
Asia-Pacific Finan Markets (2013) 20:283–309
DOI 10.1007/s10690-013-9168-1

An Analytical Evaluation Method of the Operational
Risk Using Fast Wavelet Expansion Techniques

Kensuke Ishitani · Kenichi Sato

Published online: 19 May 2013
© Springer Science+Business Media New York 2013

Abstract A financial institution that adopts an advanced measurement approach
(AMA) as a method of computing operational risk capital has to measure 99.9 %
value-at-risk (VaR) as the amount of an operational risk. The most popular method
to satisfy the AMA standards requires the evaluation of aggregate (compound) loss
distribution, which is called the loss distribution approach (LDA). The Monte Carlo
(MC) method is a well known method for calculating VaR under the LDA. How-
ever, when using the MC method to calculate VaR, the statistical error of VaR for the
fat-tailed distribution increases and the computation time increases in proportion to
the expected value of frequency distribution. Since the MC method has these prob-
lems, this paper presents a new methodology to compute VaR under the LDA using fast
wavelet expansion techniques. The key features of our algorithm are follows: (1) Scale
transformation technique for loss distributions, (2) Double exponential transformation
for oscillatory integrals, (3) Finite series expansion of the wavelet scaling coefficients,
(4) Wynn’s epsilon algorithm to accelerate the convergence of those series, (5) Effi-
cient cubic spline interpolation method to calculate the moment generating function.
We illustrate the effectiveness of our algorithms through numerical examples.
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1 Introduction and Model

Operational risk in a financial institution include all the risks arising from events such
as clerical mistakes, system failure, employee fraud, inadequate compliance systems,
and disasters. Under the new Basel Capital Accord by the Bank for International
Settlements (BIS), operational risk is defined as an important risk in calculating a
bank’s capital adequacy along with credit risk and market risk.

In this paper, the advanced measurement approach (AMA), one of the quantitative
methods for measuring operational risk in Basel II, is used. Under the AMA, the
calculated VaR of the probability distribution of aggregate loss over a one-year period
becomes the capital charge for operational risk. The LDA is said to be a common
measurement framework selected by banking institutions that intend to adopt the
AMA.

In order to evaluate the operational risk capital under the LDA, it is necessary to
calculate the distribution of the following aggregate (compound) loss:

L = X1 + · · · + X N , (1.1)

where the frequency N is the number of loss events during a fixed period (for example,
one year), and is a discrete random variable that takes a value in Z+. Further, (Xi )i≥1
is an iid sequence of positive random variables (loss severities) which is independent
of the frequency N , and is denoted the same severity distribution as F(·). Let VaRα(L)

be α-quantile of the aggregate loss distribution L defined by

VaRα(L) = inf{x ∈ R; FL(x) > α}, (1.2)

where FL(·) is the cumulative distribution function of L . Although the determination
of the distribution of the number of loss events, N , (hereinafter referred as “frequency
distribution”) and the distribution of loss amount per event, Xi , (hereinafter referred
to as “severity distribution”) by using bank’s internal and external data are important
issues for the practical use of the LDA, which is discussed by Mori et al. (2007), the
distributions of N and (Xi )i≥1 and their model parameters are assumed to be given
data in the subsequent discussions of this paper.

The Monte Carlo (MC) method is the most popular method for calculating VaR of
the distribution of aggregate loss L at a given confidence level (for example, 99.9 %).
However, when the expected number of loss events, E[N ], is very large, the MC
method takes considerable time to calculate VaR, which is its key drawback. There-
fore, Panjer recursion and Fourier inversion techniques are widely used, and have
been used earlier as a method of evaluating VaR analytically. Both these techniques
have long histories; however, their applications to computing very high quantiles of
aggregate loss distribution functions are only recent developments, and Shevchenko
(2010) summarized these numerical computation methods. These analytical methods
includes the algorithm parameter tunning procedure in order to calculate the VaR with
certain accuracy, and the computation times by using the best algorithm parameters are
listed in Shevchenko (2010). Thus, the computation times of these analytical methods
depend on the selection of severity distribution or frequency etc.
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This paper proposes a new analytical technique, which is different from the above
techniques, and it demonstrates that, by combining scale transformation and wavelet
expansion, this new technique is able to calculate the VaR of aggregate loss L rapidly
and accurately for various severity distributions using a single list of algorithm para-
meters in Table 1. First, using the scale transformation, we obtain robust algorithm
parameters of wavelet expansion. Second, choosing and applying the optimal double
exponential (DE) transformation for our analysis, we can calculate the scale trans-
formed moment generating function rapidly and accurately for various severity distri-
butions. In addition, the computation times of the analytical methods in Shevchenko
(2010) increases as the as the expected number of loss events, E[N ], increases; how-
ever it does not depend on E[N ] with this new technique.

The following provides an overview of this paper. Section 2 introduces methods
for calculating the moment generating function of the aggregate loss L under the
LDA by using a scale transformation technique and a DE transformation. Section 3,
assuming that the calculated result of this moment generating function to be given data,
proposes a fast and highly accurate calculation technique for the VaR using the Wynn’s
epsilon algorithm and an efficient cubic spline interpolation method based on a wavelet
transformation approach. Section 4 verifies the validity of this calculation technique.

2 Moment Generating Function (MGF) of Loss Distributions

In this section, we give precise definitions of random variables and introduce the
moment generating function (MGF) of the total amount of loss L under the loss distri-
bution approach. Let (�,F , P) be a probability space. We assume that X1, X2, . . . are
strictly positive iid random variables and the distribution of X1 has a density function,
fX1(x), which is uniformly continuous. Moreover we assume that N is a non-negative
integer-valued random variable with finite expectation. The moment generating func-
tion of loss amounts per event, Xi (severity), is defined as:

MXi (s) =
∞∫

0

e−sx d F(x) =
∞∫

0

e−sx fX1(x)dx, for i ≥ 1, (2.1)

where s ∈ C satisfies Re(s) ≥ 0. Then, the moment generating function of the com-
pound loss L denoted by ML(·), can be expressed through the probability generating
function of the frequency distribution and moment generating function MXi (·) of the
severity distribution as follows:

ML(s) =
∞∑

k=0

MX1(s)
k P(N = k). (2.2)

Further, if frequency N is distributed from Poisson(λ), then:

ML(s) =
∞∑

k=0

MX1(s)
k e−λλk

k! = exp(λMX1(s) − λ), (2.3)
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Table 1 Algorithm parameters
Scale transformation: c∗ 0.31

DE formula: h 0.001

DE formula: N−
[

3.5
h

]

DE formula: N+
[

1.5
h

]
Interval of bisection search algorithm ĨS = [a, b]
The start point of ĨS a = [0.09×2m ]

2m

The end point of ĨS b = [1.3×2m ]
2m or [5.5×2m ]

2m

Number of iterations for
bisection search

ÑS = 13

Image resolution parameter m = 13

Parallel shift parameter η = 0.0003

Real part of integration path γ = −0.025 × log 10−14

Acceleration index q = 4

Truncation parameter n(ε) = 30

Partition size of [ jπ, ( j + 1)π ] for
a j (x)

N ( j)
T = 100

and if frequency N is distributed from negative binomial distribution NegBin(m, p),
then:

ML(s)=
∞∑

k=0

MX1(s)
k
(

m+k−1

k − 1

)
pm(1 − p)k =

(
p

1 − (1 − p)MX1(s)

)m

. (2.4)

2.1 VaR Closed-Form Approximation

There are several well-known approximations for the compound loss distribution. In
this subsection, we introduce one of the closed-form approximation techniques which
Böcker and Klüppelberg (2005) studied.

If severities, X1, . . . , X N , are independent and identically distributed with the
subexponential (heavy tailed) distribution function F(·) and frequency satisfies:

∞∑
k=0

(1 + ε)k P(N = k) < ∞ (2.5)

for some ε > 0, which is related to a weak regularity condition, then the asymptotic
behavior of VaR of the compound loss, L = ∑N

k=1 Xk , is expressed as follows using
the severity distribution F :

VaRα(L) = F−1
(

1 − 1 − α

E[N ] (1 + o(1))

)
, as α → 1, (2.6)

and we define the approximated VaR (VaRBK
α (L)) by
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VaRBK
α (L) ≡ F−1

(
1 − 1 − α

E[N ]
)

.

It must be noted that many severity distributions (lognormal distribution, general-
ized Pareto distribution, etc.) satisfy the subexponential property and both frequency
distributions Poisson(λ) and NegBin(m, p) satisfy the above assumption (2.5).

Even if the accuracy of approximation (2.6) is not good, the approximated VaR
(VaRBK

α (L)) is certainly useful from the methodological perspective in helping calcu-
late the approximate value of true VaR quickly by using only the severity distribution
F and the expected number of loss events E[N ]. Therefore, the calculation result of
VaRBK

α (L) for α = 0.999 ≈ 1 will be used in the scale transformation technique
introduced below.

2.2 Scale Transformation Technique for Loss Distributions

Based on VaR closed-form approximation by Böcker and Klüppelberg (2005) intro-
duced in Sect. 2.1, a scale transformation technique for aggregate loss L is proposed in
this subsection. Therefore, we assume that the severity distribution is subexponential
and that frequency satisfies condition (2.5). Using the following scale transformation
technique, we can unify the scale of aggregate loss distribution. Therefore, we need
not choose the algorithm parameters, which are listed in Sect. 4, according to the
parameters of severity X1 and frequency N .

For a constant c∗ > 0, a scale transformation constant Sc is defined as:

Sc = c∗
VaRBK

0.999(L)
. (2.7)

It must be noted that the constant c∗ corresponds to the approximated VaR of scaled
aggregate loss, which will be explained later in equation (2.10). Using the constant
Sc, the random variables Xi (i ≥ 1) and L are scale transformed by

X̃i = Sc × Xi (i ≥ 1), L̃ =
N∑

k=1

X̃k . (2.8)

Since

VaRα(L) = S−1
c VaRα(L̃) (2.9)

holds, it is clear that in order to evaluate VaRα(L), we have to calculate only the cumu-
lative distribution FL̃(·) of the scaled random variable L̃ and evaluate VaRα(L̃). It is
also clear that by virtue of the definition of the scale transformation constant Sc in (2.7),

VaRBK
0.999(L̃) = c∗ (2.10)
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holds, and therefore, it must be noted that VaRBK
0.999(L̃) does not depend on the severity

distribution F or the frequency distribution N . Moreover, since the following relational
expressions of

ML̃(s) = ML(Sc × s) and MX̃i
(s) = MXi (Sc × s) (2.11)

hold for the moment generating function, the relational expressions (2.2), (2.3) and
(2.4) also hold for L̃ and X̃1, . . . , X̃ N .

As shown above, since it is clear that the calculation of the moment generating
function of X̃1 is sufficient for evaluating VaRα(L), a numerical integration method for
calculating the moment generating function of X̃1 is introduced in the next subsection.

2.3 The Double Exponential (DE) Formula for Oscillatory Integrals

In the following, we assume that a density function of X1 exists, which is denoted by
fX1(·). In this case, the density function for the scale transformed random variable
X̃1 is obtained by f X̃1

(x) = Sc
−1 fX1(x/Sc), and therefore, the moment generating

function MX̃1
(γ − iθ) (where i = √−1 is the imaginary unit) can be expressed, for

positive real numbers γ, θ > 0, as follows:

MX̃1
(γ − iθ) =

∞∫

0

gγ (x) cos(θx)dx + i

∞∫

0

gγ (x) sin(θx)dx (2.12)

where gγ (x) = e−γ x 1

Sc
fX1

(
x

Sc

)
.

The DE formula developed by Ooura and Mori (1999) is effective for calculating
a Fourier-type integral of a slowly decaying oscillating function such as a real part
Ic(θ) = ∫ ∞

0 gγ (x) cos(θx)dx and an imaginary part Is(θ) = ∫ ∞
0 gγ (x) sin(θx)dx of

the MGF. It must be noted that the DE formula was developed first in Takahashi and
Mori (1974), and the version of Fourier-type integral was constructed in Ooura and
Mori (1993). First, when function φ(·) is defined as

φ(t) = t

1 − exp(−6 sinh t)
, (2.13)

φ(t) is a monotone increasing function that satisfies φ(−∞) = 0 and φ(+∞) = ∞.
We transform the integral of Ic(θ) and Is(θ), by changing the variables x = Mφ(t −

π
2Mθ

) and x = Mφ(t) respectively, in the following manner:

Ic(θ) = M

∞∫

−∞
gγ

(
Mφ

(
t − π

2Mθ

))
cos

(
θ Mφ

(
t − π

2Mθ

))
φ′ (t − π

2Mθ

)
dt,

Is(θ) = M

∞∫

−∞
gγ (Mφ(t)) sin (θ Mφ(t)) φ′(t)dt,
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where M is a positive constant. Moreover, when the partition size h is defined to satisfy
θ Mh = π and the trapezoidal rule is applied to the above integral, Ic(θ) and Is(θ)

can be approximated as follows:

I N
c,h(θ) = Mh

N+∑
j=−N−

gγ

(
Mφ

(
hj − h

2

))
cos

(
π

h
φ

(
hj − h

2

))
φ′(hj − h

2
),

(2.14)

I N
s,h(θ) = Mh

N+∑
j=−N−

gγ (Mφ(hj)) sin
(π

h
φ(hj)

)
φ′(hj). (2.15)

On the other hand, for any δ ∈ (0, 3), φ(·) satisfies

lim
t→−∞ exp(δe−t )φ′(t) = 0, lim

t→∞ exp(δet )

∣∣∣∣φ(t)

t
− 1

∣∣∣∣ = 0. (2.16)

It can be concluded from equation (2.16) that when t → −∞, φ′(t) converges double
exponentially to 0. Additionally, when t → ∞, φ(t)/t converges double exponentially
to 1, and therefore, if hj is large enough, the following approximations

sin
(π

h
φ(hj)

)
≈ sin

(π

h
hj

)
= sin( jπ) = 0, (2.17)

cos

(
π

h
φ

(
hj − h

2

))
≈ cos

(
π

h

(
hj − h

2

))
= cos

(
π j − π

2

)
= 0 (2.18)

also hold. Therefore, we need not calculate the integrand of (2.14) and (2.15) for a
large h| j |.

It must be noted that the another version of (2.13), which is called robust DE
transformation, is found in Ooura and Mori (1999) and Ooura (2005), while the above
argument using (2.13) is based on Mori (2005). Each of the two DE transformations
has strength and weakness that a user should be aware of. Thus, it is also meaningful
to consider robust DE transformation and we will discuss in the Appendices.

3 Wavelet Approximation of Cumulative Distribution Functions (CDF)

Under the assumption that the moment generating function is already calculated by
using the DE formula, in this section, we introduce a new methodology to compute VaR
using fast wavelet expansion techniques, which were introduced by Ishitani (2012).

Under the Vasicek one-factor model of portfolio credit loss, Masdemont and Gracia
(2011) inverted the moment generating function via the wavelet expansion method
proposed by Walter (1994), evaluated the risk of a credit portfolio, and showed accurate
and prompt results for wide range of portfolios at very high loss levels. On the other
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hand, in the case of the Vasicek multi-factor model of portfolio credit loss, we need
a more efficient wavelet expansion method than the previous method proposed by
Masdemont and Gracia (2011). Thus, Ishitani (2012) proposed fast wavelet expansion
techniques by using the convergence acceleration scheme (Wynn’s epsilon algorithm)
and a cubic spline interpolation. Therefore, this paper also uses Ishitani’s (2012) fast
wavelet expansion techniques.

A constant η > 0 is added to L̃ and a random variable K η is defined as K η(ω)

≡ L̃(ω) + η, (ω ∈ �) to satisfy Fm
K η (0) = 0 for m ≥ − log2(η), where Fm

L̃
is the

approximated CDF explained below. In the following, we calculate scaling coefficients
of Haar wavelet and evaluate the VaR of the aggregate loss L . First, we define the
scaling function φ̄ of Haar wavelet as

φ̄(x) =
{

1, if 0 ≤ x < 1,

0, otherwise,

a family of functions {φ̄ j,k(x)}k∈Z as φ̄ j,k(x) = 2
j
2 φ̄(2 j x − k), and an approximated

CDF Fm
K η as

Fm
K η (x) =

∞∑
k=0

cm,k φ̄m,k(x), where cm,k = 2
m
2

(k+1)/2m∫

k/2m

FK η (y)dy.

It must be noted that for each x ∈ Qd ≡ ∪m∈N{k/2m; k ∈ Z} there exists some m0
∈ N satisfying the following:

Fm
K η (x) ≥ Fm+1

K η (x) ≥ FK η (x), (m ≥ m0). (3.1)

We also obtain FK η (x) = limm→∞ Fm
K η (x) for each x ∈ Qd . Since Qd is a dense

subset of [0,∞), the sequence (Fm
K η )m converges in distribution to FK η .

The main idea of Masdemont and Gracia (2011) is to approximate the MGF MK η (·)
by the MGF Mm

K η (·) of the approximated CDF Fm
K η (x), which is proposed by Walter

(1994). As the first step, integration by parts on the integral in Mm
K η (·) yields

MK η (s) ≈ Mm
K η (s) =

∞∫

0

e−sx d Fm
K η (x)

= s

∞∫

0

e−sx Fm
K η (x)dx = (1 − e−s/2m

)Pm(e−s/2m
) (3.2)

for s ∈ D ≡ {s ∈ C; Re(s) ≥ 0} and m ≥ − log2(η), where Pm(z) ≡
2

m
2

∑∞
k=0 cm,k zk . As the second step, the residue theorem and the approximation (3.2)

then give an approximation of the CDF FK η (x) for x > 0:
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FK η (x) ≈ Fm
K η (x) = 2

m
2 cm,k = 1

2π i

∫

Cr

Pm(z)

zk+1 dz

≈ F̂m
K η (x) ≡ 1

2π i

∫

Cr

P̂m(z)

zk+1 dz, (3.3)

where P̂m(z) ≡ ML̃(−2m log z)e2mη log z

1 − z
, Cr ≡ {z ∈ C; |z| = r} (0 < r < 1),

and k ∈ N is chosen such that k/2m ≤ x < (k + 1)/2m holds.

Therefore, by using the change of variables for the integral in (3.3), we have the
following approximation

FK η (x) ≈ F̂m
K η (x) = 1

πrk

π∫

0

Re(P̂m(reiθ )e−ikθ )dθ (3.4)

for x ∈ [k/2m, (k + 1)/2m). It must be noted that the validity of the approximations
in (3.2) and (3.3) will be explained in detail in the Appendices.

3.1 Fast Algorithms for Wavelet Coefficient Calculation

Masdemont and Gracia (2011) approximate the integral of (3.4) using the ordinary
trapezoidal rule. On the other hand, in order to shorten computation time for the calcu-
lation of the integral (3.4), Ishitani (2012) proposed fast wavelet expansion techniques
using Wynn’s epsilon algorithm (see Wynn 1956) and a cubic spline interpolation
which we introduce below.

3.1.1 The Finite Series Expansion and Wynn’s Epsilon Algorithm

Now, we consider a finite series expansion of (3.4) by changing the scale of the variable
θ̂ = kθ .

F̂m
K η (x) =

2m x (m)
k −1∑

j=0

a j (x (m)
k ), for x ∈ [x (m)

k , x (m)
k+1), (3.5)

where a j (x) ≡ eγ x

π2m x

( j+1)π∫

jπ

Re( Î (m)
x (θ̂)e−iθ̂ )d θ̂ ,

Î (m)
x (θ̂) ≡ ML̃(γ − i θ̂

x )e
−η

(
γ−i θ̂

x

)

1 − exp
(− γ

2m

)
exp

(
i θ̂

2m x

) , x (m)
k ≡ k

2m
and γ ≡ −2m log r.
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The purpose of this finite series expansion is to apply the Wynn’s epsilon algorithm
as a method for the acceleration of convergence of a complex valued series. Wynn’s
epsilon algorithm is the following nonlinear recursive scheme:

εn
k+1 = εn+1

k−1 + 1

εn+1
k − εn

k

, (3.6)

εn−1 = 0, εn
0 = Sn,

where Sn is (n + 1)th partial sum of the above series (3.5). For q ∈ N, it is known that
the converted sequence (εn

2q)n converges significantly faster than the original series.
Assuming that S0, S1, . . . , Sn(ε)−1 (n(ε) < k) is given, we can calculate

ε0
2q , ε1

2q , . . . , ε
n(ε)−2q−1
2q

by using the recursive equation (3.6) and approximate F̂m
K η (x) by F̂m,(ε)

K η (x) ≡
ε

n(ε)−2q−1
2q for x ∈ [k/2m, (k + 1)/2m). Therefore, the original CDF FK η (x) can

be approximated as follows:

FK η (x) ≈ F̂m,(ε)
K η (x), for x ∈

[
k

2m
,

k + 1

2m

)
.

It must be noted that, in order to calculate F̂m
K η (x) for x ∈ [k/2m, (k + 1)/2m), we

need to obtain a0(x (m)
k ), . . . ak−1(x (m)

k ) in (3.5), which require to evaluate ML̃(γ − iθ)

for θ ∈ [0, 2mπ). However, in order to calculate F̂m,(ε)
K η (x), we only need to obtain

a0(x (m)
k ), . . . an(ε)−1(x (m)

k ) in (3.5), which require to evaluate ML̃(γ − iθ) for θ ∈
[0, 2mπn(ε)/k). Since 2mπn(ε)/k < 2mπ , the computation time for the integral of
(3.4) can be reduced drastically by using the Wynn’s epsilon algorithm.

3.1.2 A Cubic Spline Interpolation

The moment generating function ML̃(γ − iθ) for θ ∈ [0, 2mπn(ε)/k0) must be cal-

culated to compute the distribution function F̂m,(ε)
K η (x) for each x ≥ k0/2m . In this

subsection, a method that greatly reduces the computation time for calculating the
above ML̃(γ − iθ) by using a cubic spline interpolation is introduced below.

First, we define a set of grid points ξ as

ξ ≡ {0 = ξ0 < ξ1 < · · · < ξNX }, where
2mπn(ε)

k0
< ξNX −1, (3.7)

and evaluate the MGF MX̃1
(γ − iξi ) at this grid points ξ using the DE formulas

(2.12), (2.14) and (2.15) as follows:

MX̃1
(γ − iξi ) ≈ M N

X̃1
(γ − iξi ) ≡ I N

c,h(ξi ) + iI N
s,h(ξi ), for 0 ≤ i ≤ NX . (3.8)
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For each i = 1, . . . , NX − 1, we then find a quadratic function fi (θ) whose graph
{(θ, fi (θ)); θ ≥ 0} contains all three points {(ξ j , M N

X̃1
(γ − iξ j ))}i+1

j=i−1. Thus, we
obtain the following cubic spline interpolation

MX̃1
(γ − iθ) ≈ ξi+1 − θ

ξi+1 − ξi
fi (θ) + θ − ξi

ξi+1 − ξi
fi+1(θ), for θ ∈ [ξi , ξi+1] (i ≥ 1),

MX̃1
(γ − iθ) ≈ f1(θ), for θ ∈ [ξ0, ξ1].

Therefore, we can obtain the MGF {ML̃(γ − iθ); θ ∈ [0, 2mπn(ε)/k0)} and compute

the integral of
∫ ( j+1)π

jπ Re( Î (m)
x (θ̂)e−iθ̂ )d θ̂ , x ≥ k0/2m , j < n(ε), via the trapezoidal

rule with a partition of the interval [ jπ, ( j + 1)π ] into N ( j)
T equal parts.

3.2 Computation of VaR

We use a numerical root-finding algorithm of bisection method to invert the CDF
F̂m,(ε)

K η (·). To use the bisection method, it is necessary to set the interval (a, b), which
includes the objective root. Let α ∈ (0, 1) be a given confidence level. We then find
the start point a = k0/2m and the end point b = k1/2m , which satisfy the following:
F̂m,(ε)

K η (k0/2m) < α < F̂m,(ε)
K η (k1/2m). We then denote by ĨS the interval of this

bisection search algorithm, [a, b] = [k0/2m, k1/2m]. Therefore, there exists an integer
j∗ ∈ [k0, k1 − 1] such that

F̂m,(ε)
K η

(
j∗

2m

)
≤ α < F̂m,(ε)

K η

(
j∗ + 1

2m

)
(3.9)

and VaR is evaluated as follows:

VaRW E
α (L̃) = VaRW E

α (K η) − η ≈ 2 j∗ + 1

2m+1 − η,

VaRW E
α (L) = Sc

−1VaRW E
α (L̃) ≈ Sc

−1
(

2 j∗ + 1

2m+1 − η

)
. (3.10)

4 Numerical Verification Regarding the Effectiveness of Our Method

In this section, we illustrate the performance of our method through examples. All
experiments are performed on a personal computer, Intel(R) Core(TM) 2 Duo CPU
2.99GHz, 3.12GB RAM.

The validity of our analytical evaluation method using fast wavelet expansion (WE)
techniques is compared with the MC method. The MC method is a method that gen-
erates I number of sample paths for frequency N and severities X = (X1, . . . , X N )

in the equation (1.1):
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N1, X (1) = (X (1)
1 , . . . , X (1)

N1
)

· · ·
NI , X (I ) = (X (I )

1 , . . . , X (I )
NI

)

to draw the distribution of the aggregate loss L . Thus, the larger the expected number
of loss events E[N ], the greater the computational load of the MC method, due to
increased generation of sample paths for severities X = (X1, . . . , X N ). For this veri-
fication, the MC method with I (for example I = 500,000 or 10,000,000) number of
sample paths for 10 different random number seeds are used to compute VaR 10 times
and the computed VaR are written as

VaRMC(I )
α [1](L), . . . , VaRMC(I )

α [10](L).

Additionally, the analytically computed VaR using fast wavelet expansion techniques
is written as VaRW E

α (L), the approximated VaR by Böcker and Klüppelberg (2005) is
written as VaRBK

α (L) and the relative errors (RE) of VaR are defined by the following:

REW E
MC (α; I ) ≡ VaRW E

α (L)

V̂aR
MC(I )
α (L)

− 1 and REBK
MC (α; I ) ≡ VaRBK

α (L)

V̂aR
MC(I )
α (L)

− 1,

where V̂aR
MC(I )
α (L) ≡ 1

10
(VaRMC(I )

α [1](L) + · · · + VaRMC(I )
α [10](L)).

(4.1)

We also define the coefficient of variation (relative standard deviation) for the data
{VaRMC(I )

α [k](L)}10
k=1 by

CVMC (α; I ) ≡ σ̂ (VaRMC(I )
α )

V̂aR
MC(I )
α (L)

, (4.2)

where σ̂ (VaRMC(I )
α )2 ≡ 1

10 − 1

10∑
k=1

(
VaRMC(I )

α [k](L) − V̂aR
MC(I )
α (L)

)2

.

For the analytical error estimation of our method, the inequality (3.9) implies that VaR
is expected to lie between Sc

−1{ j∗/2m −η} and Sc
−1{( j∗+1)/2m −η}, as pointed out

in Masdemont and Gracia (2011). Although some analytic formulas for error bounds
are available if we need further analytic error estimation, these are not very useful in
practice because high order derivatives of distribution function are involved, and an
established and satisfactory practice is to use finer algorithm parameters to estimate the
error of the coarse algorithm parameters, as Shevchenko (2010) has also pointed out.

We refer to all other parameters as algorithm parameters, which determine the
performance of our analytical approximation method but do not affect the risk profile
of aggregate loss distributions. These algorithm parameters are listed in Table 1. The
grid points ξ for the evaluation of M N

L̃
(γ − iθ) are set as

ξ ≡ {0.01 × i1}1000
i1=0 ∪ {10 + 0.1 × i2}1000

i2=1 ∪ {110 + 4 × i3}1000
i3=1.
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Table 2 99.9 %VaR
Model λ VaRBK

0.999(L) VaRW E
0.999(L)

LN(0, 2) + Poisson(λ) 0.1 1.049 × 102 1.054 × 102

10 1.700 × 103 1.780 × 103

1,000 1.346 × 104 2.116 × 104

LN(1, 1) + Poisson(λ) 0.1 2.784 × 101 2.845 × 101

10 1.121 × 102 1.720 × 102

1,000 3.153 × 102 5.257 × 103

LN(1, 2) + Poisson(λ) 0.1 2.851 × 102 2.865 × 102

10 4.619 × 103 4.837 × 103

1,000 3.657 × 104 5.752 × 104

LN(1, 3) + Poisson(λ) 0.1 2.919 × 103 2.924 × 103

10 1.905 × 105 1.925 × 105

1,000 4.244 × 106 4.489 × 106

GPD(0.9, 1) + Poisson(λ) 0.1 6.900 × 101 6.931 × 101

10 4.422 × 103 4.481 × 103

1,000 2.791 × 105 2.864 × 105

GPD(1, 1) + Poisson(λ) 0.1 9.900 × 101 9.937 × 101

10 9.999 × 103 1.008 × 104

1,000 1.000 × 106 1.013 × 106

GPD(1.1, 1) + Poisson(λ) 0.1 1.432 × 102 1.436 × 102

10 2.283 × 104 2.297 × 104

1,000 3.619 × 106 3.646 × 106

GPD(2, 2) + Poisson(λ) 0.1 9.999 × 103 1.000 × 104

10 1.000 × 108 1.000 × 108

1,000 1.000 × 1012 1.000 × 1012

Table 3 Computation time (s): to calculate the moment generating function, it takes 1.90 s

Computation time VaRW E
0.999(L)

LN(μ, σ ) + Poisson(λ) 2.03

GPD(ξ, β) + Poisson(λ) 2.03

To calculate the VaR using the bisection search algorithm, it takes 0.13 s

In the following numerical verification, we use lognormal distribution or general-
ized Pareto distribution as severity distribution. A lognormal distribution function is
denoted as L N (μ, σ ), and its probability density function is:

f (x;μ, σ) = 1√
2πσ x

exp

[
− (log x − μ)2

2σ 2

]
, σ > 0, μ ∈ R

for x > 0, where μ is the location parameter and σ is the shape parameter. The gen-
eralized Pareto distribution is denoted as G P D(ξ, β), and its probability density is
given by:
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Table 4 99.9 %VaR

V̂aR
MC(I )
0.999 (L) I

Model λ 500,000 1,000,000 5,000,000 10,000,000

LN(0, 2) + Poisson(λ) 0.1 1.050 × 102 1.055 × 102 1.055 × 102 1.053 × 102

10 1.798 × 103 1.779 × 103 1.781 × 103 1.781 × 103

1,000 2.118 × 104 2.117 × 104 2.119 × 104 2.118 × 104

LN(1, 1) + Poisson(λ) 0.1 2.842 × 101 2.845 × 101 2.848 × 101 2.843 × 101

10 1.718 × 102 1.716 × 102 1.718 × 102 1.719 × 102

1,000 5.257 × 103 5.256 × 103 5.257 × 103 5.257 × 103

LN(1, 2) + Poisson(λ) 0.1 2.855 × 102 2.867 × 102 2.868 × 102 2.862 × 102

10 4.887 × 103 4.837 × 103 4.841 × 103 4.841 × 103

1,000 5.757 × 104 5.753 × 104 5.760 × 104 5.758 × 104

LN(1, 3) + Poisson(λ) 0.1 2.909 × 103 2.924 × 103 2.931 × 103 2.919 × 103

10 1.949 × 105 1.929 × 105 1.928 × 105 1.928 × 105

1,000 4.507 × 106 4.495 × 106 4.504 × 106 4.505 × 106

GPD(0.9, 1) + Poisson(λ) 0.1 6.901 × 101 6.936 × 101 6.943 × 101 6.923 × 101

10 4.548 × 103 4.496 × 103 4.491 × 103 4.488 × 103

1,000 2.892 × 105 2.875 × 105 2.882 × 105 2.880 × 105

GPD(1, 1) + Poisson(λ) 0.1 9.887 × 101 9.941 × 101 9.956 × 101 9.923 × 101

10 1.026 × 104 1.013 × 104 1.011 × 104 1.010 × 104

1,000 1.024 × 106 1.017 × 106 1.020 × 106 1.019 × 106

GPD(1.1, 1) + Poisson(λ) 0.1 1.428 × 102 1.435 × 102 1.439 × 102 1.434 × 102

10 2.338 × 104 2.306 × 104 2.303 × 104 2.302 × 104

1,000 3.686 × 106 3.663 × 106 3.672 × 106 3.670 × 106

GPD(2, 2) + Poisson(λ) 0.1 9.905 × 103 9.999 × 103 1.005 × 104 9.978 × 103

10 1.035 × 108 1.011 × 108 1.006 × 108 1.005 × 108

1,000 1.024 × 1012 1.010 × 1012 1.015 × 1012 1.013 × 1012

Table 5 Computation time (s)

Computation time VaRMC(I )
0.999 [k](L) for some k

Model λ I = 500,000 I = 1,000,000 I = 5,000,000 I = 10,000,000

LN(μ, σ ) + Poisson(λ) 0.1 0.05 0.10 0.53 1.00

10 0.60 1.20 6.07 12.11

1,000 41.62 84.98 422.98 844.62

10,000 416.67 8,361.12

GPD(ξ, β) + Poisson(λ) 0.1 0.06 0.10 0.49 1.01

10 0.64 1.29 6.51 13.05

1,000 45.89 88.43 442.70 888.19

10,000 455.10 8,819.56
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Table 6 The coefficient of variation

Model λ CVMC (0.999; I )

I = 500,000
(%)

I = 1,000,000
(%)

I = 5,000,000
(%)

I = 10,000,000
(%)

LN(0, 2) + Poisson(λ) 0.1 2.2 2.1 1.4 0.6

10 3.2 2.1 0.5 0.4

1,000 0.7 0.6 0.3 0.2

LN(1, 1) + Poisson(λ) 0.1 1.3 1.1 0.7 0.4

10 0.8 0.5 0.2 0.1

1,000 0.1 0.0 0.0 0.0

LN(1, 2) + Poisson(λ) 0.1 2.2 2.1 1.4 0.6

10 3.2 2.1 0.5 0.4

1,000 0.7 0.6 0.3 0.2

LN(1, 3) + Poisson(λ) 0.1 3.3 3.0 2.1 0.9

10 4.4 3.4 0.7 0.6

1,000 2.4 1.9 0.8 0.6

GPD(0.9, 1) + Poisson(λ) 0.1 2.6 2.5 1.7 0.8

10 5.4 4.0 0.9 0.7

1,000 3.9 2.6 1.3 1.0

GPD(1, 1) + Poisson(λ) 0.1 2.9 2.7 1.9 0.8

10 6.0 4.4 1.0 0.7

1,000 4.2 3.0 1.5 1.1

GPD(1.1, 1) + Poisson(λ) 0.1 3.2 3.0 2.0 0.9

10 6.6 4.9 1.0 0.8

1,000 4.7 3.3 1.7 1.2

GPD(2, 2) + Poisson(λ) 0.1 6.0 5.3 3.7 1.6

10 12.4 9.4 1.8 1.5

1,000 8.7 5.8 3.0 2.1

f (x; ξ, β) = 1

β

(
1 + ξ

β
x

)− 1
ξ
−1

, ξ > 0, β > 0

for x ≥ 0, where ξ is the shape parameter and β is the scale parameter. As for frequency
distribution, we use Poisson distribution Poisson(λ) with λ = 0.1, 10, 103, 104.

To use the bisection search algorithm (3.9), the interval ĨS = [a, b], which
includes the objective root, should be determined such that the inequality a <

c∗ × V̂aR
MC(I )
α (L)/VaRBK

α (L) < b holds for some small number of sample paths

I . Thus, we use a high-end starting value as F̂m,(ε)
K η ([1.3 × 2m]/2m) for all the

models except for L N (1, 1) + Poisson(1,000), and as F̂m,(ε)
K η ([5.5 × 2m]/2m) for

the model L N (1, 1) + Poisson(1,000). We also use a low-end starting value as
F̂m,(ε)

K η ([0.09 × 2m]/2m), and number of iterations, ÑS , as 13 times.
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Table 7 The relative error

REW E
MC (0.999; I ) I

Model λ 500,000 (%) 1,000,000 (%) 5,000,000 (%) 10,000,000 (%)

LN(0, 2) + Poisson(λ) 0.1 0.336 −0.065 −0.130 0.104

10 −1.023 0.007 −0.078 −0.089

1,000 −0.075 −0.022 −0.143 −0.107

LN(1, 1) + Poisson(λ) 0.1 0.079 −0.035 −0.122 0.039

10 0.084 0.191 0.092 0.059

1,000 −0.002 0.017 0.000 0.000

LN(1, 2) + Poisson(λ) 0.1 0.336 −0.065 −0.130 0.104

10 −1.023 0.007 −0.078 −0.089

1,000 −0.075 −0.022 −0.143 −0.107

LN(1, 3) + Poisson(λ) 0.1 0.534 0.000 −0.239 0.167

10 −1.232 −0.204 −0.161 −0.136

1,000 −0.401 −0.147 −0.334 −0.369

GPD(0.9, 1) + Poisson(λ) 0.1 0.431 −0.080 −0.179 0.109

10 −1.473 −0.346 −0.234 −0.161

1,000 −0.969 −0.380 −0.630 −0.558

GPD(1, 1) + Poisson(λ) 0.1 0.511 −0.044 −0.194 0.140

10 −1.717 −0.416 −0.247 −0.190

1,000 −1.013 −0.420 −0.632 −0.566

GPD(1.1, 1) + Poisson(λ) 0.1 0.577 0.061 −0.224 0.148

10 −1.767 −0.408 −0.276 −0.228

1,000 −1.099 −0.481 −0.729 −0.672

GPD(2, 2) + Poisson(λ) 0.1 0.973 0.018 −0.451 0.232

10 −3.360 −1.094 −0.609 −0.484

1,000 −2.347 −0.971 −1.474 −1.250

First, we consider Poisson distribution Poisson(λ)withλ = 0.1, 10, 103. The mea-
surement results of VaRBK

0.999(L) and VaRW E
0.999(L) are shown in Table 2. The measure-

ment results of V̂aR
MC(I )
0.999 (L) with I = 500,000, 1,000,000, 5,000,000 and 10,000,000

are shown in Table 4, and we also provide the relative errors REW E
MC (0.999; I ) in

Table 7, REBK
MC (0.999; I ) in Table 8, and the line graphs of {|REW E

MC (0.999; I )|}I

and {|REBK
MC (0.999; I )|}I in Fig. 1. We can confirm the trend that the absolute value

of the relative error REW E
MC (0.999; I ) decreases when the number of sample paths

I is increased from 500,000. On the other hand, we can not confirm such a trend
for the relative error REBK

MC (0.999; I ). However, it must be noted that we can con-
firm the same trend for the relative error REBK

MC (0.999; I ) as for severity G P D(2, 2).
Further, as reference information, the coefficient of variations CVMC (0.999; I ) is
shown in Table 6. We can also confirm the trend that absolute value of the relative
error REW E

MC (0.999; I ) decreases when the coefficient of variation CVMC (0.999; I )
is significantly small. Therefore, we can expect that the absolute value of the
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Table 8 The relative error

REBK
MC (0.999; I ) I

Model λ 500,000 (%) 1,000,000 (%) 5,000,000 (%) 10,000,000 (%)

LN(0, 2) + Poisson(λ) 0.1 −0.156 −0.556 −0.620 −0.388

10 −5.458 −4.474 −4.556 −4.566

1,000 −36.450 −36.416 −36.493 −36.470

LN(1, 1) + Poisson(λ) 0.1 −2.062 −2.174 −2.259 −2.102

10 −34.780 −34.710 −34.775 −34.796

1,000 −94.003 −94.001 −94.002 −94.002

LN(1, 2) + Poisson(λ) 0.1 −0.156 −0.556 −0.620 −0.388

10 −5.472 −4.488 −4.570 −4.580

1,000 −36.481 −36.447 −36.524 −36.501

LN(1, 3) + Poisson(λ) 0.1 0.355 −0.178 −0.417 −0.011

10 −2.269 −1.252 −1.209 −1.185

1,000 −5.834 −5.594 −5.771 −5.804

GPD(0.9, 1) + Poisson(λ) 0.1 −0.023 −0.531 −0.630 −0.343

10 −2.756 −1.645 −1.533 −1.462

1,000 −3.497 −2.923 −3.167 −3.096

GPD(1, 1) + Poisson(λ) 0.1 0.135 −0.417 −0.567 −0.234

10 −2.543 −1.253 −1.085 −1.028

1,000 −2.303 −1.717 −1.926 −1.861

GPD(1.1, 1) + Poisson(λ) 0.1 0.280 −0.234 −0.519 −0.148

10 −2.325 −0.974 −0.843 −0.795

1,000 −1.815 −1.202 −1.448 −1.391

GPD(2, 2) + Poisson(λ) 0.1 0.953 −0.002 −0.472 0.212

10 −3.380 −1.114 −0.629 −0.505

1,000 −2.367 −0.991 −1.494 −1.271

relative error REW E
MC (0.999; I ) decreases if the number of sample paths I for the

MC method is enlarged enough. However, as shown in Table 6, coefficient of vari-
ations, CVMC (0.999, 10, 000, 000), for severity G P D(2, 2) are greater than 1.5 %.
Therefore, the accuracy of the MC method in Table 4 is likely to be low in calculating
99.9 %VaR for fat tailed distribution particularly, and further calculations with larger
I are needed. We then consider the case with I = 25,000,000 and 50,000,000. Since
the calculation time for the MC method is not tolerable for large λ when the number
of sample path I is very large, we only consider Poisson distribution Poisson(λ)

with λ = 0.1, 10. The measurement results of V̂aR
MC(I )
0.999 (L) and CVMC (0.999; I )

are shown in Table 9, and the relative errors are shown in Table 10. Since the coeffi-
cients of variation CVMC (0.999; 50, 000, 000) for all the severities except GPD(2,2)
are smaller than 0.6 % and CVMC (0.999; 50, 000, 000) for severity GPD(2,2) is equal
to 1.0 %, we then regard that the MC method is sufficiently accurate by using the
number of sample paths I = 50,000,000. We can also confirm that absolute values
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Fig. 1 Top the measurement results of {|REW E
MC (0.999; I )|}I in Table 7. Bottom the measurement results

of {|REBK
MC (0.999; I )|}I in Table 8

of REW E
MC (0.999; 50, 000, 000) for all the severities except GPD(2,2) are smaller than

0.263 %, and the absolute value of REW E
MC (0.999; 50, 000, 000) for severity GPD(2,2)

is equal to 0.501 %.
Next, as reference results, we consider Poisson distribution Poisson(λ) with

λ = 104. Since λ is very large and the vast amount of calculation time for the MC
method is required, which are shown in Table 5, we only consider severities L N (0, 2),

L N (1, 3), G P D(1, 1) and G P D(2, 2), and calculate V̂aR
MC(I )
0.999 (L) with I = 500,000

and 10,000,000. The measurement results of VaRBK
0.999(L) and VaRW E

0.999(L) are shown

in Table 12. The measurement results of V̂aR
MC(I )
0.999 (L) and CVMC (0.999; I ) are shown

in Table 13, and the relative errors are shown in Table 14. As for severity G P D(2, 2),
we can confirm that the relative error REW E

MC (0.999; I ) is small (= 0.411 %), but the
coefficient of variation CVMC (0.999; I ) is large (= 1.7 %). On the other hand, as for
severities L N (0, 2), L N (1, 3) and G P D(1, 1), we can confirm that all the coefficients
of variation CVMC (0.999; I ) with I = 10,000,000 are not greater than 0.8 % and that
the absolute values of the relative error REW E

MC (0.999; I ) are smaller than 0.170 %.
The scatter diagram of CVMC (0.999; I ) and absolute values of the relative error

(|REW E
MC (0.999; I )|) for all the measurement results is shown in Fig. 2. The measure-

ment results of {VaRMC(I )
0.999 [k](L)}10

k=1 and VaRW E
0.999(L) are also shown in Fig. 3.
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Table 9 99.9 %V a R and the coefficient of variation

Model λ V̂aR
MC(I )
0.999 (L) CVMC (0.999; I )

I = 25,000,000 I = 50,000,000 I = 25,000,000
(%)

I = 50,000,000
(%)

LN(0, 2) + Poisson(λ) 0.1 1.053 × 102 1.054 × 102 0.5 0.4

10 1.782 × 103 1.781 × 103 0.4 0.3

LN(1, 1) + Poisson(λ) 0.1 2.843 × 101 2.845 × 101 0.2 0.1

10 1.719 × 102 1.719 × 102 0.1 0.1

LN(1, 2) + Poisson(λ) 0.1 2.862 × 102 2.865 × 102 0.5 0.4

10 4.843 × 103 4.841 × 103 0.4 0.3

LN(1, 3) + Poisson(λ) 0.1 2.920 × 103 2.924 × 103 0.8 0.6

10 1.929 × 105 1.928 × 105 0.6 0.4

GPD(0.9, 1) + Poisson(λ) 0.1 6.923 × 101 6.931 × 101 0.6 0.5

10 4.493 × 103 4.490 × 103 0.6 0.5

GPD(1, 1) + Poisson(λ) 0.1 9.925 × 101 9.937 × 101 0.7 0.5

10 1.012 × 104 1.011 × 104 0.7 0.5

GPD(1.1, 1) + Poisson(λ) 0.1 1.434 × 102 1.436 × 102 0.8 0.6

10 2.305 × 104 2.303 × 104 0.8 0.6

GPD(2, 2) + Poisson(λ) 0.1 9.978 × 103 1.000 × 104 1.4 1.0

10 1.007 × 108 1.005 × 108 1.4 1.0

Based on the above measurement results, we can expect that our method using fast
wavelet expansion provides accurate VaR measurement results. As for computation
times, the measurement results are shown in Tables 3, 5 and 11, and it can be concluded
that the computation time increases almost proportionally to the parameter λ with the
MC method; however, it does not depend on λ with the method using fast wavelet

expansion. Additionally, note that computing V̂aR
MC(I )
0.999 (L) takes 10 times the time

required to compute VaRMC(I )
0.999 [k](L). Therefore, if we have to use V̂aR

MC(I )
0.999 (L) with

small CVMC (0.999; I ) (for example CVMC (0.999; I ) < 0.5 %) as the 99.9 %VaR
measurement result of the MC method, we can expect that our method using fast
wavelet expansion is able to calculate VaR more rapidly than the MC method when the
shape parameter of severity distribution become large or the expected number of loss
events E[N ] is large. In addition, it must also be noted that closed-form approximation
method by Böcker and Klüppelberg (2005) may be able to calculate VaR accurately
and rapidly when the shape parameter is very large like G P D(2, 2).

5 Conclusion and Discussions

We examined the fast wavelet expansion techniques for evaluating the operational risk
under the loss distribution approach, and demonstrated that our method can calculate
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Table 10 The relative error

Model λ REBK
MC (0.999; I ) REW E

MC (0.999; I )

I = 25,000,000
(%)

I = 50,000,000
(%)

I = 25,000,000
(%)

I = 50,000,000
(%)

LN(0, 2) + Poisson(λ) 0.1 −0.389 −0.486 0.103 0.005

10 −4.603 −4.568 −0.128 −0.092

LN(1, 1) + Poisson(λ) 0.1 −2.098 −2.143 0.042 −0.003

10 −34.830 −34.826 0.007 0.013

LN(1, 2) + Poisson(λ) 0.1 −0.389 −0.486 0.103 0.005

10 −4.618 −4.583 −0.128 −0.092

LN(1, 3) + Poisson(λ) 0.1 −0.043 −0.174 0.136 0.004

10 −1.267 −1.219 −0.219 −0.171

GPD(0.9, 1) + Poisson(λ) 0.1 −0.336 −0.452 0.116 0.000

10 −1.571 −1.503 −0.271 −0.203

GPD(1, 1) + Poisson(λ) 0.1 −0.256 −0.374 0.118 0.000

10 −1.160 −1.068 −0.322 −0.229

GPD(1.1, 1) + Poisson(λ) 0.1 −0.173 −0.290 0.122 0.005

10 −0.919 −0.830 −0.352 −0.263

GPD(2, 2) + Poisson(λ) 0.1 0.208 −0.021 0.228 0.000

10 −0.692 −0.522 −0.671 −0.501

Table 11 Computation time (s)
Computation time VaRMC(I )

0.999 [k](L) for some k

Model λ I = 25,000,000 I = 50,000,000

LN(μ, σ ) + Poisson(λ) 0.1 2.48 4.98

10 30.35 61.39

GPD(ξ, β) + Poisson(λ) 0.1 2.48 4.98

10 32.87 66.18

Table 12 99.9 %V a R
Model (λ = 10,000) VaRBK

0.999(L) VaRW E
0.999(L)

LN(0, 2) + Poisson(λ) 3.284 × 104 1.084 × 105

LN(1, 3) + Poisson(λ) 1.618 × 107 1.865 × 107

GPD(1, 1) + Poisson(λ) 1.000 × 107 1.015 × 107

GPD(2, 2) + Poisson(λ) 1.000 × 1014 1.000 × 1014

VaR accurately. We also demonstrated that our method can calculate VaR more rapidly
than the MC method when the shape parameter of severity distribution or the expected
number of loss events, E[N ], is large.

In this paper, we only consider the case where the severities and the frequency
are mutually independent. However, it is also important to consider the dependence
between the severities and the frequency. This point is problematic for our method
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Table 13 99.9 %V a R and the coefficient of variation

Model (λ= 10,000) V̂aR
MC(I )
0.999 (L) CVMC (0.999; I )

I = 500,000 I = 10,000,000 I = 500,000
(%)

I =10,000,000
(%)

LN(0, 2) + Poisson(λ) 1.086 × 105 1.083 × 105 0.5 0.1

LN(1, 3) + Poisson(λ) 1.873 × 107 1.864 × 107 2.2 0.4

GPD(1, 1) + Poisson(λ) 1.027 × 107 1.013 × 107 4.8 0.8

GPD(2, 2) + Poisson(λ) 1.043 × 1014 9.961 × 1013 9.4 1.7

Table 14 The relative error

Relative error REBK
MC (0.999; I ) REW E

MC (0.999; I )

Model (λ= 10,000) I = 500,000
(%)

I = 10,000,000
(%)

I = 500,000
(%)

I = 10,000,000
(%)

LN(0, 2) + Poisson(λ) −69.748 −69.686 −0.171 0.034

LN(1, 3) + Poisson(λ) −13.641 −13.204 −0.432 0.071

GPD(1, 1) + Poisson(λ) −2.628 −1.326 −1.151 0.170

GPD(2, 2) + Poisson(λ) −4.132 0.390 −4.112 0.411

using fast wavelet expansion techniques, because the scale transformation technique
and the DE formula for the MGF computation do not work as effectively for the
dependent case, and will therefore be the subject for future study.
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6 Appendix

6.1 The Validity of the Approximations in (3.2) and (3.3)

In Sect. 2, we assumed that the distribution of X1 has a uniformly continuous density
function, fX1(x), which implies that fX1(x) is bounded function. Then, the distribution
of X̃1 also has a bounded uniformly continuous density function, f X̃1

(x), and we obtain
the following:

sup
x∈R

f X̃1
(x) = M̃∞ ≡ M∞

Sc
= M∞ × VaRBK

0.999(L)

c∗
,

where M∞ ≡ sup
x∈R

fX1(x) < ∞.

Note that the distribution of L̃ = ∑N
k=1 X̃k has a density function, f L̃(x), that is

defined by
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Fig. 2 We plot the data of Tables 6, 7, 9, 10, 13 and 14 in a scatter plot, assigning “coeffi-
cient of variation(CVMC (0.999; I ))” to the horizontal axis, and “absolute value of the relative error
(|REW E

MC (0.999; I )|)” to the vertical axis

Fig. 3 The measurement results of {VaRMC(I )
0.999 [k](L)}10

k=1 and VaRW E
0.999(L) for “LN(0,2)+Poisson

(10000)” and “GPD(2,2)+Poisson(1000)”
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f L̃(x) =
∞∑

k=1

f X̃1+···+X̃k
(x)P(N = k),

where f X̃1+···+X̃k
is the density function of the random variable X̃1 + · · · + X̃k . Since

X̃1, X̃2, . . . are iid random variable, the following inequality holds for the density
function, f X̃1+X̃2

.

sup
x∈R

f X̃1+X̃2
(x) = sup

x∈R

x∫

0

f X̃1
(x − y) f X̃1

(y)dy ≤ M̃∞ sup
x∈R

x∫

0

f X̃1
(y)dy = M̃∞.

Using the inductive equation f X̃1+···+X̃k
(x) = ∫ x

0 f X̃1+···+X̃k−1
(x − y) f X̃1

(y)dy, the

inequality supx∈R f X̃1+···+X̃k
(x) ≤ M̃∞ also holds. Thus, we obtain supx∈R f L̃(x) ≤

M̃∞ and supx∈R fK η (x) ≤ M̃∞, where fK η is the density function of the random
variable K η. Therefore, the following inequality holds.

|FK η (x) − FK η (y)| ≤ M̃∞|x − y|, for x, y ∈ R. (6.1)

Further, using the above inequality (6.1), we give the following estimate.

sup
x∈R

∣∣FK η (x) − Fm
K η (x)

∣∣ ≤ M̃∞
2m

, for m ∈ N. (6.2)

The above inequality (6.2) implies that (Fm
K η )m converges uniformly to FK η on R.

For the moment generating fucntion Mm
K η (s), we have

Mm
K η (s) =

∞∑
k=0

(e−s)
k

2m 2m

⎧⎪⎪⎨
⎪⎪⎩

k+1
2m∫

k
2m

FK η (y)dy −
k

2m∫

k−1
2m

FK η (y)dy

⎫⎪⎪⎬
⎪⎪⎭

=
∞∑

k=0

(e−s)
k

2m

k+1
2m∫

k
2m

⎧⎪⎪⎨
⎪⎪⎩

2m

y∫

y− 1
2m

fK η (z)dz

⎫⎪⎪⎬
⎪⎪⎭

dy. (6.3)

Now, using the equation (6.3), we obtain the following estimate of the moment gen-
erating functions.

|MK η (s) − Mm
K η (s)|

≤
∞∑

k=0

(e−s1)
k

2m

k+1
2m∫

k
2m

∣∣∣∣∣∣∣∣
2m

y∫

y− 1
2m

fK η (z)dz − fK η (y)

∣∣∣∣∣∣∣∣
dy
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+
∞∑

k=0

k+1
2m∫

k
2m

|e−s k
2m − e−sy | fK η (y)dy

≤ εm( fK η )

2m(1 − exp(− s1
2m ))

+ 8|s|
2m exp(− s1

2m )

∞∫

0

e−s1z fK η (z)dz, (6.4)

where s = s1 + is2 (s1, s2 ∈ R) and εm( fK η ) ≡ sup|y−z|≤ 1
2m

| fK η (y) − fK η (z)|.
Then, for any constant Ñ > 0, (6.4) yields

lim
m→∞ sup

Re(s)≥0
|s|≤Ñ

|MK η (s) − Mm
K η (s)| = 0,

which implies the validity of the approximation in (3.2).
Note that we can also apply the finite series expansion of Fm

K η , that is similar to
equation (3.5), and apply the Wynn’s epsilon algorithm to approximate Fm

K η (x) by

Fm,(ε)
K η (x). Then, we consider the following estimate to explain the validity of the

approximation in (3.3).

m(x) ≡ eγ x

πx

n(ε)−1∑
j=0

( j+1)π∫

jπ

|MK η (γ − i θ̂
x ) − Mm

K η (γ − i θ̂
x )|

2m |1 − exp(− γ
2m ) exp(i θ̂

2m x )|
d θ̂

≤ eγ x Dm(γ )εm( fK η )

πxγ

n(ε)−1∑
j=0

( j+1)π∫

jπ

Cm(θ̂)

|γ − i θ̂
x |

d θ̂

+8 exp(γ x + γ
2m )

πx2m

∞∫

0

e−γ z fK η (z)dz
n(ε)−1∑

j=0

( j+1)π∫

jπ

Cm(θ̂)d θ̂ , (6.5)

where Cm(θ̂) ≡ |γ − iθ̂/x |/{2m |1 − exp(−γ /2m) exp(iθ̂/(2m x))|} and Dm(γ ) ≡
γ /{2m(1−exp(−γ /2m))}. Therefore, limm→∞ m(x) = 0 and limm→∞ |F̂m,(ε)

K η (x)−
Fm,(ε)

K η (x)| = 0 hold for x > 0.

6.2 The Choice of the Optimal DE Formula for Our Analysis

As we have already mentioned in subsection (2.3), another version of (2.13), which
is called robust DE transformation, is found in Ooura and Mori (1999) and Ooura
(2005). Although each of the two DE transformations are effective for calculating a
Fourier-type integral in general, a user should be aware of the strength and weakness
of both transformations, which is explained below.
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Fig. 4 For DE transformations of (2.13)(=“DE”) and (6.6)(=“robustDE”), the graph of φ(·) is illustrated
in the left figure, and the graph of φ′(·) is also illustrated in the right figure, where the parameters of (6.6)
are given by θ = 0.01, h = 0.001, α = 0.000444419 and β = 0.25

The robust DE transformation φ(·) is defined by

φ(t) = t

1 − exp(−2t − α(1 − e−t ) − β(et − 1))
, (6.6)

where α = β/
√

1 + M log(1 + M)/(4π), β = 1

4
,

where M , α and β are positive constants. φ(t) is a monotone increasing function that
satisfies φ(−∞) = 0, φ(+∞) = ∞,

lim
t→−∞ exp(δ1e−t )φ′(t) = 0, and lim

t→∞ exp(δ2et )

∣∣∣∣φ(t)

t
− 1

∣∣∣∣ = 0, (6.7)

for any δ1 ∈ (0, α) and δ2 ∈ (0, β). We transform the integral of Ic(θ) =∫ ∞
0 gγ (x) cos(θx)dx and Is(θ) = ∫ ∞

0 gγ (x) sin(θx)dx by changing the variables
x = Mφ(t − π

2Mθ
) and x = Mφ(t), respectively. Then, we can obtain the same

approximation formula as (2.14) and (2.15), applying the trapezoidal rule with mesh
size h and assuming that M satisfies θ Mh = π .

The graphs of φ(·) and φ′(·) for DE transformations of (2.13) and (6.6) are illus-
trated in Fig. 4. Note that the parameter α of the robust DE formula is small as compared
with β = 0.25. On the other hand, the integrand of our analysis is given by gγ (x) =
e−γ x fX1 (x/Sc) /Sc, where the scale transformation constant Sc = c∗×VaRBK

0.999(L)−1

is small in general. Thus, two meshes generated from {Mφ(hj − h/2)} j=0
j=−N− and

{Mφ(hj)} j=0
j=−N− should be fine enough. Therefore, although the robust DE trans-

formation (6.6) is useful for a slowly decaying function, we need to choose the DE
transformation of (2.13) in this paper.

6.3 The Setting of Algorithm Parameter N ( j)
T

In order to calculate the VaR with certain accuracy, the partition size of [ jπ, ( j +1)π ]
for a j (x), N ( j)

T , should be set sufficiently large. Therefore, we choose the algorithm
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Table 15 All the algorithm
parameters other than m are the
same values in Table 1

VaRW E
0.999(L)

L N (0, 2) +
Poisson(λ)

m = m0 − 1 m = m0 m = m0 + 1

λ = 0.1 1.0542 × 102 1.0540 × 102 1.0539 × 102

λ = 10 1.7794 × 103 1.7797 × 103 1.7799 × 103

λ = 1,000 2.1161 × 104 2.1158 × 104 2.1165 × 104

λ = 10,000 1.0838 × 105 1.0836 × 105 1.0836 × 105

Table 16 All the algorithm
parameters other than γ are the
same values in Table 1

VaRW E
0.999(L)

L N (0, 2) +
Poisson(λ)

γ = 0.9 × γ0 γ = γ0 γ = 1.1 × γ0

λ = 0.1 1.0540 × 102 1.0540 × 102 1.0540 × 102

λ = 10 1.7797 × 103 1.7797 × 103 1.7797 × 103

λ = 1,000 2.1158 × 104 2.1158 × 104 2.1158 × 104

λ = 10,000 1.0836 × 105 1.0836 × 105 1.0836 × 105

Table 17 All the algorithm
parameters other than c∗ are the
same values in Table 1

VaRW E
0.999(L)

L N (0, 2) +
Poisson(λ)

c∗ = 0.9 × c∗,0 c∗ = c∗,0 c∗ = 1.1 × c∗,0

λ = 0.1 1.0537 × 102 1.0540 × 102 1.0539 × 102

λ = 10 1.7797 × 103 1.7797 × 103 1.7797 × 103

λ = 1,000 2.1149 × 104 2.1158 × 104 2.1147 × 104

λ = 10,000 1.0837 × 105 1.0836 × 105 1.0836 × 105

parameter N ( j)
T = 100 in Sect. 4, and confirmed that we can calculate the VaR accu-

rately by using N ( j)
T = 100. In addition, we also confirmed that, when we choose

N ( j)
T = 3, 000 or N ( j)

T = 190,000, the VaR measurement results in Sect. 4 do not
change at all.

6.4 The Robustness of Algorithm Parameters

In Sect. 4, we choose the algorithm parameters m = m0 ≡ 13, γ = γ0 ≡ −0.025 ×
log 10−14, c∗ = c∗,0 ≡ 0.31, q = q0 ≡ 4 and n(ε) = n0(ε) ≡ 30. In the following,
we consider the model L N (0, 2) + Poisson(λ). Tables 15, 16, 17, 18 and 19 explain
the robustness of m, γ , c∗, q and n(ε), respectively.
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Table 18 All the algorithm
parameters other than q are the
same values in Table 1

VaRW E
0.999(L)

L N (0, 2) +
Poisson(λ)

q = q0 q = q0 + 2 q = q0 + 4

λ = 0.1 1.0540 × 102 1.0540 × 102 1.0540 × 102

λ = 10 1.7797 × 103 1.7797 × 103 1.7797 × 103

λ = 1,000 2.1158 × 104 2.1158 × 104 2.1158 × 104

λ = 10,000 1.0836 × 105 1.0836 × 105 1.0836 × 105

Table 19 All the algorithm
parameters other than n(ε) are
the same values in Table 1

VaRW E
0.999(L)

L N (0, 2)+
Poisson(λ)

n(ε) = n0(ε) − 10 n(ε) = n0(ε) n(ε) = n0(ε) + 10

λ = 0.1 1.0540 × 102 1.0540 × 102 1.0540 × 102

λ = 10 1.7797 × 103 1.7797 × 103 1.7797 × 103

λ = 1,000 2.1158 × 104 2.1158 × 104 2.1158 × 104

λ = 10,000 1.0835 × 105 1.0836 × 105 1.0835 × 105
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