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Definition and a basic property

Residual allocation model 0 ≤ α < 1, θ > −α : given
{Wi}∞i=1：independent, Wi ∼ Beta(1− α, θ+ αi)

“stick breaking”


Ṽ1 := W1
Ṽ2 := (1−W1)W2
Ṽ3 := (1−W1)(1−W2)W3
· · ·

GEM(α, θ): the law of (Ṽ1, Ṽ2, . . .)
PD(α, θ): the law of the ranked sequence (V1, V2, . . .) of (Ṽ1, Ṽ2, . . .)

Fact [Pitman, 1996] If (V1, V2, . . .) ∼ PD(α, θ), then

(Ṽ1, Ṽ2, . . .)
law
= (VN1

, VN2
, . . .), where (Ni)

∞
i=1 is the size-biased per-

mutation, i.e., P (N1 = n| (Vi)
∞
i=1) = Vn and for j = 2,3, . . .

P
(
Nj = n

∣∣∣(Vi)∞i=1, N1, . . . , Nj−1

)
=

Vn1{n ̸=N1,...,Nj−1}∑
i

Vi1{i ̸=N1,...,Nj−1}
.
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Correlation functions

For (V1, V2, . . .) ∼ PD(α, θ), consider ξ =
∑∞
i=1 δVi =

∑∞
i=1 δṼi

.

Theorem 1 The nth correlation functions qn,α,θ of ξ, i.e.,
qn,α,θ : R

n → [0,∞) such that

qn,α,θ(v1, . . . , vn)dv1 · · · dvn = E

 ∑
i1,...,in(̸=)

δ(Vi1,...,Vin)
(dv1 · · · dvn)


is given by

qn,α,θ(v1, . . . , vn) = cn,α,θ

n∏
i=1

v
−(α+1)
i vθ+αn−1

n+1 1∆n(v1, . . . , vn+1),

where cn,α,θ =
∏n
i=1B(1− α, θ+ αi)−1 and

∆n =
{
(v1, . . . , vn+1) : v1 ≥ 0, . . . , vn+1 ≥ 0, v1 + · · ·+ vn+1 = 1

}
.

(This generalizes Watterson’s formula (1976) for α = 0.)
Proof. Use the aforementioned invariance of GEM(α, θ).
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Probability generating functional

Theorem 2 Let (V1, V2, . . .) ∼ PD(α, θ). Suppose that g : (0,∞) →
C and λ > 0 are such that

∫∞
0 |g(z)−1|e−λzz−(α+1)dz <∞. Then

λθ
∫ ∞

0

ds

s1−θ
e−λs

E
 ∞∏
i=1

g(sVi)

−1

 = Rα,θ

(
1

λα

∫ ∞

0

dz

z1+α
e−λz(g(z)− 1)

)
,

where

Rα,θ(u) :=


Γ(θ)

(
eθu − 1

)
, α = 0, θ > 0,

Γ(θ+1)
{
(1− Cαu)

− θ
α − 1

}
θ−1, 0 < α < 1, θ ̸= 0,

−α−1 log (1− Cαu), 0 < α < 1, θ = 0

and Cα = α/Γ(1−α). (This refines a result of Pitman-Yor(1997).)
Proof. Put g(v) =: 1 + ϕ(v) and note that

∞∏
i=1

g(sVi) =
∞∏
i=1

(1+ ϕ(sVi)) = 1+
∞∑
n=1

1

n!

∑
i1,...,in(̸=)

ϕ(sVi1) · · ·ϕ(sVin).
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How to use Theorem 2 for E
[∏∞
i=1 g(sVi)

]

• g(s) = 1(0,1)(s) ⇒ E
[∏∞

i=1 g(sVi)
]
= P (sV1 < 1) =: ρα,θ(s)

a generalization of Dickman’s function

• g(s) = e−s
p
(p > 0) ⇒ E

[∏∞
i=1 g(sVi)

]
= E

[
exp

(
−sp

∑∞
i=1 V

p
i

)]
Laplace transform of pth ‘population moment’

• g(s) =
∫
R e

±
√
−1sxν(dx) (ν: a given distribution)

⇒ E
[∏∞

i=1 g(sVi)
]
= E

[
exp

(
±
√
−1s

∑∞
i=1XiVi

)]
the charactersitic function of a generalized Dirichlet mean

M :=
∑∞
i=1XiVi, where {Xi}: i.i.d. indep. of (Vi)

∞
i=1, Xi ∼ ν.

For instance, we have

Theorem 3 ρα,θ(s) sloves the equation

(s− 1)θρα,θ(s− 1) +
∫ s
s−1

(s− t)−αtθdρα,θ(t) = 0 (s > 1).

Known for θ = 0 [Lamperti, 1961], for α = 0 [Griffiths, 1979].



6

How to use Theorem 1 for qn,α,θ

Accroding to the general theory, the density P (Vm ∈ dv)/dv is

given in terms of the correlation functions by

∞∑
k=0

(−1)k

(m− 1)!k!

∫
[v,1)m+k−1

dy1 · · · dym+k−1qm+k,α,θ(v, y1, . . . , ym+k−1).

Moreover,

Theorem 4 The joint density of (V1, . . . , Vm) is

∞∑
k=0

(−1)k

k!

∫
[vm,1)k

dy1 · · · dykqm+k,α,θ(v1, . . . , vm, y1, . . . , yk)

= qm,α,θ(v1, . . . , vm)ρα,θ+αm

(
vm+1

vm

)
for (v1, . . . , vm+1) ∈ ∆m such that v1 > · · · > vm.

(This generalizes Watterson’s result (1976) for α = 0.)
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Asymptotic results as θ → ∞
Fix α ∈ (0,1). For each θ > 1, let (V (α,θ)

i )∞i=1 ∼ PD(α, θ) and set
βα,θ = log θ − (α+1) log log θ − logΓ(1− α).
Theorem 5 As θ → ∞,(

θV
(α,θ)
i − βα,θ

)∞
i=1

−→ (Z∗
i )

∞
i=1 ∼ Poisson(R, e−zdz)

in finite dimensional distributions sense.
Proof reduces to the corresponding asymptotics for ρα,θ.
Theorem 6 As θ → ∞√θ

Γ(1− α)

Γ(p− α)
θp−1

∞∑
i=1

(
V

(α,θ)
i

)p
− 1

 : p > α

 f.d.d.−→ {Wp : p > α},

where {Wp} is a centered Ganssian system with covariance
C(p, p′) := Γ(1− α)Γ(p+ p′ − α)/(Γ(p− α)Γ(p′ − α)) + α− pp′.
(Theorems 5 and 6 extend the known results for α = 0 by
Griffiths (1979) and Joyce et al. (2002), respectively.)
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The generalized Dirichlet mean

Given a distribution ν, let {Xi} be i.i.d. indep. of (V (α,θ)
i )∞i=1

and Xi ∼ ν. Define Mα,θν to be the law of M :=
∑∞
i=1XiV

(α,θ)
i

provided that it converges absolutely.

Taking g(s) = ψν(±s) :=
∫
R e

±
√
−1sxν(dx) in Theorem 2, we get

Proposition 7 Assume that
∫
R log(1 + |x|)ν(dx) < ∞ in case

α = 0 or
∫
R |x|αν(dx) <∞ in case 0 < α < 1.

Then Mα,θν is well-defined and for all λ > 0

λθ
∫ ∞

0
ds
e−λs

s1−θ

(
ψMα,θν

(±s)− 1
)
= Rα,θ

(
λ−α

∫ ∞

0
dz
e−λz

z1+α
(ψν(±z)− 1)

)
.

Moreover, for a.e. t ∈ R,

ψMα,θν
(t) = 1+

∞∑
n=1

cn,α,θ

n!

∫
∆n

n∏
i=1

ψν(tvi)− 1

vα+1
i

vθ+αn−1
n+1 dv1 · · · dvn.


