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A B S T R A C T

We propose the theory of indeterminate natural transformation (TINT) to investigate the dynamical creation of
meaning as an association relationship between images, focusing on metaphor comprehension as an example.
TINT models meaning creation as a type of stochastic process based on mathematical structure and defined
by association relationships, such as morphisms in category theory, to represent the indeterminate nature of
structure–structure interactions between the systems of image meanings. Such interactions are formulated in
terms of the so-called coslice categories and functors as structure-preserving correspondences between them.
The relationship between such functors is ‘‘indeterminate natural transformation,’’ the central notion in TINT,
which models the creation of meanings in a precise manner. For instance, metaphor comprehension is modeled
by the construction of indeterminate natural transformations from a canonically defined functor, which we call
the base-of-metaphor functor.
1. Introduction

Our minds are filled with various images, visual or auditory, con-
crete or abstract, verbal or non-verbal: the image of a cup, snow,
mothers, a girl called Naomi, red, cold, a series of sounds like ‘‘kiki’’,
the God, Pegasus, the number 3, and so on. For each image, several
meanings are being created in our minds. Meaning creation is one of the
essential abilities of humankind and also one of the fascinating topics
for cognitive process research.

In this paper, we investigate the process of creating meaning, espe-
cially for novel metaphors1 as typical examples, as the meaning of an
image represents its relationships to other images. As a framework, we
propose a new theory of novel metaphor comprehension, the theory of
indeterminate natural transformations (TINT ).

The aim of TINT is to describe and explain how the meanings of
the source and target of a metaphor2 interact with each other to create
novel meanings based on the structure of the relationships among

∗ Corresponding author.
E-mail address: miho02@sj9.so-net.ne.jp (M. Fuyama).

1 We do not distinguish similes from metaphors, for our focus is on the general structures not dependent on this classification.
2 ‘‘Target’’ and ‘‘source’’ are widely used terms in the metaphor and analogy studies (Holyoak and Stamenković, 2018). For example, in the metaphor ‘‘T is S’’

or ‘‘T is like S’’, T is a target and S is a source. In general, a target is relatively unknown while a source is relatively known. Holyoak and Stamenković (2018)
defined a target as what is being talked about and a source as the concept used to characterize the target. Although some studies have used the terms ‘‘tenor’’
and ‘‘topic’’ instead of ‘‘target’’ and ‘‘vehicle’’ and ‘‘base’’ and ‘‘focus’’ instead of ‘‘source’’, we chose the more commonly used terms ‘‘target’’ and ‘‘source’’ to

images. TINT is based on fundamental concepts in category theory,
which is a branch of mathematics that investigates various mathemat-
ical structures in terms of relationships, called morphisms (or arrows).
We extend the notion of category, functor, and natural transformation
to the context of a stochastic process to model the indeterminate nature
of meaning creation.

The remainder of the paper is organized as follows: In Section 2, we
briefly explain the intuition of the TINT without using the terminology
of category theory. Then, we introduce the basic concepts of category
theory required for formulating the TINT in Section 3. In Section 4, we
formulate the TINT based on category theory and introduce a stochas-
tic process. The central notion is ‘‘indeterminate natural transforma-
tion’’. Section 5 provides an example of TINT applications to metaphor
comprehension. In the last section, we discuss some essential prob-
lems of metaphor comprehension based on TINT and future research
directions.
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2. Summary of TINT

First, we define the ‘‘meaning’’ of an image. Under TINT, the mean-
ing of a certain image is defined as the entire associative relationship
of the image to other images. Assume that some sort of event evokes
image 𝐴 and image 𝐴 evokes other images, 𝐵, 𝐶, and so on. We then
define the meaning of 𝐴 as the entire association from image 𝐴 to
images 𝐵, 𝐶, and others.3 For example, when an image of ‘‘love’’ evokes
other images such as ‘‘warm’’, ‘‘children’’, ‘‘lover’’, ‘‘suffer’’, ‘‘passion’’,
‘‘heart’’, we regard the meaning of ‘‘Love’’ as its association to all these
images.

Some readers may be puzzled by our terminology of ‘‘meaning of
image’’. If one conceives the ‘‘meaning’’ as the ‘‘object’’ itself, which
a symbol such as a word refers to, our terminology will seem some-
what strange. However, in the semiotics of Saussure, Pierce, and oth-
ers, meaning is always thought of in terms of ‘‘relations’’. Pierce in
particular defined the concept of the symbol as follows.

Namely, a sign is something, A, which brings something, B, its
interpretant sign determined or created by it, into the same sort of
correspondence with something, C, its object, as that in which itself
stands to C(Peirce 1902, NEM IV, 20–21 Peirce, 1902).

According to the definition by Peirce, everything that is the starting
point of a relationship from there to other things is a sign. Therefore,
not only phonetic or textual symbols such as words but also multimodal
images can be called symbols in the sense that they evoke other images.
Furthermore, the meanings of the various images as symbols should be
taken as the total structure of the relationships from them to the various
other images, as with other symbols.

Accordingly, creating new meanings can be assimilated to creating
new relationships between images. Therefore, the simplest case of
meaning creation is one associative relationship from image 𝐴 to image
𝐵 excited, which changes the meaning of 𝐴 and creates new meanings
for the other image.

An example of this process is the comprehension of a novel
metaphor, in which a new connection between the target and source of
the metaphor is excited. For example, if the metaphor of ‘‘love is like
drinking water’’ is new, an associative relationship from the image of
‘‘love’’ to the image of ‘‘drinking water’’ is made. Then, the meaning of
‘‘love’’ is changed by this new relationship. Therefore, we can recognize
the process of comprehending novel metaphors as a basic process of
creating new meanings.

Furthermore, each image of the target and source has associations
to other images prior to understanding the new metaphor. Therefore,
when comprehending a metaphor, we will not only make the asso-
ciative relationship from ‘‘love’’ to ‘‘drinking water’’ but also create
a correspondence of some part of the associative relationships from
‘‘love’’ to some part of the associative relationships from ‘‘drinking
water’’. These associations for each structure enrich the meaning of
‘‘love’’, which becomes like drinking water, making it necessary for
living, feeling good, cleanliness, transparency, coldness, and so on.

In this paper, we use the concepts of category theory, which is a
fundamental ‘‘relationalist’’ framework in mathematics, especially the
concept of ‘‘coslice category’’, to formulate the concept of meaning and
the process of metaphor comprehension from the relationalism point
of view. From our viewpoint, the most important process of metaphor
comprehension is thus constructing relationships between part of the
associative structures of the target and the source. In this context,
TINT represents this structure-to-structure interaction as a construction

3 The boundaries of association are decided by the strength of associative
elationships between images that decay with increasing steps of association,
nd they are also constrained by the capacity of cognition. In TINT, this decay
s modeled by the probabilistic weight, which is decided based on the strength
f association. We discuss this point in 4.2.
2

m

of indeterminate natural transformation. The next section is devoted to
formulating this concept based on the fundamental notions of category
theory

Our perspective of metaphor comprehension can be basically placed
in ‘‘analogical position’’ and ‘‘conceptual mapping position’’ among
studies of metaphor comprehension. Holyoak and Stamenković (2018)
conducted a broad survey of studies of metaphor comprehension and
identified three theoretical positions: analogy, categorization, and con-
ceptual mapping. It seems there are no conclusions or agreements
on which position is better than others in cognitive psychology. The
analogy position claims that metaphors are based on analogies that
find and exploit similarities according to relationships among entities
rather than solely on the entities themselves (Bowdle and Gentner,
2005). On the other hand, the categorization position argues that
metaphors are interpreted as category statements in which a target con-
cept belongs to a source concept (Glucksberg and Keysar, 1990). While
these first two positions mainly propose information-processing models,
the conceptual mapping position suggests a novel perspective wherein
metaphorical linguistic expressions represent realization in language
of underlying metaphorical patterns in thought (Lakoff and Johnson,
1980). Therefore, metaphor comprehension is not merely a kind of
verbal cognition but more general and basic cognition of thought and
understanding. It is worth noting that, although the conceptual map-
ping position emphasizes embodiment cognition, this position seems
consist with the other two, especially the analogy position (Holyoak
and Stamenković, 2018).

Since TINT represents the process of constructing relationships be-
tween part of the associative structures of the target and the source,
TINT is regarded as a kind of analogical position. In addition, we
postulate that the linguistic expressions of metaphors are realizations
of underlying metaphorical patterns in thought using multi-modal im-
ages. In this sense, TINT is a similar idea as the conceptual mapping
position. We discuss the relationships between TINT and other studies
of metaphor comprehension in more detail in Section 6.

Whichever position is chosen, some representation of meaning of
words or concepts is needed to compute metaphor comprehension.
One meaning of a word/concept seems to have specific similarity with
other meanings. For example, ‘‘hot’’ and ‘‘sun’’ have relatively closer
meanings than ‘‘hot’’ and ‘‘moon’’. Operation between two meanings
also seems to be required to represent conceptual operation such as
conceptual combination (e.g., portable plus phone becomes mobile
phone). Many studies have attempted to construct this kind of semantic
space as a kind of metric space (Kintsch, 2000; Mikolov et al., 2013a).
However, in some cases, symmetric property between meanings can be
broken (Tversky, 1977). These results suggest that the constraints of
metric space are too strong to represent the semantic space.

In TINT, we propose using a category with indeterminate arrows
to represent quasi-metrics and compositionality (one of the simplest
operations) to represent semantic space. Since not much is known about
the semantic space of human, and category is the weakest structure
that can manage quasi-metrics and compositionality, the modeling of
semantic space using category theory seems appropriate.4

4 A category is a directed graph with a structure of composition. In this
ense, categories are special cases of directed graphs. On the other hand, when
directed graph is given, we can construct some categories from the directed

raph. For example, we can construct a category whose objects are vertices and
rrows are paths. This is called ‘‘the free category generated by the directed
raph’’. Another example is a category whose objects are vertices and whose
rrows are ‘‘accessibility’’ by paths (two vertices are connected by an arrow
f and only if they are connected by some path), which we make use of in
he present paper. Note that, however, as a mere collection of elements in a
ector space and the vector space itself with linear structure are different, a
ere directed graph and some categories constructed from it are different.
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3. Category-theoretic concepts for TINT

The fundamental concepts of category theory are ‘‘category’’, ‘‘func-
tor’’, and ‘‘natural transformation’’ (for more details, see Mac Lane,
1998).

A category is, roughly speaking, a network formed by composable
‘‘morphisms’’ that intertwines ‘‘objects’’.
0. A category is a system consisting of objects and morphisms,
atisfying the following four conditions:

. Each morphism 𝑓 is associated with two objects, dom(𝑓 ) and cod(𝑓 ),
espectively called domain and codomain.

When dom(𝑓 ) = 𝑋 and cod(𝑓 ) = 𝑌 , we denote

∶ 𝑋 ⟶ 𝑌

r
𝑓

←←←←←←←←←←←←←←→ 𝑌 .

t is not necessary to limit the direction of the morphism from left to right, if
t is convenient to consider it, for example, from bottom to top or from right
o left. A subsystem of a category is built based on these morphisms and
bjects are called diagrams.

I. If there are two morphisms, 𝑓, 𝑔 such that cod(𝑓 ) = dom(𝑔), we have
𝑔

←←←←←←←←←←←←←← 𝑌
𝑓

←←←←←←←←←←←←←←← 𝑋,

nd there is a unique morphism
𝑔◦𝑓

←←←←←←←←←←←←←←←←←←←←←←←← 𝑋

alled the composition of 𝑓, 𝑔.

II. We assume an associative law. For the diagram,

𝑊 𝑌

𝑔
↙↙

ℎ◦𝑔←←

𝑍

ℎ

↖↖

𝑋,

𝑓

↖↖

𝑔◦𝑓
←←

we assume

(ℎ◦𝑔)◦𝑓 = ℎ◦(𝑔◦𝑓 ).

s above, when all morphism compositions are equal, we call the
iagram commutative.

V. The last condition is the unit law. For any object 𝑋 there exists a
orphism 1𝑋 ∶ 𝑋 ⟶ 𝑋 called the identity of 𝑋 such that the diagram

𝑋

𝑓

↙↙
𝑌 𝑋

𝑓←←

𝑓
↙↙

1𝑋

↖↖

𝑌

1𝑌

↖↖

is commutative for any 𝑓 ∶ 𝑋 ⟶ 𝑌 . In other words,

𝑓◦1𝑋 = 𝑓 = 1𝑌 ◦𝑓.

By the natural correspondence from objects to their identities, we can
identify the objects with identities. In other words, we can consider the
objects as special morphisms. Sometimes, we can adopt this viewpoint
without notice.

Definition 1. A category is a system composed of two types of entities,
called objects and morphisms, which interrelate through the notion of
domain/codomain, which is equipped with composition and identity,
3

thus satisfying the associative and unit laws. c
A functor is defined as the structure-preserving correspondence of
two categories as follows:

Definition 2. Let  and  be categories. A correspondence 𝐹 from
to , which maps each object/morphism in  to a corresponding

bject/morphism in , is called a functor if is satisfies the following
onditions:

1. It maps 𝑓 ∶ 𝑋 ⟶ 𝑌 in  to 𝐹 (𝑓 ) ∶ 𝐹 (𝑋) ⟶ 𝐹 (𝑌 ) in .
2. 𝐹 (𝑓◦𝑔) = 𝐹 (𝑓 )◦𝐹 (𝑔) for any (composable) pair of 𝑓, 𝑔 in .
3. For each 𝑋 in , 𝐹 (1𝑋 ) = 1𝐹 (𝑋).

In short, a functor is a correspondence that preserves diagrams or,
quivalently, categorical structure. A functor is a universal concept.
revious studies have suggested that some representation, modeling,
nd theorization can be interpreted as the creation of functors (Law-
ere, 1963; Makkai and Paré, 1989). In this article, we suggest that
etaphor comprehension, which is a kind of cognitive process, can

lso be interpreted as a functor. Then, what is the morphism between
unctors? The answer is natural transformation.

efinition 3. Let 𝐹 ,𝐺 be functors from category  to category , a
orrespondence 𝑡 is called a natural transformation from 𝐹 to 𝐺 if it
atisfies the following conditions:

1. 𝑡 maps each object 𝑋 in  to the corresponding morphism 𝑡𝑋 ∶
𝐹 (𝑋) ⟶ 𝐺(𝑋) in .

2. For any 𝑓 ∶ 𝑋 ⟶ 𝑌 in ,

𝑡𝑌 ◦𝐹 (𝑓 ) = 𝐺(𝑓 )◦𝑡𝑋 .

For the natural transformation, we use notation 𝑡 ∶ 𝐹 ⟹ 𝐺. The
econd condition above is depicted as follows:

𝑌 𝑋
𝑓←←

𝐹

𝑡

↓↓

𝐹 (𝑌 )

𝑡𝑌
↓↓

𝐹 (𝑋)

𝑡𝑋
↓↓

𝐹 (𝑓 )←←

𝐺 𝐺(𝑌 ) 𝐺(𝑋)
𝐺(𝑓 )
←←

The upper-right part denotes the morphism in  and the lower-left part
the morphism in . The second condition in the definition of natural
transformation means the diagram above is commutative.5

4. Formulation of TINT

In Section 2, we defined the meaning of an image as the entire asso-
ciative relationship from that image to other images. Novel metaphor
comprehension can be regarded as the process of constructing new
local/partial correspondence between a part of the associative structure
between two images: the target and source. Now, we can formulate this
idea as the TINT using concepts from category theory.

First, we describe our theory without indeterminacy. As previously
mentioned, the idea of metaphor comprehension is formulated in terms
of category theory. Second, we introduce stochastic processes to de-
scribe alteration of categories and functors from moment to moment
as a process of metaphor comprehension. Finally, we sum up the TINT
axioms.

5 Note that in the setting of this present paper (i.e., there exists at most one
orphism between any two objects), this condition is automatically satisfied
hen the functors are well-defined, although we will consider more general

ases in future studies.
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Fig. 1. The example of inducing a base-of-metaphor functor and constructing another
functor that represents a more natural interpretation of the metaphor with a natural
transformation. 𝐴∖ and 𝐵∖ is a coslice category. In 𝐴∖, 𝑎1 , 𝑎2 , 𝑎3 ,… are the objects
and (𝑎1 , 𝑎2 , ℎ1), (𝑎2 , 𝑎3 , ℎ2)... the morphisms. These coslice categories represent the
meaning of 𝐴 and 𝐵 in this order. The new association 𝑓 ∶ 𝐴 → 𝐵 is induced by a
new metaphorical expression, ‘‘𝐴 is like 𝐵’’. Then, the base-of-metaphor functor, 𝑓∖,
is canonically made by these morphisms using composition. Finally, a more natural
interpretation of the metaphor is made as another functor 𝐹 by a natural transformation
from 𝑓∖. This natural transformation 𝑡 is made by a family of morphisms in 𝐴∖ so
that 𝑡𝑏1.

4.1. Formulation of TINT using category theory without indeterminacy

First, we define the category of images. The objects of Category of
images  are images (visual or auditory, concrete or abstract, verbal
or nonverbal) and the morphisms of  are associations between them.

For simplicity, here, we let the number of morphisms between two
given objects be at most one. That is, the morphism is considered as
‘‘the possibility of association’’, although it is fruitful to relax this con-
dition to the general case (i.e., types of associations are distinguished).
This general case is used to discuss the stochastic process in the next
subsection.

Then, the meaning of an image can be represented using coslice
category. A coslice category is defined as follows.

Definition 4 (The Coslice Category 𝐴∖). Let 𝐴 be an object in . Objects
in 𝐴∖ are morphisms in  from 𝐴. The morphisms between two objects
𝑓1 ∶ 𝐴 ⟶ 𝑋1 and 𝑓2 ∶ 𝐴 ⟶ 𝑋2 is the triple of (𝑓1, 𝑓2, 𝑔), where
𝑔 ∶ 𝑋1 ⟶ 𝑋2 and 𝑓2 = 𝑔◦𝑓1. That is, the objects are morphisms from
𝐴 (something ‘‘for 𝐴’’) and the morphisms are commutative triangle
diagrams (relationships for 𝐴).

When  is the category of images, we identify category 𝐴∖ as the
categories of meanings of 𝐴 based on our idea in Section 2.

Next, a metaphor can be considered as a functor representing the
correspondence between structures. Metaphor ‘‘A is like B’’ can be
interpreted as functor from a coslice category 𝐵∖ to a coslice category
𝐴∖, where  is a category of images. For example, the metaphor ‘‘from
atomic worlds to celestial worlds’’ is considered as a functor from the
categories whose objects are protons, electrons, electromagnetic forces,
etc., and morphisms are associations between them and stars, planets,
gravitational forces, etc., and the associations between them.

The example above is a conventionalized metaphor (Holyoak and Sta-
menković, 2018). The main topic is thus how such metaphors are con-
structed. To model the construction, we propose a ‘‘base-of-metaphor’’
functor between coslice categories as follows:

Base-of-metaphor functor between the categories of meanings is
defined as follows (see also Fig. 1). Let us consider a given morphism
𝑓 ∶ 𝐴 ⟶ 𝐵, the association induced by a (new) metaphor expression
as ‘‘A is like B’’. Then, a functor 𝑓∖ ∶= (⋅)◦𝑓 ∶ 𝐵∖ ⟶ 𝐴∖ (i.e., ‘‘(⋅)
4

Fig. 2. The base-of-metaphor is canonically constructed from morphism 𝑓 and
metaphor functors can be constructed based on this base-of-metaphor by searching
for the natural transformation.

for 𝐵’’ for 𝐴) is canonically defined. We call it the base-of-metaphor
functor.

For example (Fig. 1), 𝐴∖ and 𝐵∖ is a coslice category that
represents the meaning of 𝐴 and 𝐵 in this order. In 𝐴∖, 𝑎1, 𝑎2, 𝑎3,…
are the objects and (𝑎1, 𝑎2, ℎ1), (𝑎2, 𝑎3, ℎ2)... the morphisms. The new
association 𝑓 ∶ 𝐴 → 𝐵 is induced by a new metaphorical expression,
‘‘𝐴 is like 𝐵’’. Then, the base-of-metaphor functor, 𝑓∖, is canonically
created by these morphisms using composition.

Our computational hypothesis is that the construction of meaning
is a new functor (metaphor functor) from base-of-metaphor functor. Of
course, the base-of-metaphor functor itself is a functor and provides
indirect meanings such as ‘‘X for B for A’’. As such, our minds tend to
construct other new associations from it such as ‘‘Y for A: X is like Y
(for A)’’. The construction should be considered as a ‘‘morphism’’ from
the base-of-metaphor functor to some other new metaphor functor. This
‘‘morphism’’ between functors is a natural transformation conducted by
each morphism in 𝐴∖ .

Continuing previous example, this situation is represented as follow
(Fig. 1). Finally, a more natural interpretation of the metaphor is made
as another functor 𝐹 by a natural transformation from 𝑓∖. This natural
transformation 𝑡 is made by a family of morphisms in 𝐴∖ so that 𝑡𝑏1.

In sum, Fig. 2 shows the scheme of this process by evoking mor-
phism 𝑓 ∶ 𝐴 ⟶ 𝐵 to construct a new metaphor functor based on
base-of-metaphor functor and its natural transformation.

4.2. Toward indeterminacy with introducing stochastic process to category

In the previous subsection, we have introduced the basic concepts of
category theory to formulate meanings and metaphors in mathematical
terms. However, the most important topics are not the completed
metaphor functors and natural transformation, but the process of cre-
ating them. As all of us understand that the possible interpretation
of a metaphorical expression in daily life is by no means unique or
complete and that the process of creating a new interpretation for a
metaphor cannot be considered a deterministic process as in classical
mechanics. Here, we introduce the concept of indeterminate category,
indeterminate functor, and indeterminate natural transformation to
address this type of indeterminacy on the basis of category theory.

The intuitive ideas behind an indeterminate category, indeterminate
functor, and indeterminate natural transformation are quite simple.
They are just a fluctuating, growing, and co-existing family of (subsys-
tems of) categories, functors, and natural transformation, respectively,
constructed through an indeterministic processes. To model this simple
concept, we need to introduce some stochastic concepts over categories,
such as the weight of morphisms, excitement of morphisms, and exci-
tation/relaxation processes. For simplicity, we consider that morphism
has two-level states: excited or relaxed.
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Fig. 3. Latent category of meaning and indeterminate category of meaning. The latent
category of meaning is a stochastic category and its 𝜇 is decided based on a strength
of association. The excited category of meaning is created from the latent category of
meaning and a metaphor expression according to stochastic rules. In this diagram, in the
latent category of meaning, bold morphisms have relatively large 𝜇 and fine morphisms
have relatively small 𝜇. In the excited category of metaphor, the morphisms that have
large 𝜇 in the latent category are relatively excitable.

A stochastic category (, 𝜇, 𝑅) is the triple of a category , the
probabilistic weight 𝜇 (not normalized) on morphisms, and excita-
tion/relaxation rules 𝑅 referring to 𝜇. We assume 𝑅 contains the
following rules.

• (Basic rule). The morphism composed by two excited morphisms
is excited.

These rules do not depend on 𝜇. Based on the notion of a stochastic
category, a ‘‘stochastic process’’ of category 𝑒𝑥𝑐,𝑡 as the (subsystems of)
categories of 𝐶 containing all the excited morphisms in step 𝑡 (Fig. 3).
We consider 𝑒𝑥𝑐,𝑡 the mathematical realization of the concept of ‘‘in-
determinate categories’’. An indeterminate functor or indeterminate
natural transformation are defined by (a family of the subsystems of)
functors and natural transformations between indeterminate categories,
constructed in terms of stochastic categories.

When one morphism can be made by a composition of two mor-
phisms, probabilistic weight 𝜇 on its morphism is not necessarily de-
termined by multiplying their probabilistic weights. As described in
the previous section, there can be more than one morphism between
two objects. Therefore, its morphism can be constructed by another
composition, meaning the probabilistic weights should be determined
by the sum of the weights among all possible compositions.

4.3. Axioms of TINT

Based on the above arguments, we propose the axioms of TINT as
a working hypothesis:

• The system of all images (visual or auditory, concrete or abstract,
verbal or non-verbal) and all association between them can be
modeled by a category . The stochastic aspect is provided by
a weight on 𝜇 that represents the strengths of associations and
the excitation/relaxation rule introduced below. (We call this
stochastic category of images the latent category of meaning):
5

Fig. 4. Rules of the excitation and relaxation processes. When the blue morphisms are
excited, the red morphisms will be excited. The solid line represents the deterministic
process and the dashed one the stochastic process with probabilistic weight 𝜇. For the
anti-fork rule, the blue morphisms will be banished because of the absence of the
necessary composition.

• The system of meanings of an image 𝐴 and the relationships
between meanings can be modeled by coslice categories and its
weight is naturally induced by 𝜇:

• A metaphor ‘‘𝐴 is like 𝐵’’ excites morphism 𝑓 ∶ 𝐴 → 𝐵.6 It
causes the construction of natural transformations based on the
excitation/relaxation processes described below, which are the
basic dynamics of development of coslice categories:

• Excitation processes occur (relatively fast) under the stochastic
rules as follows (see also Fig. 4):

– 0. (Basic rule). The morphism composed of two excited
morphisms is excited. The identities of the domain and
codomain of excited morphisms are excited. This rule rep-
resents the compositionality of morphism.

– 1. (Neighboring rule). The morphisms whose domain is the
codomain of an excited morphism tends to be excited. The
excitation probability is provided by 𝜇. This rule represents
an associative relationship between images.

– 2. (Fork rule). For the pairs of morphisms sharing domains,
morphisms between their codomains (which may be equal
to a composition of many morphisms) are searched and
tend to be excited. The search criteria and the excitation
probability are provided by (the localization of) 𝜇. This
rule and the Anti-fork rule represent the compositionality
of morphism, which is especially needed in the coslice
category and while searching for a natural transformation.

– As a special case of rules 1 or 2, the inversely directed
morphisms of excited morphisms tend to be excited.

• Relaxation processes occur (relatively slowly) under the rule be-
low (see also Fig. 4):

– (Anti-fork rule). For the pairs of morphisms sharing do-
mains, if the morphisms between their codomains (which
may be equal to some composition of many morphisms) are
not excited, these morphisms are relaxed.

6 When the weight of the morphism is (almost) zero, ‘‘creates’’ is more
suitable than ‘‘excites’’.
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Fig. 5. ‘‘Tsuchi (Soil)’’: the base-of-metaphor functor 𝑓∖ is canonically constructed
through the excited 𝑓 . Then, the morphism from yacht will be searched according to
the fork rule and ‘‘yacht to ant’’ will be excited. The red morphisms (objects in the
coslice categories) belong to the functor 𝑓∖, the blue morphisms belong to functor
𝐹 , and the purple morphisms correspond to the natural transformation section.

• As a result, an excited category of meaning is defined and a
family of excited morphisms becomes an indeterminate natural
transformation (i.e., a family of subsystems of natural transfor-
mations) from (a subsystem of) base-of-metaphor functor 𝑓∖
to some indeterminate functor (i.e., metaphor functor). The INT
(indeterminate natural transformation) provides the meaning of
the metaphor.7

• When the INT above become stable (long-term survival), com-
prehensive (the domain subcategory of functor defined by INT is
large) and the weight of the components of the INT is increased.
In other words, it will provide the change of weight 𝜇: a change
in our world-view. In other words, this process can be interpreted
as feedback and learning, such as Hebbian learning.

5. Exemplification of TINT

Here, we exemplify an application of TINT to explain metaphor
comprehension. Note that this example is a thought experiment for a
better understanding of TINT. In another study, we are now conducting
a psychological experiment to test TINT empirically where we are at-
tempting to estimate the strengths of association 𝜇 between images and
simulate metaphor comprehensions using TINT. Please see Section 6.2
for more information.

We take the example of a metaphor from a Japanese poem ‘‘Tsuchi’’
(Soil) (Miyoshi, 1932), written by Tatsuji Miyoshi. The free translation
of this poem is:

An ant

pull a wing of a butterfly.

O

It is like yachting.

For simplicity, we abstract the metaphor ‘‘Wing is like a sail’’ from
this poem to determine the dynamical creation of meanings. Although
there is no explicit word ‘‘sail’’, we (the authors) discussed this poem

7 In this article, we basically discuss novel metaphors. In this case, this
understanding of the meaning of metaphors can be regarded as the creation of
new meanings since excitation of this associative structure is novel (See also
Section 2). On the other hand, in the case of a conventionalized metaphor,
because this excitation often happens, constructing INT can be regarded as a
remembering of the meaning of metaphor.
6

Fig. 6. ‘‘Tsuchi (Soil)’’: the ‘‘hidden’’ image of the sea is excited according to the fork
rule and probabilistic weight of 𝜇. These processes can contribute to associate other
images such as ‘‘black’’, ‘‘blue’’, ‘‘death’’, ‘‘life’’.

and came to an agreement what the most salient metaphor in this poem
is: ‘‘Wing is like a sail’’.8 Figs. 5 and 6 represent the comprehension
of this metaphor according to TINT. Before the poem comes to mind,
each ‘‘sail’’ and ‘‘wing’’ have made the coslice category ‘‘𝑆𝑎𝑖𝑙∖’’ and
‘‘𝑊 𝑖𝑛𝑔∖’’. When we read the poem, a morphism 𝑓 from ‘‘wing’’ to
‘‘sail’’ is excited. Then, the base-of-metaphor functor 𝑓∖ ∶= (⋅)◦𝑓 ∶
𝑆𝑎𝑖𝑙∖ ⟶ 𝑊 𝑖𝑛𝑔∖ (i.e., ‘‘(⋅)for 𝑆𝑎𝑖𝑙’’ is mapped to ‘‘(⋅)for 𝑆𝑎𝑖𝑙 for
𝑊 𝑖𝑛𝑔’’) is canonically constructed through the excited 𝑓 . Given the
dynamics of excitement/relaxation based on the strengths of associ-
ation 𝜇, the base-of-metaphor functor causes the construction of the
metaphor meaning as an indeterminate natural transformation.

For example, in Fig. 5, according to the basic rule, ‘‘𝑊 𝑖𝑛𝑔 to 𝑌 𝑎𝑐ℎ𝑡’’
is excited.9 By the fork rule, the morphism from 𝑌 𝑎𝑐ℎ𝑡 will be searched
as excited. There are lots of candidate morphisms such as ‘‘𝑌 𝑎𝑐ℎ𝑡 to
𝐵𝑢𝑡𝑡𝑒𝑟𝑓𝑙𝑦’’ to ‘‘trigonal’’ or to ‘‘black’’ but, based on the probability
weight of 𝜇 in this context, we can assume that the morphism ‘‘𝑌 𝑎𝑐ℎ𝑡 to
𝐴𝑛𝑡’’ is excited. Although the weight of the morphism is not large in the
total 𝜇, it is natural to think its weight will be evaluated as some local
maxima, since it has a relatively natural ‘‘transit point’’ similar to the
image of ‘‘moving on some plane entity’’. The fork rule will excite many
morphisms from 𝑆𝑎𝑖𝑙 to 𝑊 𝑖𝑛𝑔,10 including a rather trivial morphism
from ‘‘𝑡𝑟𝑖𝑔𝑜𝑛𝑎𝑙 to 𝑡𝑟𝑖𝑔𝑜𝑛𝑎𝑙’’. Generally, excitement/relaxation dynamics
make these newly constructed morphisms part of natural transfor-
mations 𝑡 from the base-of-metaphor functor to some (subsystem of)
another functor 𝐹 :

𝑏2 𝑏1
𝑖←←

𝑓∖

𝑡

↓↓

𝑏2◦𝑓

𝑡𝑏2

↓↓

𝑏1◦𝑓

𝑡𝑏1

↓↓

𝑖←←

𝐹 𝑎2 𝑎1ℎ
←←

8 In our empirical studies to test TINT that we are currently conducting, we
will use simpler metaphors. However in this article, we chose this example to
showcase the potential of TINT.

9 Here, we naturally assume that the morphism ‘‘𝑆𝑎𝑖𝑙 to 𝑌 𝑎𝑐ℎ𝑡 is already
excited because of the expression of the poem.

10 Since the fork rule is symmetric, the inversely directed morphisms may
also be excited. Here, we focus on the ‘‘𝑆𝑎𝑖𝑙 to 𝑊 𝑖𝑛𝑔’’ direction for simplicity.
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Here, 𝑏1, 𝑏2, and 𝑖 are in 𝑆𝑎𝑖𝑙∖ and 𝑎1, 𝑎2, ℎ, 𝑖, 𝑡𝑏1 , 𝑡𝑏2 are 𝑊 𝑖𝑛𝑔∖.11

ote that, by the anti-fork rule, the family of morphism satisfying non-
rivial commutative diagrams above tends to survive more frequently
ompared with that with only trivial commutative diagrams. As a
esult, these morphisms construct a family of (subsystems of) natural
ransformations from the base-of-metaphor functor 𝑓∖ to a new func-
or 𝐹 (metaphor as a functor): the indeterminate natural transformation
rom the base-of-metaphor functor as the creation of the meanings of
etaphor.

The meaning creation explained above also includes a fairly non-
rivial process. Let us focus on the pair of ‘‘𝑊 𝑖𝑛𝑔 to 𝑆𝑜𝑖𝑙’’ and 𝑓 . By
he fork rule, some morphism ‘‘𝑆𝑎𝑖𝑙 to 𝑆𝑜𝑖𝑙’’ will be searched to be
xcited. Although it is not easy to find a direct path, it will be searched
sing some indirect path 𝑏2◦𝑓 = 𝑡𝑏2◦𝑏2 , with the ‘‘transit point’’ 𝑆𝑒𝑎.

As a result, the ‘‘hidden’’ image of the sea is excited and morphism
𝑡𝑏2 becomes part of the indeterminate natural transformation. In other
words, the indeterminate natural transformation makes a non-trivial
fusion of the world of soil and that of the sea.12 Maybe these processes
ontinue to make non-trivial fusions of ‘‘black’’ and ‘‘blue’’ or ‘‘death’’
nd ‘‘life’’, for example (see Fig. 6). This continuation phenomena
ill expand and enrich our meaning of this metaphor. In short, TINT

an also explain the function of a metaphor as a method of creating
‘profound’’ meanings.

. Discussion

.1. Characteristics of TINT

In this paper, we proposed the TINT as a new theory of metaphor
omprehension. Several studies have been conducted to reveal the cog-
itive process of metaphor comprehension (Bowdle and Gentner, 2005;
intsch, 2001). We here summarize the characteristics of the TINT and
iscuss its contributions to metaphor studies. The characteristics of the
INT can be summarized as follows:

• TINT represents the meanings of images and metaphors as a
structure of images using coslice categories.

• TINT represents the structure-to-structure interaction between a
target and a source as the construction of indeterminate natural
transformations based on the base-of-metaphor functor.

• TINT explains the process of comprehension of novel metaphors
as co-existing with various interpretations by its indeterminacy.

• TINT models both the static meaning space by the weight of mor-
phisms and the dynamical processes of metaphor comprehension
by excitement/relaxation dynamics.

The most important process of novel metaphor comprehension is the
onstruction of novel meanings by the interaction of the meanings of
he target and source. These meanings are determined by the relation-
hip among images, which can be regarded as the structure of images.
herefore, it is natural to explain the interaction between the target
nd source by structure-to-structure interactions.

TINT can treat this structure-to-structure interaction as the con-
truction of indeterminate natural transformations based on the base-
f-metaphor functor. Metaphor comprehension can be regarded as
earching or constructing a meaningful functor between the target
nd source. However, when we search such functors one by one, we
hould search all possible correspondences of objects and morphisms
etween the coslice categories of the target and source and also check
heir compositionality. However, this process implies a large amount of

11 𝑖 (together with 𝑏1◦𝑓 and 𝑏2◦𝑓 ) can be considered a morphism in 𝑊 𝑖𝑛𝑔∖.
12 The aesthetic importance of this non-trivial fusion caused by the ‘‘hidden’’

mage of the sea is discussed in Saigo (2005), for example, where the essence of
etaphor comprehension is analyzed in terms of the interrelationship between

arious images without any mathematical formulation.
7

computation. The idea of the base-of-metaphor functor and its natural
transformation can relieve this problem. The base-of-metaphor functor
gives us one structure corresponding to the source structure; then,
we can search more meaningful structures by shifting its structure
using the natural transformation on the target coslice category. Since
a natural transformation is actually made of morphisms of the coslice
category of the target, it is easier to search for an appropriate func-
tor. Furthermore, this process can be aborted during optimization.
Even then, we can comprehend some meanings of the metaphor by
constructing a better functor.

We treat novel metaphor comprehension from the analogy position
(cf. Holyoak and Stamenković, 2018), which involves the construction
of a mapping from the source to the target (i.e., a functor between
the coslice categories generated from the source and target). However,
the search of a mapping may be computationally intractable (see, e.g.,
Wareham and Van Rooij, 2011). TINT enables an efficient search of an
analogical mapping because it starts with a trivial mapping (base-of-
metaphor functor) and shifts gradually to a more meaningful mapping
through the construction of a natural transformation. The behavior of
the TINT algorithm is similar to an anytime algorithm in that it returns
an output (natural transformation) anytime it is interrupted. However,
it is in stark contrast with the structure-mapping engine (Falkenhainer
et al., 1989), which is an implementation of the structure-mapping
theory (Gentner, 1983), where the computational stages are clearly
divided into the enumeration of mappings, evaluation of mappings, and
construction of global mappings.

Previous studies do not treat this structural interaction effectively.
Although Bowdle and Gentner (2005) tried to introduce structure-to-
structure interactions to study metaphors using the structure-mapping
engine (SME) (Gentner, 1983; Falkenhainer et al., 1989), they even-
tually relied on one-to-one image relational mapping and did not
consider the structural interaction itself. Their algorithm also seems
not able to avoid the large computational effort. Furthermore, when
SME searching the best mapping between target and base, they use
knowledge representations tailored to the problem at hand (Chalmers
et al., 1992). The knowledge appropriate to find analogical mapping is
represented as predicate logic. such as ‘‘REVOLVE(planet, sun)’’, and
this process of representation seems unclear. TINT needs only proba-
bilistic weights between images and eases this problem of formatting
the representation.

Other studies modeled the process of metaphor comprehension as
a composition of vectors of the target and source represented in a
semantic space with metrics. For example, Kintsch (2001) proposed the
predication algorithm to model metaphor comprehension in a structural
manner. Predication algorithm represents the meaning of words as
a vector in a high-dimensional semantic space using latent semantic
analysis. Then, in short, the vectors most relevant to the target and
source are selected and combined with the centroids of the target and
source. Although it seems important that the predication algorithm
tries to model the context of the meanings of the target and source,
this algorithm compresses the information on contexts and interaction
between meanings as the composition of vectors, despite their phi-
losophy. To us, vector composition seems too simple to represent the
structural interaction, at least for explaining the novel construction of
profound meanings discussed in the previous section for constructing
indeterminate natural transformation. In short, the composition of vec-
tors compresses structures, while the natural transformation preserves
them.

6.2. Future research directions

We assume TINT can be used as a new platform of the interplay
between meanings, metaphors, and morphisms. This paper proposed
the fundamental concepts and working hypotheses of TINT as a first

step.
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As a next step, we will have to sophisticate the ‘‘indeterminate’’ pro-
cess in a mathematical and cognitive manner. Furthermore, we should
attempt simulations based on TINT using some corpus that reflects
the space of images and semantic structures to show the adequacy
of TINT. This line of thinking is compatible with the idea of word
embedding, meaning we can approximately use these semantic spaces
with metrics that can be calculated by appropriate algorithms, such
as in word2vec (Mikolov et al., 2013a,b). Since the TINT algorithm
is quite simple, it will probably be easily implemented and simulated
if we obtain the appropriate semantic space from these corpora and
software. We are also planning to conduct experiments employing
subjects to verify this theory. For example, we can control the ex-
citation/inhibition of images using the priming technique and check
changes in the interpretations of metaphors.

Let us sketch the computational/empirical studies for TINT to come.
As TINT is an algorithm, it has inputs and outputs. As a cognitive
model, we prepare the input from human experiments and evaluate
the output in terms of its explanatory power on the data on metaphor
comprehension by humans. The input is the latent category that has ar-
rows weighted by 𝜇, the strength of association. For a specific metaphor
‘𝑆 is like 𝑇 ’’, we can pick a few words 𝑆1, 𝑆2,… , 𝑆𝑘 and 𝑇1, 𝑇2,… , 𝑇𝑙
that are associated with S and T, respectively, to form their coslice
categories. The complete directed graph with the node as the set of
words {𝑆, 𝑆1,… , 𝑆𝑘, 𝑇 , 𝑇1,… , 𝑇𝑙} can then be given 𝜇 by asking human
participants how strong they would associate 𝑤 with 𝑤′. This way,
we determine the toy semantic space as the latent category on which
TINT performs metaphor comprehension. The latent category can also
be partially determined using the cosine similarity and/or distance in
the vector embedding by word2vec or other algorithms. The output of
TINT, the functor 𝐹 that represents a metaphor comprehension con-
structed by BMF and INT, can then be evaluated for its appropriateness
by comparing it to how humans would form the correspondences from
the coslice category of 𝑆 to the coslice category of 𝑇 as a result of their
metaphor comprehension. The output of TINT is a single distribution
of correspondences made by several random seeds. In this article,
we propose TINT as a novel theory of metaphor comprehension. The
axioms and rules are constructed based on the concept of TINT as a
working hypothesis. We will test and improve these axioms and rules
through these verifications.

One theoretical significance of the dynamic development of cate-
gories is that we can make the category theory more dynamic so that
it can be applied to a broader range of phenomena. In fact, our idea
of indeterminate natural transformation is nothing but a kind of a
‘‘random walk’’ on a category whose objects are functors and where
morphisms are natural transformations. The notion of a random walk
on a category seems not to have been investigated, likely because of
the social distance between the category theory community and the
probability theory community. However, it is the fusion of two theories
that we actually need for the dynamical understanding of metaphor
comprehension.
8
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