. Relation between time coefficient and volumetric water content
from constrained swelling tests.
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Since Eq. (5) contains only total differentials, 1/dk can
be ‘‘cancelled” from each side (it will be the same by inte-
grating both sides with respect to k). With the initial and
boundary conditions of Eq. 6, Eq. (5) can be integrated
between hi and hn, as shown in Eq. (7), where hi is the initial
value of h, hsat is the saturated h, and hn is any h between hi
and hsat.

h=hi for z > 0 and t = 0 ð6aÞ
h = hsat for z = 0 and t > 0 ð6bÞ

�
Z hn

hi

k
2
dh ¼ Dwð Þhn

d½03B8�
dk

� �
hn

� Dwð Þhi
d½03B8�

dk

� �
hi

ð7Þ

It should be noted that � � �ð Þhn or � � �ð Þhi indicates the (. . .)
value at h=hn or hi, respectively. For an infinite system, the
last term on the right side of Eq. (7) is zero at a constant

time because d½03B8�
dk

� �
hi
is zero at a value for z large enough

to be ahead of the wetting front (Bruce and Klute 1956).
Then, Eq. (8) is obtained, where Dw (hn) denotes the Dw

value at hn.

DwðhnÞ ¼ � 1

2

d½03B8�
dk

� ��1

hn

Z hn

hi

kdh ð8Þ

Eq. (8) indicates that Dw can be obtained from the inte-
gration and derivative of the relation between k and h.
Fig. 6 summarizes the k-h relation for tests conducted
under the constrained swelling boundary, where the hi
and hsat of each qd case are indicated by vertical bars. It
can be seen that the k-h data under the same qd condition
are very consistent regardless of wetting time t. For numer-
ical convenience, Eq. (9) was proposed to fit the results in
Fig. 6, where A, B, and C are fitting parameters.

k ¼ A� B lnð½03B8� � CÞ ð9Þ
It is noted that any equations can be applied instead of

Eq. (9) as long as the slope for the k -h relation (i.e., dh/dk)
and the k integration, with respect to h, can be calculated.
The fitting results are indicated by dashed lines in Fig. 6
and the three parameters (A, B, and C) are summarized
in Table 2. To ensure that the fitting curves are close to
the data points in the full h range, some data in pink on
the hi side were excluded, and some data in pink on the hsat
side were manually moved to h=hsat, as indicated by
arrows. The h>hsat condition is expected to be induced
mainly by the higher pore water density in the bentonite
(Wang 2023) and the local change in dry density. Wang
(2023) showed that the pore water density can fall in the
range of 1.09 to 1.21 Mg/m3 for qd from 1.0 to 1.7 Mg/
m3. Additionally, the dry density of the slices close to the
water supply source may have decreased and absorbed
more water due to local swelling. Fig. 7 shows the relation
between qd and the three parameters, which indicates that
the changes in the values of the parameters are not
7

necessarily monotonic. It seems that the data for parameter
A, deviating from the trend line, are slightly larger than the
data for parameter B or C.

By substituting k in Eq. (8) into Eq. (9), Eq. (10) was
derived.

DwðhÞ ¼ B Aþ Bð Þ h� hið Þ
2 ½03B8� � Cð Þ � B2 ln ½03B8� � Cð Þ

2

þ B2ðhi � CÞ
2ð½03B8� � CÞ ln hi � Cð Þ ð10Þ

The calculated Dw -h relation is plotted in Fig. 8, which
suggests that initially Dw sharply increases near hi, and then
monotonically decreases for all tested cases. A slight
decreasing trend can somehow be recognized as an increase



Fig. 7. Relation between fitting parameters and specimen dry density.

D

Fig. 8. Water diffusivity from constrained swelling tests.

D

z
t

Fig. 9. Water diffusivity curves obtained by different methods.
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in qd under otherwise equivalent conditions, although the
Dw values for the qd = 1.23 and 1.42 Mg/m3 cases seem
too low to follow this trend. While these deviations may
be due to the variations in the experimental data and fitting
curve, all the data generally seem to be very close (in the
same order). A certain effect is also shown for qd.

Takeuchi et al. (1995) used the same experimental
method as that appearing in this study, but a slightly differ-
ent calculation method, to obtain the Dw - h relation, by
which a ‘‘U-shaped” curve was obtained (Fig. 9), although
the difference in shape may have simply been induced by
the variation in data fitting near the initial and saturated
boundaries. For instance, the k - h relation (Fig. 6) can also
be fitted by Eq. (11), where a, m, and n are parameters.
8

k ¼ 1

a
hsat � hi
h� hi

� �1
m

" #1
n

ð11Þ

Eq. (11) yields an ‘‘S-shaped” curve and is often used to
fit soil water retention data of unsaturated soils. In the
insert of Fig. 9, the fitting results for the qd = 1.62 Mg/
m3 case by Eqs. (9) and (11) are shown. The results indicate
that the curved slopes of Eq. (11) are much steeper than
those of Eq. (9) near the initial and saturated boundaries.
The steeper slopes result in a ‘‘U”-shaped Dw-h curve, as
shown in Fig. 9. It is noted that the ‘‘U”-shaped curve
was numerically calculated using Eq. (8). The resulting dif-
ference in the shape of the Dw-h curves for the same dataset
in Fig. 9 suggests that the Dw value obtained by the current
experimental method has a certain amount of variation
especially under nearly initial and saturated conditions.
Past studies have also shown that the Dw - h curve can have
much different shapes depending on the ways in which the
data are fit (Bruce and Klute 1956; Jackson 1964; Whisler
et al. 1968; Clothier et al. 1983). For these reasons, Eq. (9)
was used for simplicity in this study.

To understand the effects of the variations in qd and the
Dw - h curve on the water movement in bentonite, simple
numerical calculations were conducted by changing Eq.
(1) to Eq. (12) and discretizing it to Eq. (13) by the finite
differential method, where i and j are space and time step
numbers, respectively, and h and k are space and time step
lengths, respectively.

@h
@t

¼ @Dw

@½03B8�
@½03B8�

@z

� �2

þ Dw
@2h
@z2

ð12Þ

hi;jþ1 ¼ hi;j þ k

4h2
D0w hiþ1;j � hi�1;j

� �2
þ k

h2
Dw hiþ1;j � 2 hi;jþhi�1;j

� �2 ð13Þ
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Fig. 11. Time histories of predicted average degree of saturation with
different water diffusivities.
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where D0w ¼ B hi�Cð Þ
2 ½03B8��Cð Þ2 Aþ B� Bln hi � Cð Þ½ � � B2

2ð½03B8��CÞ
is a derivative of Eq. (10).

Since Eq. (13) is very basic, in terms of a numerical sim-
ulation, the calculation details are omitted herein and the
MATLAB codes for the simulation are given in the supple-
mentary material. The average values in Table 2 were used
for calculating the dummy specimens. Eq. 6 was used for
the initial and boundary conditions of the water inlet
end. For the water outlet end, the dh/dz = 0 boundary con-
dition was used. In the calculation, the space step length, h,
of 0.5 mm (i.e., 20 elements for a 10-mm-thick specimen),
and time step length, k, of 0.18 s were used. It is worth
mentioning that to ensure calculation stability, the k value
has to be small in the current program.

Firstly, the w distributions, under the different wetting
times and qd conditions given in Fig. 3, were simulated
using the obtained Dw data. The computed h values were
converted to w values and are shown in Fig. 3 by dashed
lines, which suggest a good agreement with the experi-
ments, as expected. Then, for the dummy specimens, with
a height of 10 mm and different qd, the time histories for
the average h and then the average degree of saturation
(Sr) were calculated. The numerically predicted results are
summarized in Fig. 10. It can be seen that, although the ini-
tial difference in Sr among the calculated cases is � 20%,
this difference decreases to about 10% after 10 h of water
absorption and it continues to decrease to about 1% by
t = 200 h. This is because a relatively looser specimen, with
an initially small Sr, can absorb water faster, especially at a
relatively low Sr condition (i.e., the larger Dw in Fig. 8).
Additionally, the Sr time histories for the qd = 1.23 and
1.42 Mg/m3 cases seem to slightly deviate from the other
cases, which is most likely the result of the difference in
Dw seen in Fig. 8. The last simulation was conducted for
a 10-mm specimen with qd = 1.62 Mg/m3 by varying the
S

t

S

t

Fig. 10. Time histories of predicted average degree of saturation for
specimens with height of 10 mm.

9

Dw value. The first case, shown in the insert of Fig. 11, used
Dw for qd = 1.62 Mg/m3 (i.e., the ‘‘true” Dw), the second
case used Dw for qd = 1.04 Mg/m3, and the third case
was the exponential line fitting of the last half part of Dw

for qd = 1.62 Mg/m3. The calculation average Sr results
are plotted in Fig. 11; they indicate that even when using
Dw obtained from a very loose specimen (Case 2), the Sr

differs from the case using the ‘‘true” Dw value (Case 1)
by only about 5% at the most. The Sr is very close to Case
1 when using an exponential line to represent the ‘‘true” Dw

(Case 3). All the above simulations imply that the effects of
qd on the water diffusivity are minor in the tested range.
4.2. Water and soil particle movement in free swelling

boundary

In the free swelling tests, both the water and soil parti-
cles move during swelling deformation. The flux equation
to describe the soil particle movement, relative to a given
space coordinate, is expressed in Eq. (14) by Nakano
et al. (1986), which is very similar to Darcy’s equation
(Eq. (2).

qs ¼ �ks
@ws

@z
ð14Þ

In Eq. (14), qs is the flux of soil particles (analogy to qw
in Darcy’s equation) and ks may be called the soil particle
permeability. The potential, ws, drives the movement of the
soil particles, which is the swelling potential of the soil par-
ticles in water. It was assumed that ws is a function of vol-
umetric solid content g (=volume of soil particle/volume of
specimen). Similar to the concept of Dw, a soil particle dif-
fusivity, Ds, can be defined by Eq. (15), as follows:

Ds ¼ ks
@ws

@g
ð15Þ
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Eq. (14) changes to Eq. (16) as

qs ¼ �Ds
@g
@z

ð16Þ

With the continuity equation for the soil particles in the
space coordinate system at rest in Eq. (17), the diffusion
equation describing the movement of the soil particles is
derived as Eq. (18).

@g
@t

¼ � @qs
@z

ð17Þ
@g
@t

¼ @

@z
Ds

@g
@z

� �
ð18Þ

For the water movement in the free swelling tests, Eq.
(19) can be derived (Nakano et al. 1986).

@h
@t

¼ @

@z
Dw

@½03B8�
@z

� �
; whereDw ¼ kw

@ww

@½03B8� ð19Þ

The kw in Eq. (19) is water permeability with respect to
the space coordinate system at rest, which is, under the free
swelling boundary condition, different from kd in Darcy’s
equation (Eq. (2). This is because kd defines the water
movement with respect to the soil particles rather than
the space coordinate system at rest (Philip 1968), and in
the free swelling boundary condition, the soil particles also
move with respect to the space coordinate system. The rela-
tion between kd and kw can be found in Nakano et al.
(1986), and Smiles and Rosenthal (1968) and Philip
(1968, 1969) provided further details.

In a similar way to Eq. (1), for the constrained swelling
test condition, Eqs. (18) and (19) can be solved with the
boundary and initial conditions shown in Eq. 20, where
gi is the initial value for g, and gsat is the g value at the full
development of the swelling deformation.

h=hi and g = gi for z > 0 and t = 0 ð20aÞ
h=hsat and g = gsat for z = 0 and t > 0 ð20bÞ

As a result, Ds and Dw with the forms of Eq. (21) and
Eq. (22) (the same as Eq. (8), respectively, can be obtained
with similar considerations to those for Eq. (8). It has to be
noted that, in order to obtain Eqs. (21) and (22), the
boundary condition in Eq. (20b) suggests that the origin
of z (i.e. z = 0) has to be defined for the top surface of
the specimen (water inlet side) and the origin has to move
together with the top surface, as seen in Fig. 5.

DsðgnÞ ¼ � 1

2

dg
dk

� ��1

gn

Z gn

gi

kdg ð21Þ

DwðhnÞ ¼ � 1

2

d½03B8�
dk

� ��1

hn

Z hn

hi

kdh ð22Þ

To obtain numerical values for Ds and Dw, the relations
among k, g, and h are plotted in Fig. 12. It can be seen from
this figure that a h or g value basically corresponds to a sin-
gle k (i.e., single-valued) regardless of the wetting time,
although the data scattering of the k-g relation seems to
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be relatively larger. It should be noted that the scattering
of the k- g relation should be the result of the scattering
of the testing data (i.e., the measurement-induced varia-
tions explained in Fig. 5). For the k-h relation, Eq. (9)
was used to fit the experimental data with the parameter
values shown in Fig. 12, and Eq. (10) was used to calculate
Dw shown in Fig. 13. For the k- g relation, a new equation,
Eq. (23), was used to fit the experimental data with the
parameter values shown in Fig. 12, and Eq. (24) was
derived from Eqs. (21) and (23), where A’, B’, and C’ are
fitting parameters. The calculated Ds is shown in Fig. 13.

k ¼ A0 � B0 lnðC0 � gÞ ð23Þ

Ds ¼ B0 A0 þ B0ð Þ gi � gð Þ
2 C0 � gð Þ � B02 ln C0 � gð Þ

2

þ B02ðC0 � giÞ
2ðC0 � gÞ ln C0 � gið Þ ð24Þ

It can be seen from Fig. 13 that Dw and Ds have the
same magnitude. And, compared to that of the constrained
swelling tests, the Dw of the free swelling tests is apparently
larger. This result suggests that, under otherwise equivalent
conditions, water moves faster along the free swelling
boundary. This may be because the soil particles also move
upward when the water moves downward for the free swel-
ling boundary, which may be easier than the water move-
ment only along the constrained boundary. However, it
may also be a result of measurement errors, differences in
the employed apparatus, and/or differences in the proper-
ties between the two batches of K_V1 (Table 1), where
the montmorillonite content of K_V1 for the free swelling
case is 5% smaller than that for the other case.

With the obtained Dw and Ds in Fig. 13, the water and
soil particle movement can be described by solving Eqs.
(18) and (19) numerically in a similar way as Eq. (13). Such
calculations were conducted on a dummy specimen with
hi = 14.1%, hsat = 78%, gi = 64%, gsat = 19%, and an initial
height of 10 mm. The initial h and g values are close to the
average values of the tested specimens (Table 3), while hsat
and gsat were selected based on Fig. 12. The initial and
boundary conditions of Eq. 20 at the water inlet end, and
dh/dz = 0 and dg/dz = 0 boundary for the water outlet
end, were assigned. From Fig. 12 (or Eq. (9) and Eq.
(23), it is known that h and g should also be correlated.
The ratio of h to g of the tested specimens is shown in
Fig. 14; it suggests that a correlation does somewhat exist,
although the data scattering is very large. The data scatter-
ing seems mainly due to the g measurement error, as
explained in Fig. 5. The variations in qdi and wi may also
introduce some scattering, although an unpublished study
has reported that the effects of this scattering are expected
to be small. Due to the weak correlation, h and g in this
study were calculated separately (i.e., not coupled) for sim-
plicity. The space step length, h, of 0.5 mm (i.e., initially 20
elements), and time step length, k, of 1.8 s were used. The
changes in height of the dummy specimen (or movement of
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Fig. 13. Water diffusivity and soil particle diffusivity curves from free
swelling tests.
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z origin associated with swelling deformation) can be pre-
dicted based on g and mass conservation, while it was man-
ually assigned in this study based on experimental data
(Fig. 4). This is because the difference in height between
the prediction and the experiment accumulates and propa-
gates during the simulation, which results in significant
errors in the whole calculation. During the calculation,
the h value was kept constant, while the number of ele-
ments was increased along with the swelling deformation
of the dummy specimen. For more details, MATLAB
codes are given in the supplementary material.

Typical calculation results are shown in Fig. 15 together
with experimental data (calculated from Fig. 5), which
11
suggest that some of the simulation results are very close
to the experimental results, while some are not. Based on
other trial calculations, it was found that the agreement
between the simulation and the experiments largely
depends on the data scattering of the k-h and k-g relations
given in Fig. 12. It is expected that the agreement of the
simulation data can be largely approved, and that the pre-
dictions of the change in height and the h -g coupling can
be realized when more accurate experimental data are
available. Nevertheless, the results indicate that the current
methodology in this paper can be applied to obtain the
water and soil particle diffusivities and readily describe
the water and soil particle movement.
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content distribution.
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5. Conclusions

Swelling tests on compacted bentonite specimens were
conducted under the constrained boundary condition to
reveal the effects of dry density (qd) on the water movement
in bentonite, and under the free swelling boundary condi-
tion to re-organize and apply the theoretical framework
of the water and soil particle movement. For the con-
strained swelling condition, gravimetric water content (w)
distributions were measured and then the water diffusivity
(Dw) was obtained for specimens with different dry densi-
ties (qd). It was found that Dw showed a slightly decreasing
trend with an increase in qd, while the numerical simula-
tions showed that the difference in Dw, induced by qd,
was minor in terms of the evolving degree of saturation
in the tested range. For the free swelling boundary condi-
tion, the distributions of w and qd were measured for the
specimens with an initial qd of 1.6 Mg/m3. To obtain the
Dw and soil particle diffusivity (Ds), the existing theoretical
framework was explained in detail, and concrete calcula-
tion steps were shown. In addition, to evaluate the perfor-
mance of the theoretical framework, numerical simulations
were conducted to illustrate the water and soil particle
movement under the free swelling boundary. It was found
that the simulations were able to describe the experimental
results quite well; however, the accuracy largely depended
on the accuracy of the experimental data.
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