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Abstract

We study the meromorphy of various Euler products of degree two
attached to holomorphic Hecke eigen cusp forms for the elliptic modular
group, including Ramanujan’s ∆-function.
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Introduction

In 1916 Ramanujan [12] studied the Euler product associated to Ramanujan’s
τ -function defined as

∆(z) = e2πiz
∞∏

n=1

(1− e2πinz)24 =

∞∑
n=1

τ(n)e2πinz

for ℑ(z) > 0. This ∆(z) is a Hecke-eigen cusp form of weight 12 for the el-
liptic modular group SL(2,Z). Ramanujan’s Euler product is written in the
normalized form as

L∆(s) =
∏

p: prime

(1− a(p)p−s + p−2s)−1,

where a(n) = τ(n)n− 11
2 .
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Ramanujan conjectured that |a(p)| ≤ 2 for all primes p and it was proved
by Deligne [4] in 1974. Hence there exists a unique θ(p) ∈ [0, π] satisfying
a(p) = 2 cos(θ(p)).

Thus

L∆(s) =
∏

p: prime

(1− 2 cos(θ(p))p−s + p−2s)−1

=
∏

p: prime

det(1− α0
∆(p)p

−s)−1,

where

α0
∆(p) =

[(
eiθ(p) 0
0 e−iθ(p)

)]
∈ Conj(SU(2)).

More general Euler products were constructed by Serre [13], Langlands [9] and
Tate [17] as

L∆(s,Sym
m) =

∏
p: prime

det(1− Symm(α0
∆(p))p

−s)−1

for the irreducible representation Symm : SU(2) → U(m + 1) with m =
0, 1, 2, 3, .... Quite recently, Newton-Thorne [10, 11] proved that there exists
an automorphic representation πm of GL(m+ 1,AQ) satisfying

L(s, πm) = L∆(s,Sym
m)

for each m = 0, 1, 2, 3, ... and that πm (m ≥ 1) are cuspidal corresponding to
the holomorphy of L∆(s,Sym

m).

The situation is quite similar for each holomorphic Hecke eigen cusp form φ of
general weight for the elliptic modular group.

In this paper we first study the Euler product

Z±
m(s) =

∏
p: prime

(1± 2 cos(mθ(p))p−s + p−2s)−1

for m = 0, 1, 2, 3, ... and show the following result.

Theorem A. Z±
m(s) has an analytic continuation to all s ∈ C as a meromorphic

function.

In fact, this is easily seen from Newton-Thorne [10, 11] since each Z±
m(s) can

be written explicitly in terms of Lφ(s,Sym
n). In particular Z−

m(s) has a simple
expression as

Z−
m(s) =


Lφ(s,Sym

m)

Lφ(s,Sym
m−2)

(m ≥ 2)

Lφ(s) (m = 1).
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Next, we show the converse in some sense. Actually we determine all (non-
constant) monic polynomials f(x) ∈ Z[x] such that

Z±(s, f) =
∏

p: prime

(1± f(a(p))p−s + p−2s)−1

=
∏

p: prime

(1± f(2 cos(θ(p))p−s + p−2s)−1

are meromorphic on C.

Theorem B. Let f(x) ∈ Z[x] be a monic polynomial of degree m ≥ 1. Then
the following properties are equivalent.

(1) Z±(s, f) is meromorphic on C.

(2) |f(x)| ≤ 2 for −2 ≤ x ≤ 2.

(3) f(x) = 2Tm(x2 ). Here, Tm(x) is the Chebyshev polynomial defined by Tm(cos θ) =
cos(mθ).

(4) Z±(s, f) = Z±
m(s).

Example 1. Let

Zm(s) =
∏

p: prime

(1− (a(p2)−m)p−s + p−2s)−1

for m ∈ Z. Then,

Zm(s) is meromorphic on C ⇐⇒ m = 1.

Moreover,

Lφ(s,Sym
2) = ζ(s)

∏
p: prime

(1− (a(p2)− 1)p−s + p−2s)−1

=
∏

p: prime

(1− a(p2)p−s + a(p2)p−2s − p−3s)−1.

This expression was used by Shimura [16] for the proof of the holomorphy of
Lφ(s,Sym

2).

Example 2. For m ∈ Z,

∏
p: prime

(1− (a(p)−m)p−s + p−2s)−1 is meromorphic on C ⇐⇒ m = 0.

Otherwise, each Z±(s, f) has the natural boundary Re(s) = 0 as in the following
result.
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Theorem C. Let f(x) ∈ Z[x] be a non-constant monic polynomial. Then the
following properties are equivalent.

(1) Z±(s, f) is not meromorphic on C.

(2) Z±(s, f) has an analytic continuation in Re(s) > 0 with the natural bound-
ary Re(s) = 0.

Our results come from a general meromorphy theorem for Euler products shown
in [6, 7] assuming [10, 11]. We notice that the proof is similar to the case of

meromorphy of Dirichlet series
∞∑

n=1
a(n)mn−s and

∞∑
n=1

a(nm)n−s treated in [6,7].

For m = 1, 2 they are meromorphic on C and for m ≥ 3 they are meromorphic
in Re(s) > 0 with the natural boundary Re(s) = 0. We refer to [8] for an
application to rigidity of Euler products.

1 Proof of Theorem A

(1) The case m = 0

From
Z±
0 (s) =

∏
p: prime

(1± 2p−s + p−2s)−1 =
∏

p: prime

(1± p−s)−2

we see that
Z−
0 (s) =

∏
p: prime

(1− p−s)−2 = ζ(s)2

and

Z+
0 (s) =

∏
p: prime

(1 + p−s)−2 =
∏

p: prime

(
1− p−2s

1− p−s

)−2

=
ζ(2s)2

ζ(s)2

are meromorphic on C.

(2) The case m = 1

By identifying

Z−
1 (s) =

∏
p: prime

(1− 2 cos(θ(p))p−s + p−2s)−1 = Lφ(s)
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and

Z+
1 (s) =

∏
p: prime

(1 + 2 cos(θ(p))p−s + p−2s)−1

=
∏

p: prime

[(1 + eiθ(p)p−s)(1 + e−iθ(p)p−s)]−1

=
∏

p: prime

[
(1− e2iθ(p)p−2s)(1− e−2iθ(p)p−2s)

(1− eiθ(p)p−s)(1− e−iθ(p)p−s)

]−1

=
Lφ(2s,Sym

2)

Lφ(s,Sym
1)Lφ(2s,Sym

0)
,

where

Lφ(s,Sym
1) = Lφ(s),

Lφ(s,Sym
0) = ζ(s),

we know that both are meromorphic on C.

(3) The case m ≥ 2

First

Z−
m(s) =

∏
p: prime

[(1− eimθ(p)p−s)(1− e−imθ(p)p−s)]−1

=
∏

p: prime

[
(1− eimθ(p)p−s)(1− ei(m−2)θ(p)p−s) · · · (1− e−imθ(p)p−s)

(1− ei(m−2)θ(p)p−s) · · · (1− e−i(m−2)θ(p)p−s)

]−1

=
Lφ(s,Sym

m)

Lφ(s,Sym
m−2)

is a meromorphic function on C by means of [1, 10,11].

Secondly

Z+
m(s) =

∏
p: prime

[(1 + eimθ(p)p−s)(1 + e−imθ(p)p−s)]−1

=
∏

p: prime

[
(1− e2imθ(p)p−2s)(1− e−2imθ(p)p−2s)

(1− eimθ(p)p−s)(1− e−imθ(p)p−s)

]−1

=
Lφ(2s,Sym

2m)

Lφ(2s,Sym
2m−2)

Lφ(s,Sym
m−2)

Lφ(s,Sym
m)

is meromorphic on C using [1, 10,11].
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2 Meromorphy of Euler products

We recall the meromorphy result of [7, §3 Theorem 7] needed in this paper.
Take the triple

E = (P (Z), SU(2), α0
φ),

where P (Z) is the set of prime numbers, and the map

α0
φ : P (Z) → Conj(SU(2))

defined as

α0
φ(p) =

[(
eiθ(p) 0
0 e−iθ(p)

)]
.

We identify [0, π] and Conj(SU(2)) via the following map

[0, π] −→ Conj(SU(2)).

∈ ∈
θ 7−→

[(
eiθ 0
0 e−iθ

)]
Notice that the normalized measure on Conj(SU(2)) = [0, π] coming from the
normalized Haar measure of SU(2) is given by 2

π sin2 θdθ used in the Sato-Tate
conjecture proved in [1].

Main results of [6, 7] give the criterion of the meromorphy of Euler product

L(s,E,H) =
∏

p: prime

Hα0
φ(p)(p

−s)−1

for each polynomial
H(T ) ∈ 1 + TR(SU(2))[T ]

when specialized to the present situation, where R(SU(2)) is the ring of virtual
characters of SU(2) and

Hα0
φ(p)(T ) ∈ 1 + TC[T ]

denotes the polynomial obtained by taking values of coefficients.

We first report Theorems 1 and 2. The important assumption made in [6, 7]
for E = (P (Z), SU(2), α0

φ) on the analytic properties of the symmetric power
L-functions follow from recently proved automorphy due to Newton-Thorne
[10, Theorem A]. Especially the boundedness in vertical strips of the symmetric
power L-functions needed in [6, 7] follow from Gelbart-Shahidi [5] (see Shahidi
[15] and Cogdell-Piatetskii-Shapiro [3]).

Theorem 1. Let H(T ) ∈ 1+TR(SU(2))[T ] be a polynomial of degree n. Then
the following properties are equivalent.
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(1) H(T ) is unitary in the sense that there exist functions φj : R → R (j =
1, 2, ..., n) such that

Hθ(T ) =

n∏
j=1

(1− eiφj(θ)T )

for θ ∈ [0, π] = Conj(SU(2)).

(2) L(s,E,H) is meromorphic on C.

Theorem 2. Let H(T ) ∈ 1+TR(SU(2))[T ]. Then the following properties are
equivalent.

(1) H(T ) is not unitary.

(2) L(s,E,H) is meromorphic in Re(s) > 0 with the natural boundary.

Here we prove a concrete example of degree two for applications in this paper.

Theorem 3. Let H(T ) = 1±hT +T 2 ∈ 1+TR(SU(2))[T ]. Then the following
properties are equivalent.

(1) H(T ) is unitary.

(2) |h(θ)| ≤ 2 for all θ ∈ [0, π].

(3) L(s,E,H) is meromorphic on C.

Proof. Since (1) ⇐⇒ (3) is implied in Theorem 1, it suffices to show (1) ⇐⇒ (2).

(1) =⇒ (2): From

Hθ(T ) = (1− eiφ(θ)T )(1− e−iφ(θ)T )

for a function φ : R → R, we have

|h(θ)| = |2 cos(φ(θ))| ≤ 2

for θ ∈ [0, π].

(2) =⇒ (1): From |h(θ)| ≤ 2 we have

Hθ(T ) =

(
1±

h(θ) + i
√
4− h(θ)2

2
T

)(
1±

h(θ)− i
√
4− h(θ)2

2
T

)

and ∣∣∣∣∣h(θ)± i
√

4− h(θ)2

2

∣∣∣∣∣ = 1.
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3 Proofs of Theorems B and C

From Theorems 1, 2 and 3 we see that Theorems B and C are proved by the
following result.

Theorem 4. For a monic polynomial f(x) ∈ Z[x] of degree m ≥ 1, the following
conditions are equivalent.

(1) |f(x)| ≤ 2 for −2 ≤ x ≤ 2.

(2) f(x) = 2Tm(x2 ).

Actually, let

H(T ) = 1± f(2 cos θ)T + T 2 ∈ 1 + TR(SU(2))[T ],

then we see the following equivalence:

L(s,E,H) is meromorphic on C
Th 1⇐⇒ H(T ) is unitary

Th 3⇐⇒ |f(2 cos θ)| ≤ 2 for all θ ∈ [0, π]

⇐⇒ |f(x)| ≤ 2 for − 1 ≤ x ≤ 1

Th 4⇐⇒ f(x) = 2Tm(
x

2
)

⇐⇒ L(s,E,H) =
∏
p

(1± 2 cos(mθ(p))p−s + p−2s)−1.

We remark that this also gives a second proof of Theorem A.

Proof of Theorem 4. Let

g(x) =
1

2m
f(2x) ∈ R[x].

This is a monic polynomial of degree m. Then, (1) is equivalent to the following
condition:

|g(x)| ≤ 1

2m−1
for − 1 ≤ x ≤ 1.

Such a monic polynomial g(x) is uniquely determined as 1
2m−1Tm(x) by the

famous theorem of Chebyshev [2]; see Serre [14]. Hence f(x) = 2Tm

(
x
2

)
.
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