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A B S T R A C T   

A novel singularity-free, tuning-free, and reduced-order strain-based beam formulation is 
developed for analyzing slender multibody systems such as folding wing aircraft and offshore 
wind turbines that perform large rigid body motions and geometrically nonlinear deformations. 
Conventional linear deformation models are not suitable for the analysis, whereas the strain- 
based beam formulation has a potential to describe the geometrically nonlinear deformation 
efficiently using a small number of strain variables and a constant stiffness matrix obtained from a 
recursive equation. However, it suffers from singularity, penalty-coefficient tuning, and many 
variables when applied to multibody systems. This study addressed these problems by proposing 
joint parameters. Singularity-free joint parameters introduced in the recursive equation produce a 
novel velocity transformation that removes coefficient tuning and achieves model reduction. We 
demonstrate that the proposed method can perform a more stable multibody analysis compared 
to that using the conventional method. Further, we measured the strain of the folding wing during 
deployment in a wind tunnel at the Institute of Fluid Science, Tohoku University to validate the 
strain-based beam formulation with the proposed joint parameters. The strain of the proposed 
method is in good agreement with that of the wind tunnel experiment, wherein the folding wing 
performed multibody dynamic motion with geometrically nonlinear deformation.   

1. Introduction 

Folding-wing aircraft [1–3] are gaining popularity because they can adaptively change their aerodynamic performance during 
flight; further, a folding wing can reduce the space necessary for storing aircraft. Therefore, it is expected to be used for future aircraft, 
such as the Mars aircraft [4] recently developed by the Japanese research institutes [5], high-altitude platform stations [6], and 
next-generation commercial jets [7]. The folding wing can be considered a flexible multibody system because it is composed of several 
wing bodies connected by revolute (or hinge) joints, as shown in Fig. 1(a). The offshore wind turbine in Fig. 1(b) is considered a 
multibody system because it is composed of flexible blades and tower [8]. Flexible multibody dynamics are efficient for designing these 
structures. 

The floating frame of reference formulation (FFRF) [9,10] is widely used to express the flexibility of multibody systems. In the 
FFRF, a body coordinate system is attached to each body. A modal reduction technique can be easily applied to the FFRF because the 
elastic deformation evaluated in the body coordinate system is assumed to be small [11]. The FFRF has been utilized for analyzing 
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aeroelastic responses during the deployment and folding of wings [2]. Castrichini et al. [12] demonstrated that a folding wing with a 
joint that has a weak rotation spring stiffness exhibits a gust load alleviation effect via FFRF simulation. Subsequently, this gust load 
alleviation effect was observed in wind tunnel experiments [13]. Similarly, wind turbines are often modeled using FFRF [14,15]. 
However, future folding wings and wind turbines are expected to be slender and lightweight to decrease the induced drag and increase 
wind power generation; therefore, the structures perform geometrically nonlinear deformations in addition to large rigid-body 

Nomenclature 

B velocity transformation matrix 
c actuator damping coefficient 
c Euler parameter transformation matrix 
C joint parameter matrix 
e generalized coordinate vector of absolute nodal coordinate formulation 
F generalized external force vector 
Felastic generalized elastic force vector 
h generalized nodal coordinate vector of absolute nodal coordinate formulation 
I 3 × 3 identity matrix 
K constant stiffness matrix of strain-based beam formulation 
M constant mass matrix of absolute nodal coordinate formulation 
O 3 × 3 zero matrix 
q generalized coordinate vector of strain-based beam formulation 
r position vector 
rx, ry, rz gradient vectors 
s curvilinear coordinate 
α damping coefficient proportional to mass matrix 
εx extensional strain of beam axis 
ζa Euler parameters (a = 0, 1, 2, 3) 
η joint parameter 
θ relative rotation angle 
κ matrix composed of strains 
κx, κy, κz torsional and bending curvatures 
λ Lagrange’s undetermined multipliers 
μab direction cosines (a, b = 1, 2, 3) 
μa vector of direction cosine components (a = 1, 2, 3) 
Φ constraint vector of absolute nodal coordinate formulation 
Ψ constraint vector of strain-based beam formulation 
()i value related to node i 
()i value related to element i 
j() value related to body j  

Fig. 1. Conceptual views of slender multibody systems. (a) Folding wing aircraft, (b) Wind turbine.  
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motions. The small deformation assumption of FFRF is not suitable for modeling next-generation structures. 
When the deformation in a body becomes large, geometrical nonlinearity ought to be considered. The finite segment method [16] 

that connects rigid bodies by a multibody theory with a spring is a natural extension of rigid multibody dynamics. Similarly, the 
geometrically nonlinear deformations can be expressed by connecting linearly deformed FFRF bodies. This approach has been 
implemented in the multibody simulation code HAWC2 developed for wind turbine analysis [17]. On the other hand, a geometrically 
exact beam formulation (GEBF) summarized by Geradin and Cardona [18] and Bauchau [19] is one of the primary options in 
geometrically nonlinear multibody analysis because of its superior convergence performances [20]. In most cases, GEBF interpolates 
the variables related to position and rotation independently, when it is implemented in the finite element analysis framework. Simo 
and Vu-Quoc [21] used quaternion, whereas Bauchau and Hong [22] used Euler angles to express the rotation. Similar developments of 
GEBF were performed by Borri and Merlini [23], and Danielson and Hodges [24]. Under the context of multibody applications, GEBF 
was explained by Betsch and Steinmann [25]. GEBF is widely used for the design of rotor aircraft [26] and wind turbines [27]. GEBF 
has been implemented in the Simulation of High-Aspect-Ratio aeroplanes in Python (SHARPy) [28], which is an open-source simu-
lation code, developed on Python and Fortran environments by Imperial College London, for analyzing very flexible aircraft [29] and 
wind turbines [30]. In their GEBF implementation, both the inertia and elastic forces become nonlinear [31]. Other recent studies [32, 
33] developed geometrically nonlinear beam formulations that use Euler parameters and a recursive description. The recursive 
description does not require us to interpolate the position and rotation variables independently. Apart from these, various geomet-
rically nonlinear beam formulations were developed in the field of structural mechanics. For example, the Carrera unified formulation 
(CUF) [34] provides a framework to generate structural models with various orders systematically, and was recently used to build a 
nonlinear beam model. The CUF was extended to consider cross-sectional deformation [35]. It was used to analyze nonlinearly large 
responses such as buckling [36] and frequency variation [37]. The isogeometric analysis (IGA) approach [38] is also used to generate 
geometrically nonlinear beam formulations [39,40]. IGA uses a B-spline or a non-uniform rational B-spline interpolation to convert a 
computer aided design model to a structural analysis model seamlessly. An IGA geometrically nonlinear beam formulation was applied 
to multibody analysis [41]. 

In the multibody dynamics field, absolute nodal coordinate formulation (ANCF) [42–44] is widely used when multiple bodies 
undergo geometrically nonlinear deformation. The mass matrix of the ANCF is constant because it uses the position and gradient 
vectors defined in the global coordinate system. The joint constraint equation can be written directly using vector variables. Owing to 
these advantages, ANCFs have been used for designing various vibrating structures such as tires [45], high-aspect-ratio wings [46], 
flexible sheets [47], fluid conveying pipes [48], rotating shafts [49], and large-scale space structures [50]. Otsuka et al. [51,52] 
analyzed the aeroelastic response and deployment motion of a folding wing using a 2D ANCF beam element with torsional degrees of 
freedom. However, this 2D ANCF beam model could not accurately capture the mass variations caused by wing folding. Although the 
use of a 3D ANCF fully parameterized beam element [53] accurately describes the mass variation, the analysis of complicated 
cross-sectional structures such as a folding wing or wind turbine blade is difficult because complex volume integration is necessary for 
deriving its elastic force. The internal constraint equations [54] enable the transformation of the complex volume integration into a 
simple line integration by restricting the cross-sectional deformations to solve this difficulty [55]. However, this approach increases 
the five Lagrange multipliers related to the internal constraint equation per element node. Consequently, the computational perfor-
mance is poor. Although mean artificial strains (i.e., fictitious elastic force to restrict cross-sectional deformations) [56] are introduced 
to avoid complex volume integration, this approach requires careful tuning of the artificial stiffness coefficients. In addition, redundant 
generalized nodal coordinates for modeling slender bodies continue to exist in this approach. Therefore, a vector-strain transformation 
[57] was proposed to avoid volume integration. The vector-strain transformation converts the 3D ANCF fully parameterized beam 
element into a strain-based beam formulation that has a constant stiffness matrix and a small number of strain variables that are not 
redundant when describing the geometrically nonlinear deformation of slender bodies. 

Strain-based beam formulation was originally developed for flexible aircraft analysis [58]. The geometrically nonlinear deformed 
geometry can be described using a recursive equation based on elementwise constant strains. Several methods for describing joints in 
strain-based beam formulations have been proposed and they are summarized in Table 1. 

The first method [59] introduced three rotation angles as new degrees of freedom to describe the rigid-body rotations at a joint. 
Although this method does not need to calculate the Lagrange multipliers widely used in multibody dynamic analysis, it suffers from 
singularity. In addition, this method uses a fictitious high-stiffness spring to constrain two redundant rotation angles when a revolute 
joint is considered, and therefore, it requires careful tuning of the spring coefficient. 

The second method [60] introduced a fictitious high-stiffness spring that produces a penalty force to express a rigid joint. This 
method is different from the penalty method widely used in multibody dynamics because the penalty force is derived from the relative 
displacement between joined nodes rather than constraint equations. Thus, the fictitious high-stiffness spring coefficient must be tuned 

Table 1 
Multibody methods for strain-based beam formulation (E: Exist, NE: Not Exist).  

Methods First Second Third Proposed 
Rotation angles Penalty force DAE Joint parameter 

Reference [59] [60] [61–63]  
Singularity E NE NE NE 
Tuning parameter E E NE NE 
Lagrange multipliers None None Many Reduced  
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carefully. 
The third method [61–63] derives a differential algebraic equation (DAE). Su and Cesnik [61] derived an index-3 DAE for 

strain-based beam formulation to express a rigid joint. Although this method does not suffer from either singularity or tuning, the 
solution to index-3 DAE tends to be more complex than that of index-1 DAE. Otsuka et al. [62,63] derived an index-1 DAE by 
leveraging the transformation from ANCF to a strain-based beam formulation. This index-1 DAE can be applied to various joints such as 
rigid, revolute, universal, and ball joints. However, these approaches have many dependent variables and Lagrange multipliers. 

The three methods mentioned above enable multibody dynamic analysis using the strain-based beam formulation. However, three 
problems still need to be addressed.  

(1) Singularity, which is problem faced by the first method. Singularity occurs when three rotation angles are used as variables. 
When the rotation angles become a specific value, the division by zero occurs, and this causes numerical divergence. Therefore, 
a singularity-free method is required.  

(2) Coefficient tuning, which is a problem faced by the first and second methods. The first method introduces a stiffness coefficient 
that produces a fictitious elastic force constraining two rotational degrees of freedom when the revolute joint is considered. The 
second method introduces stiffness and damping tuning coefficients that produce fictitious stiffness and damping forces to 
express a rigid joint. Although a large stiffness coefficient satisfies the joint constraint, it leads to numerical instability because it 
causes unnecessary high-frequency dynamics. Although fictitious damping decays unnecessary high-frequency dynamics, it also 
decays dominant dynamics, and therefore, a tuning-free method is required. 

(3) The large number of variables is a problem faced by the third method. This problem occurs because DAE has Lagrange mul-
tipliers and dependent variables. Therefore, a larger amount of computer memory is required, and thus, a model-order 
reduction with respect to the joint description is required. 

Further, the multibody analysis of strain-based beam formulations is yet to be experimentally validated. 
This study has two objectives. The first objective is to develop a novel singularity-free, tuning-free, and reduced-order strain-based 

beam formulation for multibody dynamic analysis that addresses the three problems mentioned above. We propose joint parameters 
introduced in the recursive equation of the strain-based beam formulation to achieve the first objective. 

The first problem (singularity) is resolved by choosing singularity-free joint parameters. We employ one relative rotation angle, 
nine direction cosines, and four Euler parameters as the singularity-free joint parameters to describe the revolute, universal, and ball 
joints, respectively. The direction cosines are described by the Euler parameters. That is, we can choose the direction cosines and Euler 
parameters. To emphasize the versatility of the proposed method from the perspective of choosing variables, we employed the di-
rection cosines and Euler parameters for the universal and ball joints, respectively. If necessary, the vice-versa can be adopted. 

The second problem (tuning coefficient) is resolved by leveraging the constraint equations of the joint parameters. A general 
multibody dynamic technique without a tuning coefficient (e.g., augmented formulation [64]) can be easily used instead of using the 
coefficients of the penalty forces because the constraint equations of the joint parameters can be written in simple quadratic nonlinear 
forms. 

The third problem (many variables) is resolved using a novel velocity transformation that considers the joint parameters. The 
dependent variables related to the joints are reduced in the velocity transformation process. Thus, the Lagrange multipliers necessary 
for constraining the dependent variables in the conventional method are also reduced. 

The second objective of this study is to validate a strain-based beam formulation using the proposed joint parameter experimen-
tally. We measured the strain of the folding wing deployment conducted in the wind tunnel at the Institute of Fluid Science, Tohoku 
University to achieve the second objective. The experimental folding wing exhibited nearly 30% deflection of the wingspan, which is a 
geometrically nonlinear deformation. To the best of our knowledge, this is the first study to present experimental strain data during 
folding-wing deployment with a geometrically nonlinear deformation. The proposed method validated in this experiment would be 
useful for designing the next generation structures such as folding wings and wind turbines that cannot be analyzed directly by the 
conventional FFRF model. 

As the proposed formulation was based on the recursive description, it is limited to the application of an open-loop joint. When a 
multibody system with closed-loop joints is analyzed, we suggest that the penalty method [65] should be applied to closed-loop joints, 
and the proposed method should be applied to the other open-loop joints. The penalty method expresses the joint constraints by 
introducing penalty inertia, damping, and stiffness forces, while avoiding the use of Lagrange multipliers. In our previous study [63], 
the strain-based beam formulation was enabled to analyze the closed-loop joint by using the penalty method. However, many Lagrange 
multipliers were still required for open-loop joints. In the current study, the combination of the penalty and proposed methods, based 
on recursive description, can analyze the non-tree-like topologies without the excessive use of both the Lagrange multipliers and 
penalty forces. 

The remainder of this paper is organized as follows. In Section 2, the recursive geometric representation of strain-based beam 
formulation is explained. Section 3 describes the proposed joint parameters. In Section 4, the proposed method is verified by 
comparing it with the conventional strain-based beam formulation, finite segment method, GEBF in SHARPy, and a reference value. In 
Section 5, the proposed method is validated using the strain data obtained from the wind tunnel experiment. In Section 6, the con-
clusions are drawn. 
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2. Recursive geometry representation of strain-based beam formulation 

A slender multibody system is modeled by a fully parameterized ANCF element [53]. The equation is defined as 

Më + Felastic + ΦT
e λ = F,

Φ = 0,
(1)  

where M is the mass matrix; Felastic is the nonlinear elastic force vector; Φe is the Jacobian of joint constraint vector, Φ; λ is Lagrange 
multiplier; F is an external force vector; and e is a generalized nodal coordinate defined as 

e ≡
[ ( jh

)T
(j+1h)T ⋯ (mh)T ]T

, (2)  

jh ≡
[ ( jhi)T (

jhi+1)T ⋯
(

jhn+1)T
]T
, (3)  

jhi ≡

[
( jri)T (

jri
x

)T
(

jri
y

)T (
jri

z

)T
]T

. (4) 

The superscripts represent body j and element node i; m and n represent the numbers of bodies and elements per body, respectively. 
The fully parameterized ANCF element describes the cross-sectional and shear deformations using the norm and inner product of the 
gradient vectors. These deformations are not dominant for the slender structures focused on in this study. Therefore, the gradient 
vectors are orthonormal. The slender body geometry is described by a 1st-order differential equation using the orthonormal gradient 
vectors as 

∂h
∂s

= κh, (5)  

where 

κ ≡

⎡

⎢
⎢
⎢
⎢
⎢
⎣

I (1 + εx)I O O

O O κzI − κyI

O − κzI O κxI

O κyI − κxI O

⎤

⎥
⎥
⎥
⎥
⎥
⎦

. (6) 

The solution of this 1st-order differential equation can be written as a recursive equation by assuming constant elementwise strains 
as 

hi+1 = eκiΔshi. (7) 

A velocity transformation matrix that converts the vector variables of the ANCF to the strain variables of the strain-based beam 
formulation is obtained using the recursive equation. Although such a velocity transformation considering strains can only describe 
differentiable smooth geometry in each body, it cannot describe indifferentiable non-smooth geometry at a joint, as shown in Fig. 2. 
Therefore, the joint that results in indifferentiable geometry between bodies was expressed using the constraint equation with 
Lagrange multipliers in the conventional method [62]. However, this produces many Lagrange multipliers and dependent variables. 

Fig. 2. Recursive geometry representation for slender multibody system with joint.  
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3. Proposed joint parameters 

The vectors of ANCF at the jointed nodes (i.e., node i + 1 of body A and node 1 of body B) are related by the joint parameter matrix C 
(η) to describe the indifferentiable geometry between the two bodies shown in Fig. 2 as 

Bh1 = C(η)Ahi+1. (8) 

Various variables can be selected as the joint parameters. The first problem (singularity) is resolved by choosing singularity-free 
variables as the joint parameter η. In addition, the second problem (tuning coefficient) is resolved because these joint parameters 
produce dependent variables that can be easily constrained by a general multibody technique that does not use tuning coefficients. A 
novel velocity transformation matrix that describes the indifferentiable geometry at the joint can be obtained as B ≡ ∂e /∂q by 
introducing Eq. (8) in recursive geometry representation, as shown in Fig. 2. The velocity transformation matrix transforms Eq. (1) of 
the ANCF to the equation of the strain-based beam formulation via ė = Bq̇ as 

BTMBq̈ + BTMḂq̇ + Kq + ΨT
qλ = BTF,

Ψ = 0,
(9)  

where 

q ≡
[ ( 1q

)T ⋯ (jq)T ⋯ (mq)T ]T
, (10)  

jq ≡
[ ( jη1)T

(jε1)
T ⋯ (jεi)

T ⋯ (jεn)
T ]T

, (11)  

jεi ≡
[ j(εx)i

j(κx)i
j
(
κy
)

i
j(κz)i

]T
. (12) 

The subscript represents element i. The stiffness matrix K becomes constant by formulating the elastic force after the velocity 
transformation. The third problem (many variables) is resolved because some dependent variables are reduced in this velocity 
transformation process. Each body has a joint parameter jη1 (less than 12 variables) at the beam root to describe the rigid-body rotation 
at the joint, whereas the conventional method [62] has jh1 (12 variables). The 12 variables in jh1 are too redundant to describe the 
rigid-body rotation at the joint. Therefore, many Lagrange multipliers are required to constrain the redundant variables in the con-
ventional method. In contrast, the novel velocity transformation of the proposed method reduces jh1 to jη1, and this reduces the 
Lagrange multipliers. 

Table 2 compares the number of degrees of freedom for the jointed node defined as NJ and the number of Lagrange multipliers 
defined as NL for the revolute, universal, and ball joints for the conventional and proposed singularity-free and tuning-free methods. 
The total number of variables NJ + NL of the proposed method was less than that of the conventional method. The model order 
reduction rate between the conventional and proposed methods with respect to the joints defined as 

Reduction rate ≡
(NJ + NL)Conventional − (NJ + NL)Proposed

(NJ + NL)Conventional
(13)  

reaches approximately 97%. 

Table 2 
Comparison between singularity-free and tuning-free multibody methods.  

Joint style Number related to joint Conventional [62] Proposed 
DAE Joint parameter 

Revolute NJ – NL 1 
NJ 12 1 
NL 11 0 
NJ + NL 33 1 
Reduction rate 97% 

Universal NJ – NL 2 
NJ 12 9 
NL 10 7 
NJ + NL 22 16 
Reduction rate 27% 

Ball NJ – NL 3 
NJ 12 4 
NL 9 1 
NJ + NL 21 5 
Reduction rate 76% 

NJ: Number of degrees of freedom for joint root node. 
NL: Number of Lagrange multipliers for joint root node. 
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3.1. Revolute joint 

The number of degrees of freedom for the revolute joint is one (NJ – NL = 1) because the revolute joint allows rotation around one 
axis. The joint parameter used to describe the revolute joint is defined as the singularity-free relative rotation angle 

ηrevolute ≡ θ. (14) 

As an example, the revolute axis parallel to Ary
i + 1 and Bry

1 in Fig. 2 is considered. The joint parameter matrix for the revolute joint 
is defined as 

Crevolute ≡

⎡

⎢
⎢
⎢
⎢
⎢
⎣

I O O O

O cosθI O − sinθI

O O I O

O sinθI O cosθI

⎤

⎥
⎥
⎥
⎥
⎥
⎦

. (15) 

Substituting this equation into Eq. (8) yields a velocity transformation matrix that reduces the vector variables in Bh1 (NJ = 12) to 
one joint parameter, θ (NJ = 1). The proposed method requires NL = 0 Lagrange multipliers to constrain the dependent variables for 
describing the joint, whereas the conventional method requires NL = 11 Lagrange multipliers. Thus, the model order reduction rate 
with respect to the joint was {(12 + 11) – (1 + 0)}/(12 + 11) = 97%. The proposed revolute joint formulation is tuning-free because it 
does not have dependent variables constrained by fictitious forces with tuning coefficients, unlike that in the conventional methods 
[59,60]. 

3.2. Universal joint 

There are two degrees of freedom for the universal joint (NJ – NL = 2) because the universal joint allows rotations around two axes. 
The joint parameter to describe the universal joint is defined as a singularity-free nine-direction cosine 

ηuniversal ≡
[

μT
1 μT

2 μT
3

]T

≡ [ [ μ11 μ12 μ13 ] [ μ21 μ22 μ23 ] [ μ31 μ32 μ33 ] ]
T
.

(16) 

The joint parameter matrix for the universal joint is defined as 

Cuniversal ≡

⎡

⎢
⎢
⎣

I O O O
O μ11I μ12I μ13I
O μ21I μ22I μ23I
O μ31I μ32I μ33I

⎤

⎥
⎥
⎦. (17) 

Substituting this equation into Eq. (8) yields a velocity transformation matrix that reduces the vector variables in Bh1 (NJ = 12) to 
nine joint parameters, ηab (a, b = 1, 2, 3; NJ = 9). The proposed method requires NL = 7 Lagrange multipliers to constrain the dependent 
variables for describing the joint, whereas the conventional method requires NL = 10 Lagrange multipliers. Thus, the model order 
reduction rate with respect to the joint was {(12 + 10) – (9 + 7)}/(12 + 10) = 27%. When the orthogonal axes of the universal joint are 
considered as Ary

i+1 and Brz
1 in Fig. 2 as an example, the equation to constrain the dependent variables can be written as 

Ψuniversal ≡
[

μT
1 μ1 − 1 μT

2 μ2 − 1 μT
3 μ3 − 1 μT

1 μ2 μT
2 μ3 μT

3 μ1 μ32

]T
= 0. (18) 

Eq. (18) has a simple quadratic nonlinear form. Therefore, it can be easily treated by a general multibody technique without 
coefficient tuning. In this study, we employ augmented formulation [64] to deal with the constraint. The joint Jacobian necessary for 
the augmented formulation can be written as a simple linear function of the generalized coordinates because of the quadratic 
nonlinearity. 

3.3. Ball joint 

The degrees of freedom for the ball joint are three (NJ – NL = 3) because the ball joint allows three rotations around the three axes. 
The joint parameter for the ball joint is defined as the singularity-free Euler parameter 

ηball ≡ [ ζ0 ζ1 ζ2 ζ3 ]
T
. (19) 

The joint parameter matrix for the ball joint is defined as 

Cball ≡

⎡

⎢
⎢
⎣

I O O O
O cI O O
O O cI O
O O O cI

⎤

⎥
⎥
⎦, (20)  

where 
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c ≡

⎡

⎢
⎢
⎣

ζ2
0 + ζ2

1 − ζ2
2 − ζ2

3 2(ζ1ζ2 − ζ0ζ3) 2(ζ1ζ3 + ζ0ζ2)

2(ζ1ζ2 + ζ0ζ3) ζ2
0 − ζ2

1 + ζ2
2 − ζ2

3 2(ζ2ζ3 − ζ0ζ1)

2(ζ1ζ3 − ζ0ζ2) 2(ζ2ζ3 + ζ0ζ1) ζ2
0 − ζ2

1 − ζ2
2 + ζ2

3

⎤

⎥
⎥
⎦. (21) 

Substituting this equation into Eq. (8) yields a velocity transformation matrix that reduces the vector variables in Bh1 (NJ = 12) to 
four joint parameters, ηa (a = 0, 1, 2, 3; NJ = 4). The proposed method requires an NL = 1 Lagrange multiplier to constrain the 
dependent variables to describe the joint, whereas the conventional method requires NL = 9 Lagrange multipliers. Thus, the model 
order reduction rate with respect to the joint was {(12 + 9) – (4 + 1)}/(12 + 9) = 76%. The constraint equation for the Euler pa-
rameters is written as 

Ψball ≡ ηT
ballηball − 1 = 0. (22) 

Eq. (22) has a simple quadratic nonlinear form. 

4. Simulation results 

The proposed joint parameter method is compared with the conventional singularity-free and tuning-free methods verified in a 
previous study [62] to provide an accurate description of the joints via three simulations. The free-falling motions of a double 
pendulum shown in Fig. 3 are simulated in Sections 4.1 to 4.3. The double pendulum is composed of two bodies, A and B. Initially, body 
A is placed on the X-axis, whereas body B is placed parallel to the Z-axis. One end of body A is connected to the origin of the global 
coordinate system by a ball joint. The other end of body A (point P) is connected to one end of body B (point Q) by a ball, universal, or 
revolute joint. A gravitational force with a gravity constant of 9.8 m/s2 acting in the negative Y-direction causes a free-falling motion. 
Table 3 lists the simulation parameters of the double pendulum. This double pendulum parameter was used by Fan et al. [32]. In our 
simulation, each body was discretized into two elements. The 4th-order explicit Runge–Kutta method with a time step of 0.0001 s was 
used for time integration to compare the proposed and conventional methods while avoiding the tolerance error of the implicit 
integration methods. 

4.1. Double pendulum with ball-and-ball joints 

The free-falling motion of ball-and-ball joints was simulated in this study. Fan et al. [32] conducted this simulation using another 
geometrically nonlinear beam formulation. Fig. 4(a) shows the time histories of the strains of the pendulum root element. The 

Fig. 3. Schematic of double pendulum.  

Table 3 
Parameters of double pendulum used by Fan et al. [32].  

Various elements Values of bodies A and B 

Length L [m] 1.8 
Second moments of area Ixx, Iyy, Izz [cm4] 2.667, 1.333, 1.333 
Young’s modulus E [GPa] 200 
Shear modulus G [GPa] 80 
Material density [kg/m3] 7800  
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proposed and conventional methods showed good agreement in terms of the results. The global coordinates can be reconstructed from 
the strain and joint parameters using Eqs. (7) and (8), respectively. Fig. 4(b) shows the time history of the reconstructed tip coordinates 
of the double pendulum. In addition, the results of another geometrically nonlinear beam formulation cited in [32] were plotted as a 
reference. The good agreement between the three results confirms the accuracy of the proposed method. Fig. 4(c) shows the time 
histories of the energies. The free-falling double pendulum is a conservative system. Thus, the total energy, i.e., the summation of the 
kinetic, gravity potential, and elastic energies, is conserved if the simulation method is accurate. The zero total energy in this figure 
demonstrates that the proposed method is accurate in terms of energy conservation. Fig. 4(d) shows the time history of the ball joint 
constraint between bodies A and B, which are defined as the relative positional norm |rP – rQ|. If the constraint is accurately satisfied, | 
rP – rQ| = 0. The constraint of the proposed method is exactly zero, whereas the conventional method violates this constraint gradually 
because the proposed method has only independent variables to describe the position vector of the jointed nodes; the conventional 
method has dependent variables constrained using Lagrange multipliers. Therefore, the proposed method enables a more stable 
simulation of a ball joint compared to the conventional method. 

4.2. Double pendulum with ball-and-universal joints 

The free-falling motion of the ball-and-universal joints is simulated. The orthogonal axes of the universal joint are ry
P and rz

Q, 
respectively. Fig. 5(a) and (b) shows the time histories of the root strains and tip coordinates, respectively. The proposed and con-
ventional methods are in good agreement. Fig. 5(c) shows the time history of the energies. The total energy is highly conserved even 
when a universal joint is considered. Fig. 5(d) shows the time history of the universal joint constraint between bodies, defined as 
(ry

P)T(rz
Q). If the constraint is accurately satisfied, (ry

P)T(rz
Q) = 0. Although both the proposed and conventional methods slightly 

Fig. 4. Simulation results of double pendulum with ball-and-ball joints. (a) Root strains, (b) Tip coordinates, (c) Energies, (d) Constraint |rP – rQ|.  
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violate the constraint because both methods use Lagrange multipliers to satisfy (ry
P)T(rz

Q) = 0, the orders of the violations are 
negligibly smaller than the other inner products of the vectors at jointed nodes whose directions are not constrained. For example, the 
maximum value of (ry

P)T(rx
Q) in this simulation was 1. 

4.3. Double pendulum with ball-and-revolute joints 

The free-falling motion of the ball-and-revolute joints is simulated. The revolute axis is parallel to rx
P and rz

Q. Fig. 6(a) and (b) show 
the time histories of the root strains and tip coordinates, respectively. The proposed and conventional methods are in good agreement. 
Fig. 6(c) shows the time histories of the energies; the total energy is well-conserved. If the revolute joint constraint is satisfied exactly, 
rx

P + rz
Q = 0, and its norm is zero. Fig. 6(d) shows the time history of |rx

P + rz
Q|. The norm of the proposed method is zero, whereas 

that of the conventional method increased gradually because the proposed method has only independent variables to describe the 
revolute joint; the conventional method uses both dependent variables constrained by Lagrange multipliers. Therefore, the proposed 
method realizes a more stable simulation than the conventional method when the revolute joints are considered. 

4.4. Comparison with other methods 

The proposed method was compared with the conventional finite segment method and GEBF to further validate its accuracy. The 
dynamic motion of a two-body system undergoing highly flexible deformation was simulated. The system constituted two bodies, A 
and B. Table 4 lists the parameters of the bodies. One end of body A was connected to the origin of the global coordinate system 
through a rigid joint. The other end of body A was connected to one end of body B through a revolute joint. Initially, the bodies were 

Fig. 5. Simulation results of double pendulum with ball-and-universal joints. (a) Root strains, (b) Tip coordinates, (c) Energies, (d) 
Constraint (ry

P)T(rz
Q). 
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placed on the X-axis. The revolute joint axis was parallel to the Y-axis. A gravitational force with gravitational acceleration (constant) 
of 9.8 m/s2 was applied in the negative Z-direction, causing a planar motion. 

The proposed method was compared with two representative methods widely used for geometrically nonlinear multibody analysis: 
GEBF through SHARPy (an open-source simulation code [28]) and the finite segment method through MATLAB. For the GEBF, in the 
default setting of SHARPy, one GEBF element possesses three nodes based on the quadratic interpolations for the position and rotation 
variables. Therefore, one GEBF element comprises two sections. Section is defined in this study as the area between the nodes of an 
element or segment. For the finite segment method, we implemented the planar finite segment method in MATLAB environment. The 
stiffness of a spring is given by EIyy/l, where EIyy is the bending stiffness and l is the segment length. For unbiased comparison, the 
planar simulation code of the proposed method was also implemented in the same MATLAB environment. 

SHARPy contains the implicit Newmark β method as its time integration scheme, whereas our simulation environment for the 
proposed and finite segment methods contained the generalized α method as its implicit time integration scheme. The time step was set 

Fig. 6. Simulation results of the double pendulum with ball-and- revolute joints. (a) Root strains, (b) Tip coordinates, (c) Energies, (d) Constraint | 
rx
P 
+ rz

Q|. 

Table 4 
Parameters of a two-body system.  

Various elements Values of bodies A and B 

Length [m] 10 
Bending stiffness EIyy [Nm2] 104 

Linear density ρA [kg/m] 1 
Rotational inertia ρIyy [kg/m3] 0.1  
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to 0.01 s. Fig. 7(a) shows the motion of the system analyzed by the proposed method. Body A experienced large nonlinear deformation, 
whereas body B experienced large rigid body rotation about the revolute joint. Fig. 7(b) and (c) shows the time histories of the X- and Z- 
coordinates, respectively at the free end. To obtain visibly converged solutions, the proposed strain-based and GEBF methods required 
six sections per body, whereas the finite segment method required 30 sections per body. The finite segment method did not provide a 
visibly converged solution using six sections. Although the calculation time of the proposed method was approximately similar to that 
of the finite segment method for the same number of sections, the time required by the proposed method using the six sections was 97% 
lesser than that required by the finite segment method using 30 sections. We could not provide a meaningful calculation time com-
parison between the proposed method and GEBF because of the different implementations (i.e., the proposed method was imple-
mented in MATLAB by us, whereas the GEBF was not) and different model fidelities (i.e., the proposed method does not possess the 
degrees of freedom for considering the shear deformation, whereas the GEBF does). To investigate the convergence performance, the 
root mean square (RMS) error was calculated as follows: 

RMS error =
⃒
⃒
⃒
⃒
RMS(50 sections) − RMS(N sections)

RMS(50 sections)

⃒
⃒
⃒
⃒, (23)  

where RMS is defined using the Z-coordinate at the free end as 

RMS ≡

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
M

∑M

i=1
(Zi)

2

√
√
√
√ . (24) 

In Eq. (24), M was the number of data points ranging from 0 to 5 s with a time step of 0.01 s. As the GEBF constituted three nodes per 
element and the required degrees of freedom to describe shear deformations, unlike the proposed strain-based beam formulation and 

Fig. 7. Simulation results of the two-body system. (a) Dynamic motion, (b) X coordinate at free end, (c) Z coordinate at free end, (d) RMS error.  
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finite segment method, we employed the number of sections rather than the numbers of degrees of freedom or elements for the RMS 
error calculation. Fig. 7(d) shows the relationship between the RMS error and the number of sections. The convergence performance of 
the proposed method was superior to that of the finite segment method, because the proposed method interpolated the section by a 
constant-curvature curve, whereas the finite segment method interpolated it by a straight line. The convergence performance of the 
proposed method was inferior to that of the GEBF, because the GEBF employed a quadratic interpolation (i.e., it does not exhibit a 
constant curvature limitation within an element). At the expense of the convergence performance, the constant curvature of the 
proposed method provided an advantage, that is the constant stiffness matrix, with the geometrically nonlinear multibody analysis. 

5. Experimental validation 

We validate the proposed method by conducting deployment experiments on a folding wing in a wind tunnel at the Institute of 
Fluid Science, Tohoku University. Fig. 8 shows photographs of the folded wing. The folding wing was composed of inner and outer 
wing bodies connected by a revolute joint with a spring actuator for deployment. Table 5 lists the relevant body parameters. The 
actuator torque and generalized structural damping force are defined as kθ + cθ̇ + Tconst and αMė, respectively, as reported in [66]. We 
employed the damping coefficients α and c to fit the maximum strain between the simulation and experiment at a flow speed of 0 m/s, 
respectively. The wing was vertically placed in the wind tunnel test section at a fold angle of 170◦, as shown in Fig. 8(a). The wing 
deployed and reached the deployed state when an electric stopper moved downward, as shown in Fig. 8(b). In our previous study [66], 
wing deployment was measured using a laser displacement sensor to validate the displacement-based formulation. The displacement 
sensor data showed that the experimental wing exhibited a deflection of approximately 30%. Linear and geometrically nonlinear 
models exhibit different results when such a large deflection occurs [67]. Therefore, this experiment is suitable for validating a 
multibody dynamic analysis with geometrically nonlinear deformation. In this study, we provide strain sensor data to validate a 
geometrically nonlinear strain-based formulation with the proposed joint parameter. A strain gauge was attached to the wing surface, 
0.02 m from the wing root, to measure surface extensional strain, as shown in Fig. 8(c). 

In the simulation, each body was discretized into 15 elements. The actuator weight was considered as a point mass attached to a 
jointed node. The two wing bodies are latched by replacing the spring actuator stiffness k by a four-order larger value when the fold 
angle becomes 0◦. The aerodynamic force was calculated using the medium-fidelity unsteady vortex lattice method (UVLM) [68] 
because of its frequent use in geometrically nonlinear aeroelastic systems [69], folding wings [70], and wind turbines [71]. The 
coupling methodology between the structural and UVLM aerodynamic models is described in Appendix A. Although the proposed 
method has the potential to be coupled with lower-fidelity (e.g., strip theory [72]) and higher-fidelity (e.g., extended UVLM [73], finite 
volume method [74], and smoothed particle hydrodynamics [75]) fluid force calculation methods, their comparison is beyond the 
scope of this study. The extensional strain of the beam axis εx is considerably smaller than the bending curvature κy because of the 
cantilever boundary condition and the aerodynamic force that acts in the out-of-plane direction. Thus, the wing surface extensional 
strain is attributed to the bending curvature and can be calculated as the multiplication of the half thickness and bending curvature: 
h/2 × κy. 

Fig. 9(a) to (d) show the 3D views of the deployment motion at a flow speed of 10 m/s simulated by the proposed method. A 
gravitational force acts in the negative X-direction in this simulation because the wing was placed vertically in the experiment. Fig. 9(e) 
shows the 2D views of the wing axis. As shown in this figure, the nonlinear analysis was necessary for the experimental wing, because 
the wingtip deflection was > 10% of the wingspan. The wingtip deflection became 18% (= 0.056 m / 0.3 m) at 0.2 s. In our previous 
work [67], the linear and nonlinear models were compared in aeroelastic dynamic analyses. When the wingtip deflection amplitude 
reached 10% of the wingspan, the vibration frequency of the linear model could not match that of the nonlinear model. Moreover, 
Tsushima et al. [76] and Xie et al. [77,78] compared the linear and nonlinear aeroelastic static analyses with wind tunnel experiments. 

Fig. 8. Photographs of experimental folding wing with strain gauge.  

Table 5 
Parameters of wing deployment experiment.  

Parameters Values of bodies A and B 

Length of each body L [m] 0.15 
Width [m] 0.05 
Thickness h [m] 0.002 
Material density [kg/m3] 1425 
Young’s modulus E [GPa] 2.83 
Torsional rigidity GJ [Nm2] 0.18 
Structural damping α 2.5 
Actuator stiffness k [Nm/rad] 0.26 
Actuator damping c [Nm/rad/s] 0.0008 
Actuator constant torque Tconst [Nm] 0.043 
Actuator weight [g] 20.3 
Gravity constant [m/s2] 9.8 
Air density [kg/m3] 1.2  
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The linear analyses started to deviate visibly from the experiment when the wingtip deflection reached approximately 10% of the 
wingspan, whereas the nonlinear analyses remained coincident with the experiment. 

Fig. 10(a) shows the time history of the fold angle obtained from the simulation at a flow speed of 0 m/s. The fold angle was 0◦ at 
0.120 s. Subsequently, the fold angle does not change owing to the latch. Fig. 10(b) and (c) show that the latch occurred at 0.166 s and 

Fig. 9. Folding wing deployment at a flow speed of 10 m/s. (a) 3D view at 0 s, (b) 3D view at 0.10 s, (c) 3D view at 0.15 s, (d) 3D view at 0.2 s, (e) 
Dynamic motion of wing axis. 
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Fig. 10. Time histories of fold angle obtained from simulation. (a) V = 0 m/s, (b) V = 10 m/s, (c) V = 20 m/s.  

Fig. 11. Time histories of strains obtained from simulation and experiment. (a) V = 0 m/s, (b) V = 10 m/s, (c) V = 20 m/s.  
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0.198 s for flow speeds of 10 m/s and 20 m/s, respectively. This indicates that the deployment slowed as the flow speed increased 
because a higher flow speed increases the aerodynamic force acting in the opposite direction to the deployment. 

Fig. 11 shows the time histories of the strains obtained from the simulations and experiments. The simulation results are in good 
agreement with the experimental results. Fig. 12 shows the relationship between the flow speed and maximum strain, as indicated in 
Fig. 11. The deployment was conducted four times for each flow speed in the experiment. The maximum and minimum values in the 
four trials are illustrated by error bars in Fig. 12. In addition, the average values in the four trials are plotted as black dots. The 
simulation and experimental results are in good agreement. The maximum strain decreased with an increase in flow speed because the 
larger aerodynamic force of the higher flow speed decayed more structural energy. This small strain caused by a larger aerodynamic 
force with a higher flow speed is advantageous from the viewpoint of structural design. However, the slow deployment is disad-
vantageous from the viewpoint of flight design because flight with a deploying wing is difficult to control. The proposed model 
validated in this experiment is useful for compromising structural and flight designs that cannot be conducted directly by the con-
ventional FFRF model because of its lack of considering the geometrical nonlinearity. Although FFRF can describe geometrically 
nonlinear effects [79] by considering higher-order terms in a strain-displacement relationship [80] while retaining a modal reduction 
capability [81,82], the elastic force becomes nonlinear. Our strain-based beam multibody analysis can describe the geometrically 
nonlinear deformation while retaining the linear elastic force. 

6. Conclusions 

A novel singularity-free, tuning-free, and reduced-order strain-based beam formulation for multibody dynamic analysis was pro-
posed using joint parameters. The joint parameters introduced in the recursive geometry representation of the strain-based beam 
formulation address the following three problems with conventional methods:  

(1) The singularity problem (singularity) was addressed by choosing the singularity-free relative rotation angle, direction cosine, 
and Euler parameters as joint parameters to describe the revolute, universal, and ball joints, respectively.  

(2) The second problem (tuning coefficient) was addressed by leveraging simple constraint equations for joint parameters. 
Constraint equations can be easily treated using a general multibody dynamic technique without the tuning coefficient because 
the constraint equations can be written in quadratic nonlinear forms and their Jacobian becomes a simple linear form.  

(3) The third problem (many variables) was addressed by removing the dependent variables in the novel velocity transformation 
process considering the proposed joint parameters. Subsequently, the Lagrange multipliers used to constrain the dependent 
variables are also reduced. The proposed method achieved up to a 97% model-order reduction with respect to the revolute joint. 

We considered the representative revolute, universal, and ball joints using the proposed joint parameters. In the double pendulum 
simulations, the accuracy of the proposed method was verified by comparing it with the conventional singularity-free and tuning-free 
strain-based beam formulations with many variables and the reference value obtained from another geometrically nonlinear beam 
formulation. The proposed method enabled a more stable calculation than the conventional method from the viewpoint of constraint 
satisfaction of the revolute and ball joints because it has fewer dependent variables that needed to be constrained by Lagrange 
multipliers. In the two-body system simulation, the proposed method agreed significantly with the GEBF and finite segment methods. 

Fig. 12. Maximum strain during deployment.  
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The calculation time of the proposed method was 97% lesser than that of the finite segment method when discretization was set to 
obtain visibly converged solutions. Although the convergence performance of the proposed method was found to be inferior to that of 
GEBF, the proposed method enabled the geometrically nonlinear multibody analysis with a constant stiffness matrix. 

Finally, we validated the proposed method by providing new strain sensor data for folding wing deployment in a wind tunnel at the 
Institute of Fluid Science, Tohoku University. The simulated strains were in good agreement with the experimental strains even when 
geometrically nonlinear deformation occurred. The simulation and experimental results revealed that the strain becomes small, 
whereas the deployment slows with an increase in the flow speed; this requires a compromise between the structural and flight designs. 
The proposed method validated in this experiment can be used for designs that cannot be performed by the conventional FFRF model 
that do not consider geometrical nonlinearity. 

Our future work will extend this approach to various joints such as time-dependent, velocity-dependent, and sliding joints. 
Additionally, this approach will be extended to consider shear deformations occurring on thick beam structures. 
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experiments. 

Appendix A. Structural and aerodynamic coupling 

The structural and aerodynamic coupling uses absolute nodal coordinate formulation (ANCF) and unsteady vortex lattice method 
(UVLM). The details of the coupling methodology could be found in our previous work [66]. The generalized aerodynamic force for the 
ANCF beam model was transformed into that for the strain-based beam model by multiplying the velocity transformation matrix, BT, as 
shown in Eq. (9). Appendix A summarizes the coupling methodology [66]. In UVLM, a wing is discretized into n bound vortex panels 
with a circulation, as shown in Fig. A.1. The circulations of all bound vortex panels are summarized as the vector, Γ. The circulation, Γ, 
of the bound vortex panels is an unknown variable that is calculated in UVLM. Furthermore, the wake is discretized into panels shed 
from a trailing edge at each time step. The newly shed wake panels possess the same circulation as the bound vortex panels at the 
trailing edge. Therefore, the circulation of the wake panels is not an unknown variable. By using the shape function S(x, y, z) and the 
nodal coordinate vector, e, of ANCF, an arbitrary point on an ANCF beam element can be written as Eq. (A1) 

r = S(x, y, z)e, (A.1)  

where xyz represents the element coordinate system. This equation enables us to derive the corner and center (collocation) points of 
the bound vortex panels from the structural beam model. The unit vector normal to the panel can be calculated by the gradient vector, 
rz ≡ ∂r /∂z, at the collocation point. 

n(xCP, yCP, zCP) ≡
rz(xCP, yCP, zCP)

‖ rz(xCP, yCP, zCP) ‖
, (A.2)  

where xCP, yCP, and zCP are the collocation point coordinates in the element coordinate system. By using the derived points, the Biot- 
Savart law can be used to calculate the induced velocity (i.e., downwash) at the collocation point. For example, a segment defined by 
two corner points, rVP1 and rVP2, results in the induced velocity at a collocation point, rCP: 

wCP ≡
Γ
4π

(rCP − rVP1) × (rCP − rVP2)

‖ (rCP − rVP1) × (rCP − rVP2) ‖2(rVP2 − rVP1)
T
(

rCP − rVP1

‖ rCP − rVP1 ‖
−

rCP − rVP2

‖ rCP − rVP2 ‖

)

. (A.3) 

Owing to the boundary condition referred to as the non-penetration condition, the sum of the velocity components normal to the 
panel was calculated to be zero as 

AΓ +

⎡

⎢
⎢
⎢
⎢
⎢
⎣

(wCP1 + U + ṙCP1)
Tn(xCP1, yCP1, zCP1)

(wCP2 + U + ṙCP2)
Tn(xCP2, yCP2, zCP2)

⋮

(wCPn + U + ṙCPn)
Tn(xCPn, yCPn, zCPn)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

= 0, (A.4)  

where A is the aerodynamic coefficient matrix calculated using Eqs. (A.2) and (A.3) with the bound vortex effects, U is the free stream 
velocity vector, wCP is the induced velocity calculated using Eq. (A.3) with the wake vortex panel effects, and ṙCP is the velocity of the 
collocation point calculated as ṙCP = S(xCP,yCP,zCP)ė. Once the circulation of the bound vortex panels Γ is calculated, the aerodynamic 
force acting on the bound vortex panels can be calculated using the unsteady Bernoulli equation or Kutta-Joukowski theory. Finally, 
the generalized aerodynamic force vector for the ANCF beam model is transformed to be applied for the strain-based beam model 
through the velocity transformation. 
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