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Definition and a basic property

Residual allocation model O0<a<1l60>—a: given
{W;}s2 0 independent, W ~ Beta(l — a,0 4+ ai)

(V1=
“stick breaking” { 2 ‘= (1=W1)W>
V3 = (1-Wp)(A-W2)Ws

GEM(a, 6): the law of (V3,Vs,...) -
PD(«,0): the law of the ranked sequence (Vq,V5,...) of (V1,V5,...)

Fact| [Pitman, 1996] If (V4,V5,...) ~ PD(a, ), then

Iaw

(\71,175,. ) = (VNl,VNQ,. .)» Where (IV;):2 ; is the size-biased per-
mutation, i.e., P(N; =n| (V;)2) = Vn and for j =2, 3,.

an{n#Nla X j 1}
ZVl{Z#NL N 1}

P(Nj = n‘(‘/i)qjoille"" NJ 1)



Correlation functions

For (V1,V5,...) ~ PD(«,0), consider { = >>2 ;1 oy, = 32724 07 -

Theorem 1| The nth correlation functions ¢, , ¢ of &, i.e.,
In.ap - R — [0,00) such that

qn,a,@(vla e avn)dvl coodop = B Z 5(‘/1
0150500 (F)

1’__.,‘/in)(dv1 c+ - dup,)

IS given by
mn

— 1) 6 —1
Qn,a,e(vla o, Un) = Cn,a,0 H Y; (ot )Uniolm ]-An(vla e 7vn+1)7
1=1

where ¢, , 9 =117 B(1 — a,0 + ai)~! and

AnZ{(vl,...,vn+1):vlZO,...,vn_l_lZO,vl—I—---—I—vn_l_l:l}.

(This generalizes Watterson’'s formula (1976) for o« = 0.)
Proof. Use the aforementioned invariance of GEM(«,6).



Probability generating functional

Theorem 2|Let (V4,V5,...) ~PD(«,0). Suppose that ¢g: (0,0) —
C and X > 0 are such that [§°|g(z) — 1|e *z(e+1)dz < 0o. Then

o0
st (o Boo] ) = s G 0 -0)
where
[ () (™~ 1), a=0,0>0,
Ropg(u) = ¢ M@+ 1) {(1 — C’au)_% — 1}«9—1, O<a<1,0#0,
- —a~tlog (1 = Cau), O0<a<1,0=0

and Cy, = o/l (1—a). (This refines a result of Pitman-Yor(1997).)
Proof. Put ¢g(v) =: 1+ ¢(v) and note that

H g9(sVj) = H (1+¢(sV) =1+ Z — > (Vi) d(sV,).
n=1 'Zl,...,in(#)



How to use | Theorem 2| for E 124 g(sV;)]

o 9(s) =1(g1)(s) = E 152, 9(sV)| = P(sV1 < 1) =1 pg g(s)
a generalization of Dickman’s function
cg(x)=e" (»>0) = E[[IX29(V)] =E |exp (~sP T2 V)|
Laplace transform of pth ‘population moment’
o g(s) = JgeTV—157,(dz) (v: a given distribution)
= E 122, 9(sV3)| = E |exp (£v/=Ts 52 X;V;)]
the charactersitic function of a generalized Dirichlet mean
M =32, X;V;, where {X;}: i.i.d. indep. of (V;)2,, X; ~v.
For instance, we have
Theorem 3| p, y(s) sloves the equation

(s = Dlpapls =D+ [ (s =0 Wdpap®) =0 (s> 1)

Known | for § = 0 [Lamperti, 1961], for o = 0 [Griffiths, 1979].




How to use [ Theorem 1] for g, , ¢

Accroding to the general theory, the density P(V;, € dv)/dv is
given in terms of the correlation functions by

00 k
2 - / dyy - -~ dy q (v, 91 y )
E—0 (m — 1)1k J[v,1)m+k-1 1 m+k—19m+k,a,0\V> Y15 - - - s Ym+k—1)-
Moreover,
Theorem 4| The joint density of (V4,..., Vi) is

i (_1)k/ d d ( )

Uly ooy Umy Yy e e
P L [0 1) Y1 Yedm+Ek,a,0\V1 m, Y1 Y

Um—i—l)

Um

= Um0V, Vm)Pa.o+am (

for (v1,...,vp41) € Am such that vy > - > v,
(This generalizes Watterson’s result (1976) for a« = 0.)



Asymptotic results as 60 —

Fix o € (0,1). For each 0 > 1, let (V*?)%2_ ~ PD(a,0) and set

Bog=1090 — (a+1)loglogf —log (1 — «).
Theorem 5| As 0 — oo,

@)
(9\/2.(0"9) — Ba,g)_ . — (Z7)21 ~ Poisson(R, e “dz)
1=

INn finite dimensional distributions sense.
Proof reduces to the corresponding asymptotics for p, g.
Theorem 6| AS 0 — c©

{ﬁ(r(l_a)Hp 12( (a@)) 1) :p>oz}fd {Wyp i p > al,

(p

where {W,} is a centered Ganssian system with covariance
Cp,p) =TA-a)(p+p' —a)/(T(p— ) (p —)) +a—pp.
(Theorems 5 and 6 extend the known results for « = 0 by
Griffiths (1979) and Joyce et al. (2002), respectively.)



T he generalized Dirichlet mean

Given a distribution v, let {X;} be i.i.d. indep. of (V(O‘ 9))

and X; ~v. Define M,y to be the law of M =32, X; V(O‘ 9)
provided that it converges absolutely.
Taking g(s) = ¥ (+s) := [g eV 157y (dz) in Theorem 2, we get
Proposition 7| Assume that [glog(l 4 |z|)v(dz) < o In case
a=0 or [g|z|V(dx) < oo in case 0 < a < 1.
Then M, gv Is well-defined and for all A >0

—\z

)\9/ ds wM QV(:ES) — 1) Ryp <)\—oz /OOO dzzel+a (Y (£z) — 1)) :

Moreover, for a.e. t € R,
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