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Abstract

The noncontextuality condition states that a value of any observable is indepen-
dent of which other compatible observable is measured jointly with it. Klyachko,
Can, Binicioğlu, and Shumovsky have introduced an inequality which holds if there
is a noncontextual hidden variable theory. It is called KCBS inequality, which is
state-dependent. Its violation shows a contradiction between predictions of quan-
tum theory and noncontextual hidden variable theories. In the present paper, it is
shown that there is a state which does not violate KCBS inequality in the case of
quantum mechanics of finite degrees of freedom, and that any normal state violates
it in the case of algebraic quantum field theory. It is a difference between quantum
mechanics of finite degrees of freedom and algebraic quantum field theory from a
point of view of KCBS inequality.

1 Introduction

Quantum theory is a probabilistic theory. It is impossible to predict a definite value
of every observable, and only the probability distributions are given. The basic idea of
hidden variable theories is to argue that probability arises because quantum states do not
represent the ultimate information about the system, and that there are hidden variables
by which values of all observables would be uniquely determined.

The necessity of a completion of quantum theory with additional hidden variables
was advocated by Einstein, Podolsky, and Rosen [15]. They used the locality condition
in their argument. It states that, if two measurements events are spacelike separated, a
measurement performed on the first system cannot affect a measurement on the second
system. Bell subsequently developed their argument, and showed that a hidden variable
theory satisfying the locality condition must obey an inequality, which is nowadays known
as Bell inequality [5, 11]. This inequality is based on only the locality condition and
independent of quantum mechanics. Thus, it is testable in experiments. Its conclusive
experimental violation shows a contradiction between testable predictions of quantum
theory and local hidden variable theories [2].

Another result of hidden variables in quantum theory is Bell-Kochen-Specker (BKS)
theorem [6, 27, 31]. In this theorem, the noncontextuality condition is used instead of the
locality condition. The noncontextuality condition states that a value of any observable
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is independent of which other compatible observable is measured jointly with it. Two
measurements are said to be compatible if they can be performed jointly on the same
system without disturbing each other, and a measurement context is then defined as a
set of compatible measurement. Bell inequality is a particular type of noncontextuality
inequality in which measurements are not only compatible but also spacelike separated.
Thus the noncontextuality condition is a generalization of the locality condition.

BKS theorem shows that there is no noncontextual hidden variable theory by a log-
ical contradiction. This argument is state-independent while Bell inequality is state-
dependent. Recently, Klyachko, Can, Binicioğlu, and Shumovsky [26] have introduced
an inequality which holds if there is a noncontextual hidden variable theory. It is called
KCBS inequality, which is state-dependent as well as Bell inequality. A difference between
them is that KCBS inequality requires not the locality condition but the noncontextuality
condition. Its violation shows a contradiction between predictions of quantum theory and
noncontextual hidden variable theories. KCBS inequality elevates Bell-Kochen-Specker
theorem to experimentally testable propositions because it is based only the noncontextu-
ality condition and independent of quantum mechanics. It can be tested whether KCBS
inequality holds or not, and two recent experiments have shown that it does not hold in
quantum mechanics [29, 1].

In the present paper, we examine KCBS inequality in quantum mechanics of finite
degrees of freedom and algebraic quantum field theory. In Section 2, we sketch the reason
why KCBS inequality is related to noncontextual hidden variable theories. Its violation
shows a contradiction between predictions of quantum theory and noncontextual hidden
variable theories. It is known that all pure normal states violate KCBS inequality in
quantum mechanics of finite degrees of freedom. In Section 3 it is shown that a tracial
state does not violate KCBS inequality in the case of quantum mechanics of finite degrees
of freedom. In Section 4 we examine KCBS inequality in algebraic quantum field theory.
A tracial states and a pure normal state do not exist in algebraic quantum field theory
because any local algebra is of type III [13, Section 4]. Thus, the argument of KCBS
inequality in quantum mechanics of finite degrees of freedom cannot apply to algebraic
quantum field theory. It is shown that any normal state violates it in the case of algebraic
quantum field theory in Section 4. It is a difference between quantum mechanics of finite
degrees of freedom and algebraic quantum field theory from a point of view of KCBS
inequality.

2 KCBS inequality

If it is possible to assign values to some observables, there is a value assignment on these
observables [14, Definition 2.2 and Lemma 2.2] [32, Section 5.1]. A mapping v from a set
A of self-adjoint operators in a von Neumann algebra N to the set of all real numbers
is called a value assignment on A if for any mutually commuting self-adjoint operators
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A,B ∈ A

v(A+B) = v(A) + v(B),

v(AB) = v(A)v(B),

v(I) = 1,

v(0) = 0.

(1)

KCBS inequality is derived with a value assignment. There are two forms [10].
First, consider five self-adjoint operators Ai such that A2

i = I and [Ai, Ai+1] = 0 for any
i ∈ {0, . . . , 4} and i+ 1 is understood mod 5. Then Ai and Ai+1 can be jointly measured
without mutual disturbance, that is, they are compatible. The noncontextuality condition
states that a value of any observable is independent of which other compatible observable
is measured jointly with it. Thus, a noncontextual hidden variable theory is that in which
the value of Ai is independent of whether Ai is measured together with Ai−1 or together
with Ai+1 although a context represented by Ai−1 and Ai is not necessarily same as that
represented by Ai and Ai+1. If such a theory exists, there is a value assignment v1 on
{A0, . . . , A4}. By Equation (1), v1(Ai) = −1, 1 and v1(AiAi+1) = v1(Ai)v1(Ai+1) for any
i ∈ {0, . . . , 4}. Thus

4∑
i=0

v1(AiAi+1) ≥ −3. (2)

Suppose that for any normal state ψ of N there is a hidden variable λ ∈ Λ with which
the value assignment v1 is labeled, and a probability measure µ on the space Λ such that

ψ(AiAi+1) =
∑
Λ

v1(AiAi+1|λ)µ(λ) (3)

for any i ∈ {0, . . . , 4} [8, p. 697]. It requires that the statistics of v1 should coincide with
the result of applying the statistical algorithm of quantum mechanics. Then

ψ

(
4∑

i=0

AiAi+1

)
=

4∑
i=0

ψ (AiAi+1)

=
4∑

i=0

∑
Λ

v1(AiAi+1|λ)µ(λ)

=
∑
Λ

4∑
i=0

v1(AiAi+1|λ)µ(λ)

≥ −3.

(4)

Inequality (4) is the first form of KCBS inequality [26, 10]. Because it does not contain
a hidden variable λ, it is testable in experiments. Two recent experiments have shown
that it does not hold in quantum mechanics [29, 1].

Next, consider another version of KCBS inequality. Let P0, . . . , P4 be five projections
in a von Neumann algebra N such that PiPi+1 = 0 for any i ∈ {0, . . . , 4}, where i + 1
is understood mod 5. These projections represent 5 yes-no questions such that Pi and
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Pi+1 are compatible and exclusive. In a noncontextual hidden variable theory, the value
of Pi is independent of whether Pi is measured together with Pi−1 or together with Pi+1.
If such a theory exists, there is a value assignment v2 on {P0, . . . , P4}. By Equation (1),
v2(Pi) = 0, 1 and v2(Pi)v2(Pi+1) = 0 for any i ∈ {0, . . . , 4}. Thus

4∑
i=0

v2(Pi) ≤ 2. (5)

Suppose that for any normal state ψ of N there is a hidden variable λ ∈ Λ with which the
valuation function v2 is labeled, and a probability measure µ on the space Λ such that

ψ(Pi) =
∑
Λ

v2(Pi|λ)µ(λ) (6)

for any i ∈ {0, . . . , 4} [8, p. 697]. It requires that the statistics of v2 should coincide with
the result of applying the statistical algorithm of quantum mechanics. Then

ψ

(
4∑

i=0

Pi

)
=

4∑
i=0

ψ(Pi)

=
4∑

i=0

∑
Λ

v2(Pi|λ)µ(λ)

=
∑
Λ

4∑
i=0

v2(Pi|λ)µ(λ)

≤ 2.

(7)

Inequality (7) is the second form of KCBS inequality [8, 3, 10, 9]. In this paper, we
examine this form. A violation of KCBS inequality is defined as follows.

Definition 1. Let N be a von Neumann algebra, and let ψ be a normal state of N.
We say that ψ violates KCBS inequality if there are projections P0, . . . P4 ∈ N such that
PiPi+1 = 0, where i+ 1 is understood mod 5, and

ψ(P0 + P1 + P2 + P3 + P4) > 2.

KCBS inequality is state-dependent as well as Bell inequality. A difference between
them is that KCBS inequality requires not the locality condition but the noncontextuality
condition. Its violation shows a contradiction between predictions of quantum theory and
noncontextual hidden variable theories.

BKS theorem shows that there are no noncontextual hidden variable theories in al-
gebraic quantum field theory as well as quantum mechanics of finite degrees of freedom
[14, 24]. Its approach is different from KCBS inequality. Suppose that a value assignment
v3 on a set of all projections in a von Neumann algebra N which has neither direct sum-
mand of type I1 nor direct summand of type I2. By generalized Gleason theorem [30], v3
can be extended to a dispersion-free state of N [21, Lemma 5.1]. But this state does not
exist in N. Thus a value assignment v3 does not exist in N [24, Theorem 5.2].
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There are two differences between KCBS inequality and BKS theorem. First, the
sets on which the value assignments v1, v2, and v3 are defined are different. Second,
KCBS inequality cannot be derived without a hidden variable λ ∈ Λ with which the value
assignment is labeled and a probability measure µ on the space Λ, while they do not play
an important role in BKS theorem. Thus, BKS theorem is a different argument from
KCBS inequality although their conclusions are same. A violation of KCBS inequality
reinforces the conclusion of BKS theorem.

While a C*-algebra does not necessarily contain a non-zero projection, a von Neumann
algebra contains it. Thus, we examine a von Neumann algebra because KCBS inequality
cannot be defined without five non-zero projections. There will, in general, be many
non-normal states of a von Neumann algebra N. By Fell’s theorem [16] [12, p. 428], any
non-normal state ψ′ of N can be weak* approximated by a normal state of N, that is, for
any real number ϵ > 0, and for each finite collection {Ai ∈ N|i = 1, . . . , n} of operators,
there is a normal state ψ of N such that

|ψ′(Ai)− ψ(Ai)| < ϵ (i = 1, . . . , n). (8)

It means that a finite number of measurements with finite accuracy cannot distinguish ψ
and ψ′. Therefore, we examine only normal states of a von Neumann algebra.

3 The case of quantum mechanics of finite degrees of

freedom

In this section, we examine KCBS inequality in a finite von Neumann algebra because
quantum mechanics of finite degrees of freedom is described with a finite dimensional
Hilbert space, and the set of all operators on a finite dimensional Hilbert space is a finite
von Neumann algebra. In a 3-dimensional Hilbert space, there is a state which violates
KCBS inequality. Let define the following unit vectors.

Ψ0 =
1√

1 + cos(1/5)π

 1
0√

cos(1/5)π

 , Ψ1 =
1√

1 + cos(π/5)

 cos(4/5)π
sin(4/5)π√
cos(1/5)π

 ,

Ψ2 =
1√

1 + cos(π/5)

 cos(2/5)π
− sin(2/5)π√
cos(1/5)π

 , Ψ3 =
1√

1 + cos(π/5)

 cos(2/5)π
sin(2/5)π√
cos(1/5)π

 ,

Ψ4 =
1√

1 + cos(π/5)

 cos(4/5)π
− sin(4/5)π√
cos(1/5)π

 , Ψ =

0
0
1

 .

(9)

Let Ri be the projection whose range is the subspace generated by Ψi (i = 0, . . . , 4).
Then RiRi+1 = 0 for any i ∈ {0, . . . , 4}, where i+ 1 is understood mod 5, and

⟨Ψ, (R0 +R1 +R2 +R3 +R4)Ψ⟩ = 5 cos(1/5)π

1 + cos(1/5)π
=

√
5 > 2. (10)
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Thus, the vector state induced by Ψ violates KCBS inequality [8, 3, 10, 9].
On the other hand, a mixed state

τ3(·) = Tr

((
1

3
I

)
·
)

(11)

does not violate KCBS inequality in a 3-dimensional Hilbert space, where I is an identity
operator. In other words,

Tr

((
1

3
I

)
(P0 + P1 + P2 + P3 + P4)

)
≤ 2 (12)

for any non-zero projections Pi such that PiPi+1 = 0 for any i ∈ {0, . . . , 4}, where i + 1
is understood mod 5, because Tr(Pi) is the dimension of Pi and the number of two-
dimensional projections is less than 2. This result can be extended to a tracial state.

Definition 2. [22, p.505] Let N be a finite von Neumann algebra, and let τ be a state of
N. τ is called a tracial state if τ(AB) = τ(BA) for any A,B ∈ N.

Theorem 3. Let N be a finite von Neumann algebra, and let τ be a tracial state of N.
Then τ does not violate KCBS inequality.

Proof. Let P0, . . . , P4 be projections in N such that PiPi+1 = 0 for any i ∈ {0, . . . , 4},
where i+ 1 is understood mod 5. Then

1− τ(P0 ∧ P3) ≥ τ(P1) + τ(P2) (13)

since I − P0 ∧ P3 ≥ I − P0 ≥ P1 and I − P0 ∧ P3 ≥ I − P3 ≥ P2, and P1P2 = 0.
Because the set of all projections of N is an orthomodular poset [30, Proposition 1.3],
P0 = (P0∧P3)∨ (P0∧ (P0∧P3)

⊥). This equation and (P0∧P3) ⊥ (P0∧ (P0∧P3)
⊥) imply

τ(P0) = τ(P0 ∧ P3) + τ(P0 ∧ (P0 ∧ P3)
⊥). (14)

Note that
τ(P ) + τ(Q) = τ(P ∨Q) + τ(P ∧Q) (15)

for any P,Q ∈ N because there is an isometry V ∈ N such that P ∨ Q − Q = V V ∗ and
P − P ∧ Q = V ∗V [22, Theorem 6.1.7]. Equation (15), (P0 ∧ (P0 ∨ P3)

⊥) ∧ P3 = 0, and
(P0 ∧ (P0 ∧ P3)

⊥) ∨ P3 ≤ P0 ∨ P3 entail

τ(P0 ∧ (P0 ∧ P3)
⊥) + τ(P3)

= τ((P0 ∧ (P0 ∨ P3)
⊥) ∨ P3) + τ((P0 ∧ (P0 ∧ P3)

⊥) ∧ P3)

= τ((P0 ∧ (P0 ∨ P3)
⊥) ∨ P3)

≤ τ(P0 ∨ P3).

(16)

Thus

τ(P0) + τ(P1) + τ(P2) + τ(P3) + τ(P4)

≤ τ(P0) + 1− τ(P0 ∧ P3) + τ(P3) + τ(P4) (∵ Inequality (13))

= 1 + τ(P0 ∧ (P0 ∧ P3)
⊥) + τ(P3) + τ(P4) (∵ Equation (14))

≤ 1 + τ(P0 ∨ P3) + τ(P4) (∵ Inequality (16))

≤ 2 (∵ P0 ∨ P3 ⊥ P4).

(17)
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Let B(Hn) be the set of all operators on a n-dimensional Hilbert space Hn, and let τn
be a state of B(Hn) such that

τn(A) = Tr

((
1

n
I

)
A

)
(18)

for any A ∈ B(Hn), where I is an identity operator on Hn. Since τn is a tracial state of
B(Hn) [22, Example 8.1.2], τn does not violate KCBS inequality.

In the case of the set of all operators on a 2-dimensional Hilbert space H2, Theorem
3 and Equation (18) entail

1

2
Tr(P0 + P1 + P2 + P3 + P4) ≤ 2 (19)

for any projections P0, . . . , P4 ∈ B(H2) such that PiPi+1 = 0 for any i ∈ {0, . . . , 4}, where
i+ 1 is understood mod 5. By Inequality (19),

d(P0) + d(P1) + d(P2) + d(P3) + d(P4) ≤ 4, (20)

where d(Pi) is the dimension of PiH2 (i = 0, . . . , 4). Thus, there is a projection Pj ∈
{P0, . . . , P4} such that Pj = 0. Then, for any unit vector Ψ ∈ H2,

⟨Ψ, (P0 + P1 + P2 + P3 + P4)Ψ⟩ ≤ 2 (21)

since PiPi+1 = 0. Therefore any state of B(H2) does not violate KCBS inequality [17,
Observation 1]. It is similar to a restriction of Bell-Kochen-Specker Theorem because this
theorem cannot apply to B(H2).

Theorem 3 and the following part show that there is a state which does not violate
KCBS inequality in the case of quantum mechanics of finite degrees of freedom.

4 The case of algebraic quantum field theory

Bell inequality has been investigated in algebraic quantum field theory as well as quantum
mechanics of finite degrees of freedom [19, 25, 28, 33, 34, 35, 36]. For example, it is shown
that many normal states violate Bell inequality for any two spacelike separated regions
[19, 25].

In this section, we examine KCBS inequality in algebraic quantum field theory. Al-
though this inequality is state-dependent as well as Bell inequality, it does not require
spacelike separated measurements. The argument about KCBS inequality is made in
one region rather than two spacelike separated regions. It is a difference between Bell
inequality and KCBS inequality.

Algebraic quantum field theory exists in two versions: the Haag-Araki theory which
uses von Neumann algebras on a Hilbert space, and the Haag-Kastler theory which uses
abstract C*-algebras. The Haag-Kastler theory looks different from the traditional for-
malism of quantum mechanics because it lacks a Hilbert space. But GNS representation
theorem shows that a Hilbert space is hidden inside a C*-algebra. In other words, by GNS
representation of a C*-algebra A, we can get a Hilbert space and self-adjoint operators
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which are corresponding to self-adjoint elements in A. In the Haag-Araki theory, to get
the traditional formalism, a representation induced by a state is chosen. One of impor-
tant representations is a vacuum representation. For example, Doplicher-Haag-Roberts
developed the superselection theory of this representation [4, 20].

Here we adopt the Haag-Araki theory and a vacuum representation. In this theory,
each bounded open region O in the Minkowski space is associated with a von Neumann
algebra N(O) on a Hilbert space H. Such a von Neumann algebra is called a local
algebra. Under usual axioms, the vacuum vector is a cyclic and separating vector for
all local algebras [4, Corollary 1.3.3], and a typical local algebra is a type III factor [18,
Section V.2]. Moreover, the funnel property is sometimes assumed. It asserts that there
exists a type I factor N such that N(O) ⊂ N ⊂ N(Õ) for any pair (O, Õ) of double cones
in the Minkowski space such that Ō ⊂ Õ, where Ō is the closure of O [20, Section 2.4]. If
the net of local algebras on a Hilbert space H satisfies the funnel property and the vacuum
vector is cyclic and separating for any local algebra, H is separable [20, Proposition 63].
Thus, we examine a type III factor on a separable Hilbert space in this section.

In Theorem 3, it was shown that a tracial state of a finite von Neumann algebra does
not violate KCBS inequality. Its counterpart does not exist in algebraic quantum field
theory because there is no tracial state of a type III factor. Moreover, there is no pure
normal state in a type III factor [13, Section 4] while any pure normal state violates
KCBS inequality in quantum mechanics of finite degrees of freedom. Thus, the argument
of KCBS inequality in quantum mechanics of finite degrees of freedom cannot apply to
algebraic quantum field theory. In Theorem 5 and Corollary 6, it is shown that any
normal state of any local algebra violates KCBS inequality. The following lemma plays
an important role in the proof of Theorem 5.

Lemma 4. [23, Corollary 2.2]
Let N be a type III factor on a separable Hilbert space, let M be a finite dimensional C*-

subalgebra of N, and let ρ be a faithful normal state of N. For any finite set {ψ1, . . . , ψk}
of normal states of N, there exists an unitary operator U ∈ N such that

ψl(U
∗AU) = ρ(A)

for any A ∈ M and any ψl ∈ {ψ1, . . . , ψk}.

By using Lemma 4, we show Theorem 5.

Theorem 5. Let N be a type III factor on a separable Hilbert space H. For any finite
set {ψ1, . . . , ψk} of normal states of N and any real number ϵ ∈ (0,

√
5 − 2), there are

projections P0, . . . P4 such that PiPi+1 = 0 for any i ∈ {0, . . . , 4}, where i+1 is understood
mod 5, and

ψl(P0 + P1 + P2 + P3 + P4) ≥
√
5− ϵ > 2,

for any ψl ∈ {ψ1, . . . , ψk}.

Proof. Let {ψ1, . . . , ψk} be a finite set of normal states of N and let ϵ be a real number
in (0,

√
5− 2).

Since N is a type III factor, there is a system of matrix units {Vij}i,j=1,2,3 such that
VijVkl = δjkVil, V

∗
ij = Vji, and

∑3
i=1 Vii = I, where I is an identity operator on H [30,

Lemma 6.10].
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We can construct projections R0, . . . , R4 in N in a similar way to construct projections
Ri in Section 3.

R0 =
1

1 + cos(1/5)π
(V11 +

√
cos(1/5)π · V13 +

√
cos(1/5)π · V31 + cos(1/5)π · V33),

R1 =
1

1 + cos(1/5)π
(cos2(4/5)π · V11 + sin(4/5)π · cos(4/5)π · V12

+ cos(4/5)π ·
√

cos(1/5)π · V13 + sin(4/5)π · cos(4/5)π · V21
+ sin2(4/5)π · V22 + sin(4/5)π ·

√
cos(1/5)π · V23

+ cos(4/5)π ·
√

cos(1/5)π · V31 + sin(4/5)π ·
√

cos(1/5)π · V32
+ cos(1/5)π · V33),

R2 =
1

1 + cos(1/5)π
(cos2(2/5)π · V11 − sin(2/5)π · cos(2/5)π · V12

+ cos(2/5)π ·
√

cos(1/5)π · V13 − sin(2/5)π · cos(2/5)π · V21
+ sin2(2/5)π · V22 − sin(2/5)π ·

√
cos(1/5)π · V23

+ cos(2/5)π ·
√

cos(1/5)π · V31 − sin(2/5)π ·
√

cos(1/5)π · V32
+ cos(1/5)π · V33),

R3 =
1

1 + cos(1/5)π
(cos2(2/5)π · V11 + sin(2/5)π · cos(2/5)π · V12

+ cos(2/5)π ·
√

cos(1/5)π · V13 + sin(2/5)π · cos(2/5)π · V21
+ sin2(2/5)π · V22 + sin(2/5)π ·

√
cos(1/5)π · V23

+ cos(2/5)π ·
√

cos(1/5)π · V31 + sin(2/5)π ·
√

cos(1/5)π · V32
+ cos(1/5)π · V33),

R4 =
1

1 + cos(1/5)π
(cos2(4/5)π · V11 − sin(4/5)π · cos(4/5)π · V12

+ cos(4/5)π ·
√

cos(1/5)π · V13 − sin(4/5)π · cos(4/5)π · V21
+ sin2(4/5)π · V22 − sin(4/5)π ·

√
cos(1/5)π · V23

+ cos(4/5)π ·
√

cos(1/5)π · V31 − sin(4/5)π ·
√

cos(1/5)π · V32
+ cos(1/5)π · V33).

R0, . . . , R4 are projections in N, and

RiRi+1 = 0 (i ∈ {0, . . . , 4}, where i+ 1 is understood mod 5). (22)

Let Ψ be a unit vector in V33H. Then

⟨Ψ, (R0 +R1 +R2 +R3 +R4)Ψ⟩ = 5 cos(1/5)π

1 + cos(1/5)π
=

√
5. (23)

We will show that there is a faithful normal state ρ such that

ρ

(
4∑

i=0

Ri

)
≥

√
5− ϵ. (24)

9



If a vector state of N induced by Ψ is faithful, it is proved because of Equation (23). Thus
we assume that a vector state of N induced by Ψ is not faithful.

Since H is separable, there is a *-isomorphism π such that a von Neumann algebra
π(N) on a Hilbert space K admits a cyclic and separating vector [7, Proposition 2.5.6].
By [7, Theorem 2.5.31], there is a unit vector Φ in K such that

⟨Ψ, AΨ⟩ = ⟨Φ, π(A)Φ⟩ (25)

for any A ∈ N.
Let S be the support of the vector state of π(N) induced by Φ. Then Φ is a separating

vector for Sπ(N)S. Let Φ′ be a separating vector for π(N). Observe S⊥Φ′ ̸= 0 and define
Φ⊥ := S⊥Φ′/∥S⊥Φ′∥. Then Φ⊥ is a separating vector for S⊥π(N)S⊥. Define a normal
state ω of π(N) as

ω(B) :=

(
1− ϵ√

5

)
⟨Φ, BΦ⟩+ ϵ√

5
⟨Φ⊥, BΦ⊥⟩ (26)

for any operator B ∈ π(N).
Let Q′ be the support of ω and let Q := I −Q′. Then

0 = ω(Q) =

(
1− ϵ√

5

)
⟨Φ, QΦ⟩+ ϵ√

5
⟨Φ⊥, QΦ⊥⟩. (27)

Since ⟨Φ, QΦ⟩ ≥ 0 and ⟨Φ⊥, QΦ⊥⟩ ≥ 0, ⟨Φ, QΦ⟩ = ⟨Φ⊥, QΦ⊥⟩ = 0. SQS ≤ Q and
S⊥QS⊥ ≤ Q imply

⟨Φ, SQSΦ⟩ = ⟨Φ⊥, S⊥QS⊥Φ⊥⟩ = 0. (28)

Thus SQS = S⊥QS⊥ = 0.

Q = Q2

= (SQS + SQS⊥ + S⊥QS + S⊥QS⊥)2

= (SQS⊥ + S⊥QS)2

= SQS⊥QS + S⊥QSQS⊥

(29)

entails

0 = ω(Q)

= ω(SQS⊥QS + S⊥QSQS⊥)

=

(
1− ϵ√

5

)
⟨Φ, SQS⊥QSΦ⟩+ ϵ√

5
⟨Φ⊥, S⊥QSQS⊥Φ⊥⟩

(30)

Since ⟨Φ, SQS⊥QSΦ⟩ ≥ 0 and ⟨Φ⊥, S⊥QSQS⊥Φ⊥⟩ ≥ 0, SQS⊥QS = S⊥QSQS⊥ = 0.
By Equation (29), Q = 0. Therefore ω is a faithful normal state of π(N).

Let ρ(A) := ω(π(A)) for any A ∈ N. Then ρ is a faithful normal state of N, and

ρ

(
4∑

i=0

Ri

)

=

(
1− ϵ√

5

)⟨
Ψ,

(
4∑

i=0

Ri

)
Ψ

⟩
+

ϵ√
5

⟨
Φ⊥, π

(
4∑

i=0

Ri

)
Φ⊥

⟩
≥

√
5− ϵ

(31)
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by Equations (23), (25), and (26). Thus Inequality (24) was shown.
Let M be a C*-subalgebra of N generated by {Vij}i,j=1,2,3. Then

∑5
i=1Ri ∈ M. By

Lemma 4 and Inequality (31), there is an unitary operator U ∈ N such that

ψl

(
U∗

(
4∑

i=0

Ri

)
U

)
= ρ

(
4∑

i=0

Ri

)
≥

√
5− ϵ (32)

for any ψl ∈ {ψ1, . . . , ψk}.
Let Pi := U∗RiU for any i ∈ {0, . . . , 4}. Then PiPi+1 = 0 for any i ∈ {0, . . . , 4} by

Equation (22). Inequality (32) and ϵ ∈ (0,
√
5− 2) entail

ψl

(
4∑

i=0

Pi

)
≥

√
5− ϵ > 2 (33)

for any ψl ∈ {ψ1, . . . , ψk}.

According to Theorem 5, if we fix a finite set {ψ1, . . . , ψk} of normal states, there are
projections P0, . . . , P4 with which any normal state ψl ∈ {ψ1, . . . , ψk} violates KCBS in-
equality. k can be any number, say, 100 trillion. Thus, roughly speaking, KCBS inequality
is ‘almost’ state-independent in algebraic quantum field theory.

As an immediate consequence of Theorem 5, we get

Corollary 6. Let N be a type III factor on a separable Hilbert space. Any normal state
of N violates KCBS inequality.

Since KCBS inequality is satisfied by any noncontextual hidden variable theory, Corol-
lary 6 shows a contradiction between predictions of algebraic quantum field theory and
noncontextual hidden variable theories.

5 Conclusion

The noncontextuality condition states that a value of any observable is independent of
which other compatible observable is measured jointly with it. If we assume that there
is a noncontextual hidden variable theory, KCBS inequality holds. Thus, its violation
shows a contradiction between predictions of quantum theory and noncontextual hidden
variable theories.

In Sections 3 and 4, we examined KCBS inequality in quantum mechanics of finite
degrees of freedom and algebraic quantum field theory. It was shown that a tracial state
does not violate KCBS inequality in the case of quantum mechanics of finite degrees of
freedom in Theorem 3 and the following part. But the theorem cannot apply to a set of
all bounded operators on an infinite dimensional Hilbert space because there is no tracial
state in this case. It is important whether all normal states violate KCBS inequality or
not in this case since it describes quantum mechanics of finite degrees of freedom. It is
an open problem.

In Theorem 5 and Corollary 6, we examine KCBS inequality in algebraic quantum
field theory. Because a tracial states and a pure normal state do not exist in algebraic

11



quantum field theory, the argument of KCBS inequality in quantum mechanics of finite
degrees of freedom cannot apply to algebraic quantum field theory. In Corollary 6, it
is shown that any normal state violates it in the case of algebraic quantum field theory.
It is a difference between quantum mechanics of finite degrees of freedom and algebraic
quantum field theory from a point of view of KCBS inequality.
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