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Abstract

Reichenbach defined a common cause which explains a correlation between two events if either
one does not cause the other. Its intuitive idea is that the statistical ensemble can be divided into
two disjoint parts so that the correlation disappears in both of the resulting subensembles if there
is no causal connection between these correlated events. These subensembles can be regarded as
common causes. Hofer-Szabó and Rédei (2004) generalized a Reichenbachian common cause, and
called it a Reichenbachian common cause system. In the case of Reichenbachian common cause
systems the statistical ensemble is divided more than two, while it is divided into two parts in the
case of Reichenbachian common causes. The number of these subensembles is called the size of
this system. In the present paper, we examine Reichenbachian common cause systems in general
probability theories which include classical probability theories and quantum probability theories. It
is shown that there is no Reichenbachian common cause system for any correlation between two events
which are not logical independent, and that a general probability theory which is represented by an
atomless orthomodular lattice with a faithful σ-additive probability measure contains Reichenbachian
common cause systems of size 3 for any correlation between two compatible and logical independent
events. Moreover, we discuss a relation between Bell’s inequality and Reichenbachian common cause
systems, and point out that this violation of Bell’s inequality can be compatible with a Reichenbachian
common cause system although it contradicts a ‘common’ common cause system.

1 Introduction

Reichenbach (1956) defined a common cause which explain correlations between two events if either one
does not cause the other. Its intuitive idea is that the statistical ensemble can be divided into two disjoint
parts so that the correlation disappears in both of the resulting subensembles. These subensembles are
regarded as common causes. Reichenbachain common cause principle states that a correlation between
two events is either due to a direct causal link between the correlated events, or there is a Reichenbachian
common cause that explains the correlation.

Gyenis and Rédei (2004) introduced the notion of common cause closedness, which means that there
always exists a Reichenbachian common cause for any correlation between two events if either one does
not cause the other. In a common cause closed probability measure, Reichenbachian common cause
principle holds. When a probability measure space is not common cause closed, there are two strategies
to save this principle. One strategies is to think that such a probability measure space is not rich enough
to contain a common cause, and it can be embedded into a larger one which contains a common cause
of the correlation. Such a larger probability space is called common cause complete (Hofer-Szabó et al.,
2013, Chapter 3).

Another strategy is to suspect that the correlation is not due to two subensembles but the result
of more than two subensembles. To formulate the latter idea, Hofer-Szabó and Rédei (2004, 2006)
generalized a Reichenbachian common cause, and called it a Reichenbachian common cause system.
The statistical ensemble is divided more than two in the case of Reichenbachian common cause systems
while it is divided into two parts in the case of Reichenbachian common causes. The number of these
subensembles is called the size of this system. A corresponding notion of common cause closedness can be
introduced; a probability measure space is called causally n-closed if it contains Reichenbachian common
cause systems whose subensembles are n for any correlation between two causally independent events.

Common causes closedness can be defined in quantum probability theories as well as classical probabil-
ity theories (Gyenis and Rédei, 2014; Kitajima and Rédei, 2015). By a quantum probability theories are
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meant orthomodular lattices of projections of a noncommutative von Neumann algebra with σ-additive
probability measure on this lattice. Kitajima and Rédei (2015) characterized common cause closedness
of quantum probability theories. According to this result, a quantum probability space is common cause
closed if and only if it has at most one measure theoretic atom.

The notion of Reichenbachian common cause systems also can be formulated in quantum probability
theories as well as common cause closedness, and a more general notion of causal n-closedness of quantum
probability theories can be defined naturally. Recently Wroński and Marczyk (2014, Section 6) examine
causal n-closedness in an orthomodular lattice which has atoms.

Reichenbachian common cause systems are defined for the correlation between two events if either
one does not cause the other. So it is important whether a causal connection between the two events
exists or not. In orthomodular lattices, no causal connection is represented by logical independence
(Rédei, 1995a,b, 1998). In the present paper, we examine Reichenbachian common cause systems in
orthomodular lattices. Concretely speaking, the following two problems are investigated:

• Is logical independence necessary for the existence of a Reichenbachian common cause system?

• Is there a general probability theory which is causal n-closed for some natural number n?

It is shown that there is no Reichenbachian common cause system for any correlation between two
events if they are not logical independent (Theorem 10), and that a general probability theory which is
represented by an atomless orthomodular lattice with a faithful σ-additive probability measure contains
Reichenbachian common cause systems of size 3 for any correlation between two causally independent
events (Theorem 12). In other words, any correlation in this probability theory can be explained by a
Reichenbachian common cause system of size 3.

A reason why an atomless orthomodular lattice is examined is that it can be applied to algebraic
quantum field theory (AQFT). AQFT predicts many states which violate Bell’s inequality between two
events associated with space-like separated spacetime regions in Minkowski spacetime (Halvorson and
Clifton, 2000; Kitajima, 2013; Landau, 1987; Summers and Werner, 1987a,b,c, 1988). Does the existence
of a Reichenbachian common cause system contradict this violation of Bell’s inequality? Bell’s inequality
holds if it is assumed that there is a local hidden variable. This local hidden variable can be regarded as
a ‘common’ common cause. Thus, no ‘common’ common cause exists if Bell’s inequality does not hold.
Because a Reichbachian common cause is different from ‘common’ common cause, it can be compatible
with the violation of Bell’s inequality (Rédei, 1997; Hofer-Szabó et al., 1999; Rédei and Summers, 2002).
After Corollary 13, we discuss a relation between Bell’s inequality and Reichenbachian common cause
systems, and point out that this violation of Bell’s inequality can be compatible with a Reichenbachian
common cause system although it contradicts a ‘common’ common cause system.

2 Reichenbachian common cause systems

An orthocomplemented lattice L with lattice operations ∨, ∧, and orthocomplementation ⊥ is called
orthomodular if, for any A,B ∈ L such that A ≤ B,

B = A ∨ (A⊥ ∧B). (1)

Throughout the paper L denotes an orthomodular lattice. An example of orthomodular lattices L is a
Boolean algebra, which is distributive, i.e. if for any A,B,C ∈ L

A ∨ (B ∧ C) = (A ∨B) ∧ (A ∨ C).

Other examples of orthomodular lattices are the lattices of projections of a von Neumann algebra. The
lattices of projections of a von Neumann algebra is distributive if and only if the von Neumann algebra
is commutative. Generally an orthomodular lattice is not necessarily distributive.

The two elements A,B ∈ L be called compatible if

A = (A ∧B) ∨ (A ∧B⊥). (2)

Equation (2) holds if and only if
B = (B ∧A) ∨ (B ∧A⊥). (3)
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In other words, the compatibility relation is symmetric (Kalmbach, 1983, Theorem 3.2). If A ≤ B, then
A and B are compatible because B = A ∨ (A⊥ ∧B) = (B ∧A) ∨ (B ∧A⊥).

In the present paper, it is assumed that orthomodular lattices are bounded: they have a smallest and
a largest element denoted by 0 and 1, respectively. If for every countable subset S of L, the join and the
meet of all elements in S exist, then L is called a σ-complete orthomodular lattice. An orthomodular
lattice is called atomless if, for any nonzero element A ∈ L, there exists B ∈ L such that 0 < B < A.
For example, the orthomodular lattices of all projections on a Hilbert space is not atomless because
one-dimensional projections are atoms in this case. On the other hand, the orthomodular lattices of
projections of type II or type III von Neumann algebras are atomless orthomodular lattices. It is well
known that typical local algebras in algebraic quantum field theory are of type III (Haag, 1996, Section
V.6), that is, the projection lattice of these algebras are atomless.

Let L be a σ-complete orthomodular lattice. Elements A and B in L are called mutually orthogonal
if A ≤ B⊥. The map ϕ : L → [0, 1] is called a probability measure on L if ϕ(1) = 1 and ϕ(A ∨ B) =
ϕ(A)+ϕ(B) for any mutually orthogonal elements A and B. A probability measure ϕ is called a σ-additive
probability measure on L if for any countable, mutually orthogonal elements {Ai|i ∈ N},

ϕ(∨i∈NAi) =
∑
i∈N

ϕ(Ai).

If ϕ(A) = 0 implies A = 0 for any A ∈ L, then ϕ is called faithful.
Let L be an orthomodular lattice, ϕ be a probability measure on L. We call (L, ϕ) a nonclassical

probability space. If L is a Boolean algebra, (L, ϕ) is called a classical probability space. Thus nonclassical
probability measure space is a more general notion than a classical one. An example of this space is a
quantum probability space.

Definition 1. Let L be an orthomodular lattice, and let ϕ be a probability measure on L. If A and B in
L are compatible and

ϕ(A ∧B) > ϕ(A)ϕ(B),

then A and B are called correlated with respect to ϕ.

The following lemmas are needed in this paper.

Lemma 2. Let L be an orthomodular lattice, and let ϕ be a probability measure on L. Let A, B, and C
in L be mutually compatible elements in L. Then

ϕ(A ∧ C)ϕ(B ∧ C) ≥ ϕ((A ∧B) ∧ C)ϕ((A ∨B) ∧ C)

Proof. By Kalmbach (1983, p.25), the sublattice generated by A, B, and C is distributive. Thus

ϕ(A ∧ C)ϕ(B ∧ C) = ϕ(A ∧ C)(ϕ(B ∧ C)− ϕ(A ∧B ∧ C)) + ϕ(A ∧ C)ϕ(A ∧B ∧ C)

≥ ϕ(A ∧B ∧ C)(ϕ(B ∧ C)− ϕ(A ∧B ∧ C)) + ϕ(A ∧ C)ϕ(A ∧B ∧ C)

= ϕ((A ∧B) ∧ C)(ϕ(A ∧ C) + ϕ(B ∧ C)− ϕ(A ∧B ∧ C))

= ϕ((A ∧B) ∧ C)ϕ((A ∧ C) ∨ ((B ∧ C) ∧ (A ∧B ∧ C)⊥))

= ϕ((A ∧B) ∧ C)ϕ((A ∨B) ∧ C).

Lemma 3. Let L be an orthomodular lattice, let ϕ be a probability measure on L, and let A and B be
elements in L such that ϕ(A ∧B) > ϕ(A)ϕ(B). Then ϕ(A ∨B) < 1 and ϕ(A ∧B) > 0.

Proof. Let A and B be mutually compatible elements in L such that

ϕ(A ∧B) > ϕ(A)ϕ(B). (4)

Then ϕ(A ∧B) > ϕ(A)ϕ(B) ≥ 0. By Lemma 2

ϕ(A)ϕ(B) ≥ ϕ(A ∧B)ϕ(A ∨B) (5)

Equations (4) and (5) imply
ϕ(A ∨B) < 1. (6)
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Lemma 4. (Kitajima, 2008, Lemma 3.6) (Gyenis and Rédei, 2014, Proposition 3.5) Let L be a σ-
complete atomless orthomodular lattice, ϕ a σ-additive probability measure on L and A an element in L
such that 0 < ϕ(A). For any real number x such that 0 < x < ϕ(A), there is an element X ∈ L such that
ϕ(X) = x and 0 < X < A.

Reichenbachian common causes in a general probability theory are defined as follows.

Definition 5. (Hofer-Szabó et al., 2013, Definition 6.1) Let L be an orthomodular lattice, and let ϕ be
a probability measure on L. If A and B in L are correlated, then C ∈ L is called a common cause for the
correlation if C is compatible with both A and B, and the following conditions hold:

ϕ(A ∧ C)

ϕ(C)

ϕ(B ∧ C)

ϕ(C)
=

ϕ(A ∧B ∧ C)

ϕ(C)
(7)

ϕ(A ∧ C⊥)

ϕ(C⊥)

ϕ(B ∧ C⊥)

ϕ(C⊥)
=

ϕ(A ∧B ∧ C⊥)

ϕ(C⊥)
(8)

ϕ(A ∧ C)

ϕ(C)
>

ϕ(A ∧ C⊥)

ϕ(C⊥)
(9)

ϕ(B ∧ C)

ϕ(C)
>

ϕ(B ∧ C⊥)

ϕ(C⊥)
(10)

The notion of Reichenbachian common causes can be generalized as follows.

Definition 6. Let L be an orthomodular lattice, and let ϕ be a probability measure on L.
The set {Cj ∈ L|j ∈ J} is called a partition in L if ∨j∈JCj = 1, and Ci and Cj are orthogonal for

i ̸= j, where J is an index set.
If A and B in L are correlated, then a partition {Cj |j ∈ J} is called a Reichenbachian common cause

system for the correlation if Cj is compatible with both A and B for every j ∈ J , and the following
conditions hold:

ϕ(A ∧B ∧ Cj)

ϕ(Cj)
=

ϕ(A ∧ Cj)

ϕ(Cj)

ϕ(B ∧ Cj)

ϕ(Cj)
(11)

for any j ∈ J , and (
ϕ(A ∧ Ci)

ϕ(Ci)
− ϕ(A ∧ Cj)

ϕ(Cj)

)(
ϕ(B ∧ Ci)

ϕ(Ci)
− ϕ(B ∧ Cj)

ϕ(Cj)

)
> 0 (12)

for any mutually distinct elements i, j ∈ J . The cardinality of the index set J is called the size of the
common cause system.

The following Lemma shows that A and B are correlated in ϕ if Equations (11) and (12) hold.

Lemma 7. (Hofer-Szabó and Rédei, 2004, 2006) Let L be an orthomodular lattice, let ϕ be a probability
measure on L, let {Cj |j ∈ J} be a partition of L such that ϕ(Cj) > 0 for any j ∈ J , and let A and B be
mutually commuting elements in L. If

ϕ(A ∧B ∧ Cj)

ϕ(Cj)
=

ϕ(A ∧ Cj)

ϕ(Cj)

ϕ(B ∧ Cj)

ϕ(Cj)
,

for any j ∈ J , then

ϕ(A ∧B)− ϕ(A)ϕ(B) =
1

2

∑
i̸=j

ϕ(Ci)ϕ(Cj)

(
ϕ(A ∧ Ci)

ϕ(Ci)
− ϕ(A ∧ Cj)

ϕ(Cj)

)(
ϕ(B ∧ Ci)

ϕ(Ci)
− ϕ(B ∧ Cj)

ϕ(Cj)

)
Let A and B be compatible elements in an orthomodular lattice L, and let B be the Boolean sub-lattice

of L which contains A and B. If A∧B⊥ = 0, then A = (A∧B)∨(A∧(A∧B)⊥) = (A∧B)∨(A∧B⊥) = A∧B.
It means that, for any truth-value assignment h of B, h(A) = 1 entails h(B) = 1. If the truth-value of B
is independent of that of A, A ∧B⊥ should not be 0. This is a motivation of logical independence

4



Definition 8. (Rédei, 1995a,b, 1998) Let L be an orthomodular lattice, and let A and B be elements in
L. If A ∧ B ̸= 0, A⊥ ∧ B⊥ ̸= 0, A ∧ B⊥ ̸= 0, and A⊥ ∧ B ̸= 0, then it is said that A and B are logical
independent.

Logical independence has the following property. This lemma is used in the proof of Theorem 12.

Lemma 9. Let L be an orthomodular lattice, and let A and B be compatible elements in L. Then the
following conditions are equivalent.

1. A and B are logical independent.

2. A ∨B > A, A ∨B > B, A ∨B⊥ > A, A ∨B⊥ > B⊥

Proof. 1 =⇒ 2 Let A and B are compatible and logical independent elements. Suppose A = A∨(A⊥∧B).
Then A ≥ A⊥ ∧B. Since A and B are compatible,

B = (B ∧A) ∨ (B ∧A⊥) ≤ (B ∧A) ∨A = A. (13)

Then A⊥ ∧B ≤ A⊥ ∧A = 0. It contradicts with logical independence between A and B.

The set of A, A⊥, and B are distributive because A and B are compatible (Kalmbach, 1983, p.25).
Thus

A < A ∨ (A⊥ ∧B) = A ∨B (14)

Similarly
B < B ∨ (A ∧B⊥) = A ∨B, (15)

A < A ∨ (A⊥ ∧B⊥) = A ∨B⊥, (16)

B⊥ < (A ∧B) ∨B⊥ = A ∨B⊥. (17)

2 =⇒ 1 Let A and B be compatible elements in L which satisfies Condition 2. Then

A < A ∨B = A ∨ (A⊥ ∧B), (18)

B < A ∨B = B ∨ (A ∧B⊥), (19)

A < A ∨B⊥ = A ∨ (A⊥ ∧B⊥), (20)

B⊥ < A ∨B⊥ = B⊥ ∨ (A ∧B). (21)

Therefore, A and B are logical independent.

The following theorem shows that logical independence plays an essential role in a Reichenbachian
common cause system.

Theorem 10. Let L be an orthomodular lattice, let ϕ be a probability measure on L, let A and B be
compatible elements in L such that ϕ(A∧B) > ϕ(A)ϕ(B), and let n be a natural number such that n ≥ 3.
If there exists a Reichenbachian common cause system of size n for the correlation between A and B,
then A and B are logical independent.

Proof. Let A and B be compatible elements in L which are not logical independent and correlated in a
probability measure ϕ on L. By Lemma 3, ϕ(A ∧B) > 0 and ϕ(A⊥ ∧B⊥) > 0. Thus

A ∧B ̸= 0, A⊥ ∧B⊥ ̸= 0. (22)

Since A and B are not logical independent, A ∧B⊥ = 0 or A⊥ ∧B = 0 by Equation (22). By symmetry
we do not need to differentiate between A⊥ ∧B = 0 and A ∧B⊥ = 0, so we assume A ∧B⊥ = 0.

Since A and B are compatible,

A = (A ∧B) ∨ (A ∧B⊥) = A ∧B. (23)
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Suppose that a Reichanbachian common cause system {C1, C2, . . . , Cn} for the correlation between A
and B exists, where n ≥ 3. By Equation (23)

ϕ(A ∧ Ci)

ϕ(Ci)

ϕ(B ∧ Ci)

ϕ(Ci)
=

ϕ(A ∧B ∧ Ci)

ϕ(Ci)
=

ϕ(A ∧ Ci)

ϕ(Ci)
. (24)

Thus, for any i ∈ {1, 2, . . . , n}, either ϕ(A∧Ci)/ϕ(Ci) = 0 or ϕ(B∧Ci)/ϕ(Ci) = 1 holds. Therefore there
are mutually distinct natural numbers i, j ∈ {1, 2, . . . , n} such that either

ϕ(A ∧ Ci)

ϕ(Ci)
=

ϕ(A ∧ Cj)

ϕ(Cj)
= 0 or

ϕ(B ∧ Ci)

ϕ(Ci)
=

ϕ(B ∧ Cj)

ϕ(Cj)
= 1 (25)

because n ≥ 3. It implies(
ϕ(A ∧ Ci)

ϕ(Ci)
− ϕ(A ∧ Cj)

ϕ(Cj)

)(
ϕ(B ∧ Ci)

ϕ(Ci)
− ϕ(B ∧ Cj)

ϕ(Cj)

)
= 0. (26)

Thus {C1, C2, . . . , Cn} does not satisfy Equation (12) in Definition 6. Therefore no common cause system
for the correlation between A and B exists.

According Theorem 10, if correlated events are not logical independent, there is no Reichenbachian
common cause system for this correlation. Therefore logical independence is essential for Reichenbachian
common cause systems.

A notion of causally n-closedness is obtained if the notion of common causes is replaced with the
concept of common cause systems.

Definition 11. Let L be an orthomodular lattice, and let ϕ be a probability measure on L. The probability
space (L, ϕ) is called causally n-closed with respect to logical independence if for any correlation between
compatible and logical independent elements there exists a Reichenbachian common cause system of size
n in (L, ϕ).

In Theorem 12, we show that a general probability theory which is represented by an atomless or-
thomodular lattice contains Reichenbachian common cause systems of size 3 for any correlation between
two logical independent events.

Theorem 12. Let L be a σ-complete atomless orthomodular lattice, and ϕ a faithful σ-additive probability
measure on L. Then the probability space (L, ϕ) is causally 3-closed with respect to logical independence.

Proof. Let A and B be mutually compatible and logical independent elements in L such that

ϕ(A ∧B) > ϕ(A)ϕ(B). (27)

By Lemma 2
ϕ(A)ϕ(B) ≥ ϕ(A ∧B)ϕ(A ∨B) (28)

Equations (27) and (28) imply

0 < ϕ(A ∧B)− ϕ(A)ϕ(B) ≤ ϕ(A ∧B)(1− ϕ(A ∨B)), (29)

and
ϕ(A ∨B) < 1 (30)

by Lemma 3. Inequalities (29) and (30) entail

0 <
ϕ(A ∧B)− ϕ(A)ϕ(B)

1− ϕ(A ∨B)
≤ ϕ(A ∧B). (31)

By Lemma 4 and Inequality (31) there exists an element C1 such that

0 < C1 < A ∧B (32)
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and

0 < ϕ(C1) <
ϕ(A ∧B)− ϕ(A)ϕ(B)

1− ϕ(A ∨B)
≤ ϕ(A ∧B). (33)

Since C1 is compatible with A ∧B, A, and B,

ϕ(X ∧ C⊥
1 ) = ϕ(X)− ϕ(X ∧ C1) = ϕ(X)− ϕ(C1) > 0, (34)

where X = A ∧B,A,B. By Inequality (32)

ϕ(A ∧ C1)

ϕ(C1)
=

ϕ(B ∧ C1)

ϕ(C1)
=

ϕ(A ∧B ∧ C1)

ϕ(C1)
= 1. (35)

Inequality (33) and Equation (34) imply

ϕ(C⊥
1 )ϕ(A ∧B ∧ C⊥

1 )− ϕ(A ∧ C⊥
1 )ϕ(B ∧ C⊥

1 )

= (1− ϕ(C1))(ϕ(A ∧B)− ϕ(C1))− (ϕ(A)− ϕ(C1))(ϕ(B)− ϕ(C1)) (∵ Equation (34))

= ϕ(A ∧B)− ϕ(A)ϕ(B)− ϕ(C1)(1− ϕ(A)− ϕ(B) + ϕ(A ∧B))

= ϕ(A ∧B)− ϕ(A)ϕ(B)− ϕ(C1)(1− ϕ(A ∨B))

> 0 (∵ Inequality (33))

(36)

Since C1 is compatible with both A and B,

ϕ(A ∧ C⊥
1 )ϕ(B ∧ C⊥

1 ) ≥ ϕ((A ∧B) ∧ C⊥
1 )ϕ((A ∨B) ∧ C⊥

1 ), (37)

by Lemma 2.
By Inequality (32) C⊥

1 > (A ∧B)⊥ ≥ (A ∨B)⊥. Thus C⊥
1 and (A ∨B)⊥ are compatible. Therefore

ϕ(C⊥
1 ) = ϕ(C⊥

1 ∧ (A ∨B)⊥) + ϕ(C⊥
1 ∧ (A ∨B)) = ϕ((A ∨B)⊥) + ϕ((A ∨B) ∧ C⊥

1 ). (38)

Inequalities (34) and (36) entail

0 < ϕ(C⊥
1 )− ϕ(A ∧ C⊥

1 )ϕ(B ∧ C⊥
1 )

ϕ(A ∧B ∧ C⊥
1 )

≤ ϕ(C⊥
1 )− ϕ((A ∨B) ∧ C⊥

1 ) (∵ Inequality (37))

= ϕ((A ∨B)⊥) (∵ Equation (38))

= ϕ(A⊥ ∧B⊥).

(39)

By Lemma 4 there exists an element C2 ∈ L such that

C2 ≤ A⊥ ∧B⊥ (40)

and

ϕ(C2) = ϕ(C⊥
1 )− ϕ(A ∧ C⊥

1 )ϕ(B ∧ C⊥
1 )

ϕ(A ∧B ∧ C⊥
1 )

> 0. (41)

By Inequality (40)
ϕ(A ∧ C2)

ϕ(C2)
=

ϕ(B ∧ C2)

ϕ(C2)
=

ϕ(A ∧B ∧ C2)

ϕ(C2)
= 0. (42)

Let C3 := C⊥
1 ∧C⊥

2 . Then C1, C2, and C3 are mutually orthogonal elements such that C1 ∨C2 ∨C3 = 1.
Thus {C1, C2, C3} is a partition in L. Since (A∧B)∨ (A∧B⊥)∨ (A⊥∧B)∨ (A⊥∧B⊥) = 1 by Kalmbach
(1983, p.26),

ϕ(A ∧B) + ϕ(A ∧B⊥) + ϕ(A⊥ ∧B) + ϕ(A⊥ ∧B⊥) = 1. (43)

Thus

ϕ(C3) = 1− ϕ(C1)− ϕ(C2)

> 1− ϕ(A ∧B)− ϕ(A⊥ ∧B⊥) (∵ Equation (41), and Inequalities (33) and (39))

= ϕ(A ∧B⊥) + ϕ(A⊥ ∧B) (∵ Equation (43))

≥ 0.

(44)

7



By Equation (41)
ϕ(A ∧ C3)

ϕ(C3)

ϕ(B ∧ C3)

ϕ(C3)
=

ϕ(A ∧B ∧ C3)

ϕ(C3)
(45)

since
ϕ(C3) = 1− ϕ(C1)− ϕ(C2) = ϕ(C⊥

1 )− ϕ(C2) (46)

and
X ∧ C3 = X ∧ C⊥

1 ∧ C⊥
2 = X ∧ C⊥

1 (47)

where X = A,B,A ∧B.
By Lemma 9

ϕ(A ∨B) > ϕ(A), ϕ(A ∨B) > ϕ(B) (48)

since ϕ is faithful, and A and B are compatible and logical independent.
Equation (47) and Inequality (33) imply

ϕ(A ∧ C3) = ϕ(A ∧ C⊥
1 ) = ϕ(A)− ϕ(C1) > 0

ϕ(B ∧ C3) = ϕ(B ∧ C⊥
1 ) = ϕ(B)− ϕ(C1) > 0,

(49)

and Inequalities (39) and (48), and Equation (41) entail

ϕ(C2) ≤ ϕ(A⊥ ∧B⊥) = 1− ϕ(A ∨B) < 1− ϕ(A)

ϕ(C2) ≤ ϕ(A⊥ ∧B⊥) = 1− ϕ(A ∨B) < 1− ϕ(B).
(50)

Thus

0 <
ϕ(A ∧ C3)

ϕ(C3)
=

ϕ(A)− ϕ(C1)

1− ϕ(C2)− ϕ(C1)
<

1− ϕ(C2)− ϕ(C1)

1− ϕ(C2)− ϕ(C1)
= 1

0 <
ϕ(B ∧ C3)

ϕ(C3)
=

ϕ(B)− ϕ(C1)

1− ϕ(C2)− ϕ(C1)
<

1− ϕ(C2)− ϕ(C1)

1− ϕ(C2)− ϕ(C1)
= 1.

(51)

By Equations (35) and (42), and Inequality (51)(
ϕ(A ∧ Ci)

ϕ(Ci)
− ϕ(A ∧ Cj)

ϕ(Cj)

)(
ϕ(B ∧ Ci)

ϕ(Ci)
− ϕ(B ∧ Cj)

ϕ(Cj)

)
> 0 (i ̸= j). (52)

By Proposition 10 and Theorem 12, we get the following corollary.

Corollary 13. Let L be a σ-complete atomless orthomodular lattice, let ϕ be a faithful σ-additive proba-
bility measure on L, and let A and B be compatible elements in L such that ϕ(A∧B) > ϕ(A)ϕ(B). There
exists a Reichenbachian common cause system of size 3 for the correlation between A and B if and only
if A and B are logical independent.

This corollary shows that the existence of a Reichenbachian common cause system of size 3 for the
correlation between A and B is equivalent to logical independence of A and B in the case of a general
probability theory which is represented by a σ-complete atomless orthomodular lattice with a faithful
σ-additive probability measure.

Theorem 12 and Corollary 13 can apply to AQFT because typical local algebras in algebraic quantum
field theory are type III von Neumann algebras and lattices of projections of type II or type III von
Neumann algebras is atomless orthomodular lattices. In algebraic quantum field theory, each bounded
open region O in the Minkowski space is associated with a von Neumann algebra N(O) on a Hilbert
space H. Such a von Neumann algebra is called a local algebra. We say that bounded open regions O1

and O2 are strictly space-like separated if there is a neighborhood V of the origin of the Minkowski space
such that O1 + V and O2 are space-like separated.

If O1 and O2 are strictly space-like separated bounded open regions in the Minkowski space, local
algebras N(O1) and N(O2) are logical independent under usual axioms (Baumgärtel, 1995, Theorem
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1.12.3). Thus there exists a Reichenbachian common cause system of size 3 for any correlation between
N(O1) and N(O2) by Corollary 13.

On the other hand, it is known that there is a normal state on N(O1)∨N(O2) which violates Clauser-
Horne-Shimony-Holt Bell inequality (Halvorson and Clifton, 2000; Kitajima, 2013; Landau, 1987; Sum-
mers and Werner, 1987a,b,c, 1988). Clauser-Horne Bell inequality is also violated in some normal state
on N(O1) ∨N(O2)

1. Since N(O1) and N(O2) are not abelian, there are partial isometries V1 ∈ N(O1)
and V2 ∈ N(O2) such that V 2

1 = V 2
2 = 0 (Landau, 1987). Since N1 and N2 are logical independent,

(V ∗
1 V1)(V

∗
2 V2) ̸= 0. Thus there is a unit vector Ψ such that (V ∗

1 V1)(V
∗
2 V2)Ψ ̸= 0. Let

Φ :=
1√
2
(Ψ + V1V2Ψ), (53)

A1 := V ∗
1 V1, B1 :=

3

4
V ∗
1 V1 +

1

4
V1V

∗
1 +

√
3

4
(V1 + V ∗

1 ),

A2 := V ∗
2 V2, B2 :=

3

4
V ∗
2 V2 +

1

4
V2V

∗
2 −

√
3

4
(V2 + V ∗

2 ).

(54)

A1, B1, A2, and B2 are projections. Let ϕ be a vector state of N(O1) ∨N(O2) induced by Φ. Then

ϕ(A1) + ϕ(A2) + ϕ(B1B2)− ϕ(A1A2)− ϕ(B1A2)− ϕ(A1B2) = −1

8
< 0. (55)

Suppose that there is a Reichenbachian ‘common’ common cause system {C1, . . . , Cn} for all four pairs
(A1, A2), (A1, B2), (B1, A2), and (B1, B2) (Rédei, 1997; Hofer-Szabó et al., 1999; Rédei and Summers,
2002). In other words,

ϕ(A1A2Cj)

ϕ(Cj)
=

ϕ(A1Cj)

ϕ(Cj)

ϕ(A2Cj)

ϕ(Cj)
,

ϕ(A1B2Cj)

ϕ(Cj)
=

ϕ(A1Cj)

ϕ(Cj)

ϕ(B2Cj)

ϕ(Cj)
,

ϕ(B1A2Cj)

ϕ(Cj)
=

ϕ(B1Cj)

ϕ(Cj)

ϕ(A2Cj)

ϕ(Cj)
,

ϕ(B1B2Cj)

ϕ(Cj)
=

ϕ(B1Cj)

ϕ(Cj)

ϕ(B2Cj)

ϕ(Cj)
,

[A1, Cj ] = [A2, Cj ] = [B1, Cj ] = [B2, Cj ] = 0,
n∑

i=1

Ci = I,

(56)

for any j ∈ {1, . . . , n}.
Then

0 ≤ ϕ(A1) + ϕ(A2) + ϕ(B1B2)− ϕ(A1A2)− ϕ(B1A2)− ϕ(A1B2) ≤ 1 (57)

since

ϕ(A1) + ϕ(A2) + ϕ(B1B2)− ϕ(A1A2)− ϕ(B1A2)− ϕ(A1B2)

= ϕ

(
(A1 +A2 +B1B2 −A1A2 −B1A2 −A1B2)

(
n∑

i=1

Ci

))

=
n∑

i=1

(
ϕ(A1Ci)

ϕ(Ci)
+

ϕ(A2Ci)

ϕ(Ci)
+

ϕ(B1B2Ci)

ϕ(Ci)
− ϕ(A1A2Ci)

ϕ(Ci)
− ϕ(B1A2Ci)

ϕ(Ci)
− ϕ(A1B2Ci)

ϕ(Ci)

)
ϕ(Ci)

=
n∑

i=1

(
ϕ(A1Ci)

ϕ(Ci)
+

ϕ(A2Ci)

ϕ(Ci)
+

ϕ(B1C1)

ϕ(Ci)

ϕ(B2Ci)

ϕ(Ci)
− ϕ(A1C1)

ϕ(Ci)

ϕ(A2Ci)

ϕ(Ci)

− ϕ(B1C1)

ϕ(Ci)

ϕ(A2Ci)

ϕ(Ci)
− ϕ(A1C1)

ϕ(Ci)

ϕ(B2Ci)

ϕ(Ci)
)ϕ(Ci)

(58)

1Stergiou (2012) discussed a relation between Clauser-Horne-Shimony-Holt Bell inequality and Clauser-Horne Bell in-
equality in AQFT.
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by Equations (56) and

a1 + a2 + b1b2 − a1a2 − b1a2 − a1b2

= a1(b1(1− a2) + (1− b1)(1− b2)) + (1− a1)(b1b2 + (1− b1)a2)
(59)

for any a1, a2, b1, b2 ∈ [0, 1]. It contradicts Inequality (55). Thus, there is no Reichenbachian ‘common’
common cause system {C1, . . . , Cn} for all four pairs (A1, A2), (A1, B2), (B1, A2), and (B1, B2) because
Bell’s inequality does not hold in ϕ. It means that the existence of Reichenbachian ‘common’ cause
system contradicts the violation of Bell’s inequality (Hofer-Szabó et al., 2013, Section 9.2).

On the other hand, the definition of Reichenbachian common cause systems does not require that it is
common for all four pairs (Definition 6). Thus, the existence of a Reichenbachian common cause system
can be compatible with the violation of Bell’s inequality in AQFT, and Theorem 12 and Corollary 13
show that there are Reichenbachian common cause systems of size 3 for any correlation between N(O1)
and N(O2) in spite of the violation of Bell’s inequality.

3 Conclusion

In the present paper, we examined Reichenbachian common cause systems in general probability theories
which include classical probability theories and quantum probability theories. Especially, the following
two problems were investigated:

• Is logical independence necessary for the existence of a Reichenbachian common cause system?

• Is there a general probability theory which is causal n-closed for some natural number n?

In Theorem 10, it was shown that there is no Reichenbachian common cause system for a correlation
between two events if they are not logical independent. Therefore logical independence is necessary for
the existence of a Reichenbachian common cause system. In Theorem 12 it was shown that a general
probability theory which is represented by an atomless orthomodular lattice with a faithful σ-additive
probability measure is causally 3-closed. It remains open, however, whether this lattice is causally n-closed
for any natural number n.

Theorem 12 and Corollary 13 can apply to AQFT because typical local algebras in algebraic quantum
field theory are type III von Neumann algebras and lattices of projections of type II or type III von
Neumann algebras is atomless orthomodular lattices. There exists a Reichenbachian common cause
system of size 3 for any correlation between two space-like separated regions by Corollary 13. On the
other hand, AQFT predicts many states which violate Bell’s inequality between two events associated with
space-like separated spacetime regions in Minkowski spacetime (Halvorson and Clifton, 2000; Kitajima,
2013; Landau, 1987; Summers and Werner, 1987a,b,c, 1988). After Corollary 13, we pointed out that this
violation of Bell’s inequality can be compatible with a Reichenbachian common cause system although it
contradicts a ‘common’ common cause system.

Rédei and Summers (2002, 2007) showed that a Reichenbachian common cause for any correlation
exists in the union of the backward light cones of O1 and O2 in AQFT. By this result and Theorem 12,
it can be shown that a Reichenbachian common cause system of size 3 for any correlation exists in the
union of the backward light cones of O1 and O2. However, the problem about Reichenbachian commmon
cause systems in AQFT is largely open.
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Hofer-Szabó, G., M. Rédei, and L. E. Szabo (1999). On reichenbach’s common cause principle and
reichenbach’s notion of common cause. The British Journal for the Philosophy of Science 50 (3), 377–
399.
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Rédei, M. (1995a). Logical independence in quantum logic. Foundations of Physics 25 (3), 411–422.
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Rédei, M. and S. J. Summers (2007). Remarks on causality in relativistic quantum field theory. Interna-
tional Journal of Theoretical Physics 46 (8), 2053–2062.

Reichenbach, H. (1956). The Direction of Time. Berkeley: University of California Press.

Stergiou, C. (2012). Two comments on the common cause principle in algebraic quantum field theory. In
EPSA Philosophy of Science: Amsterdam 2009, pp. 387–402. Springer.

Summers, S. J. and R. Werner (1987a). Bell’s inequalities and quantum field theory. I. general setting.
Journal of Mathematical Physics 28 (10), 2440–2447.

11



Summers, S. J. and R. Werner (1987b). Bell’s inequalities and quantum field theory. II. Bell’s inequalities
are maximally violated in the vacuum. Journal of Mathematical Physics 28 (10), 2448–2456.

Summers, S. J. and R. Werner (1987c). Maximal violation of Bell’s inequalities is generic in quantum
field theory. Communications in Mathematical Physics 110 (2), 247–259.

Summers, S. J. and R. Werner (1988). Maximal violation of Bell’s inequalities for algebras of observables
in tangent spacetime regions. Annales de l’IHP Physique théorique 49 (2), 215–243.
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