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Abstract

Because double-mass dynamic vibration absorbers (DVAs) are superior to single-mass DVAs in terms of their vi-
bration suppression performance and robustness, they have been increasingly studied recently. The optimization
of double-mass DVAs is much more difficult than that of single-mass DVAs. However, recently, the ability of
formula manipulation solvers typified by Mathematica has greatly improved, and exact algebraic solutions have
been obtained for double-mass DVAs. The optimal solution for a double-mass DVA attached to a damped primary
system has been reported in the form of an exact algebraic solution in a previous report. That paper reported the
algebraic optimal solutions for a series-type double-mass DVA for the compliance and mobility transfer functions
of the primary system successfully obtained by applying three different optimization criteria: H,, optimization, H,
optimization, and stability maximization. In the present article, the numerical solutions to optimization problems
for double-mass DVAs that cannot be algebraically solved are presented. There are two types of double-mass
DVAs: series- and parallel-type DVAs. When applying the three optimization criteria mentioned above to each
of them, there exist a total of 22 different optimal solutions because there are three transfer functions— the com-
pliance, mobility, and accelerance transfer functions—that are typically used to describe the absolute response of
the primary system. Of these 22 solutions, 10 solutions for the compliance transfer function are introduced in this
article.

Keywords : Vibration, Optimal design, Double-mass dynamic vibration absorbers, H,, optimization criterion, H,
optimization criterion, Stability maximization criterion, Damped primary system

1. Introduction

A dynamic vibration absorber (DVA) is a small vibrating body attached to an object to suppress the vibrations of the
object. Early DVAs did not include a damping mechanism, and their optimization criterion was extremely simple: the
natural frequency of the DVA was made to coincide with that of the primary object (Frahm, 1911). Since the development
of such early DVAs, it has become clear that the response of the primary system can be reduced not only in the vicinity of
its resonance point but also over the entire frequency range when the DVA includes a damping mechanism (Ormondroyd
and Den Hartog, 1928). There are now three representative optimization criteria for damped DVAs: H,, optimization,
H, optimization, and stability maximization (Asami et al., 2002). Early damped DVAs were composed of a single mass,
but research on DVAs composed of multiple masses has recently been carried out (Iwanami and Seto, 1984; Yasuda
and Pan, 2003). When DVAs are multiplexed, it is expected that multiple vibration modes of the primary system can
be suppressed and robustness against parameter fluctuation can be improved (Pan and Yasuda, 2005; Zuo, 2009). In
this study, a multiplexed DVA was used to achieve improved vibration suppression performance, and the optimal design
conditions for the simplest multiplexed DVA, the double-mass DVA, was investigated. Despite the double-mass DVA
being the simplest multiplexed DVA, its optimization is very difficult because the number of parameters to be optimized
increases from two for the single-mass case to five (Asami, 2017, 2018).
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Regarding the optimization of DVAs, particular interest has been paid to the design conditions for a special case in
which there is no damping in the primary system. For example, as a typical H,, optimization criterion, Hahnkamm derived
the optimal tuning condition of the DVA in 1932, and Brock then derived a formula for the optimal damping ratio in 1946.
The optimization method they used is an approximation of the H,, optimization method proposed by Ormondroyd and
Den Hartog in 1928, called the “fixed-point method.” In 1997 and 2002, Nishihara (Nishihara and Matsuhisa, 1997;
Nishihara and Asami, 2002) proposed an exact method of minimizing the H,, norm, which is the maximum amplitude of
the response of the primary system; this method is hereafter called “Nishihara’s method.” Asami and Nishihara reported
an exact algebraic solution using Nishihara’s method for various transfer functions of the system in 2003. Regarding
double-mass DVAs, the exact solutions based on the three optimization criteria have been reported by Asami (2017, 2018)
and Nishihara (2017). All of these represent solutions for special cases in which there is no damping in the primary system.
Although many researchers have sought general solutions in the case of a damped primary system, only numerical and
perturbation solutions have been reported for optimization based on the H,, criterion (Ikeda and Ioi, 1978; Randall et al.,
1981; Thompson, 1981; Soom and Lee, 1983; Sekiguchi and Asami, 1984). Surprisingly, exact algebraic solutions were
found earlier for the double-mass DVA than for the single-mass DVA in the general case where there is damping in the
primary system. In a previous study (Asami, 2019), for the mobility transfer function representing the absolute velocity
response of the primary system subjected to force excitation, the Hs-optimal solution of the series-type double-mass
DVA was algebraically derived. The same paper presented an algebraic form of the H,-optimal solution of a series-type
double-mass DVA for the compliance transfer function representing the absolute displacement response of the primary
system subjected to force excitation. Furthermore, with regard to the series-type double-mass DVA, an algebraic optimal
solution has also been found for the stability maximization criterion, which is the third DVA optimization criterion.

There are two types of double-mass DVAs, the series-type and the parallel-type, and each can be classified as a force
or motion excitation system depending on the excitation type. When there is no damping in the primary system, force
and motion excitation systems have the same optimal solution, whereas including damping in the primary system causes
them to have different optimal solutions. In addition, there are three typical transfer functions, called the compliance,
mobility, and accelerance transfer functions, which are related to the absolute response of the primary system; thus, 22
different optimal solutions exist for the three types of optimization problems described above. (There is no solution to the
accelerance transfer function in the H, criterion, and for the stability criterion, the solution does not depend on whether
the system is a force or motion excitation system or which transfer function is used.) Among these solutions, algebraic
forms have only been obtained in the three cases reported by Asami (2019), and exact solutions for the remaining 19 cases
have not yet been obtained. The authors believe that it is necessary to derive the solutions for these unsolved optimiza-
tion problems. Because all optimization problems involving double-mass DVAs can be reduced to solving simultaneous
algebraic equations (Asami 2017; Asami et al., 2018), it is possible to solve the equations numerically.

This report presents the optimization of double-mass DVAs attached to a damped primary system based on the H,,
H,, and stability criteria using the compliance transfer function, which is the transfer function most frequently used in
the field of mechanical vibration. The numerically determined optimal solutions for both the series- and parallel-type
double-mass DVAs are also reported in this paper. Generally, the conventional fixed-point method cannot be used at all
in the H,, optimization of multi-mass DVAs. Here, Nishihara’s method (Nishihara and Matsuhisa, 1997; Nishihara and
Asami, 2002) proves to be a powerful tool in this context.

2. Optimization problem for dynamic vibration absorbers attached to a damped primary system

Figures 1 and 2 show three-degree-of-freedom vibration systems consisting of two DVAs, A and B, attached in series
and in parallel, respectively, to a primary system P with damping. Figures 1(a) and 2(a) show force excitation systems, in
which the excitation force acts directly on the primary system, and Figs. 1(b) and 2(b) show motion excitation systems, in
which the foundation of the system is displaced. Because these are linear systems, letting w;, w;, and w3 be the undamped
natural angular frequencies of the primary system P and DVAs A and B, respectively, the ratio |x; /(f/k;)| or |x; /x| of the
amplitude of the steady-state response x(¢) to that of the sinusoidal input f(¢) = fy sin wt or xo(f) = ag sin wt can be fully
represented by the following eight dimensionless parameters:

w _m + m3 ms w)

w3
/1:7’ H= 9#3279 vV=—, YVp= —), 4’1:
wi my ny wi w2

C1 C (%]

(D

H= &=
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where

w1 = Vki/my, wy= vk/m, w3= \/k3/ms. 2
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(b) Fig.2 Analytical model of a parallel-type DVA attached to
Fig. 1 Analytical model of a series-type DVA attached to a damped a damped primary system subjected to (a) force or
primary system subjected to (a) force or (b) motion excitation (b) motion excitation

It was assumed that A varies from zero to infinity and a larger value of u produces better DVA performance. When
the mass ratio u of the DVAs to the primary system and the value of the damping ratio {; for the primary system are given,
the remaining five dimensionless parameters have optimal values. Determining these optimal values is the problem of
optimizing the DVA for this system.

The symmetry of the parallel-type DVA shown in Fig. 2 means that a single optimal solution can be represented in
two different forms by changing the assignment of the masses of DVA-A and DVA-B, which are known to have different
masses in the optimal condition. In this report, DVA-A is defined as the larger DVA when the mass ratio u is small.

As mentioned in the introduction, when there is damping in the primary system, the optimal values of the DVAs in
the force excitation system (Figs. 1(a) and 2(a)) are different from those in the motion excitation system (Figs. 1(b) and
2(b)). Therefore, the optimization work was conducted separately for each system.

3. H,, optimization of series-type dynamic vibration absorber
3.1. H,, optimization for force excitation system

First, the optimization of the DVA was performed for the force excitation system shown in Fig. 1(a). Because the
optimal damping ratio (3o of DVA-A is known to be zero (Asami, 2017), if ¢; = 0 is set from the beginning, then the
equations of motion of the system are
mixy + ek +kixg +ko(xn —x2) = f, maks + ko(xp — x1) + ¢3(%2 — X3) + ka(xz — x3) = 0 3
m3Xz + c3(d3 — X2) + k3(x3 — x2) = 0.

In the optimization of the compliance transfer function by the H,, criterion, the DVA is optimized by minimizing the
resonance amplitude of the primary system, given by

N
fk

The minimized value of K, is hereafter denoted hp;,. Because the vibratory system shown in Fig. 1(a) is a three-

“4)

Nmax =

max

degree-of-freedom system, there are three resonance points in the vibration system unless the damping ratios for the
subsystems are excessively large. First, the condition that the resonance points are equal in height gives the following
three simultaneous algebraic equations (Asami et al., 2018):

h

fH=r—r =270 - 223 + < 200 terms > — 2 vtV = 0 4)

r—r =41l + 4rd} + < 86 terms > + 4r{uptvy =0

fH =410 470 + 4t Gug — 418G pp + < 83 terms > + P uluptvy = 0.

The symbol r used here represents a change of variable from the height %, of the resonance point using the following
equation:

1
h2

max

P=1-

(6)

This variable conversion was carried out so that the terms of Eq. (5) do not include any fractional expressions. By this
conversion, the problem of minimizing Ap,x is transformed into the problem of minimizing r. Hereafter, the minimum
value of r is denoted 7.
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In the H,, optimization of the series-type double-mass DVA, the number of parameters to be optimized is five (ug, v,
v, {3, and r). Therefore, the number of equations in Eq. (5) is two fewer than the number needed to solve this optimization
problem. The remaining two equations are derived from the condition that minimizes the height of the resonance points
adjusted to have equal heights by Eq. (5), given by

or or or or
dr = %dﬂg + Edv + (971/de3 + @d§3 =0. (7)

This condition means that the total derivative of the parameter r, which represents the height of the resonance points, with
respect to the four system parameters to be optimized should be zero (Asami et al., 2018). Because r is included in the
functions fi, f>, and f3, Eq. (7) can be rewritten as

or [ Oh 0K 9K 0K Y -,
dr ofy 0 0 Ougp Ov  dvg 003 s 0
or df 8fr dfs Ofs dv
d = 0 — 0 —_ == == == =10 |. 8
" of oug v Ovg O dvg ®
dr o o o Ofs Ofs Ofs dzs 0
6f3 L 8,uB v 6VB 8{3 _

The 3 X 4 matrix in this equation is called the Jacobian matrix. For Eq. (8) to have a nontrivial solution, the rank of the
Jacobian matrix must be less than or equal to 2 (Nishihara, 2017). Furthermore, for the rank drop condition of this matrix
to be satisfied, the determinant of any 3 X 3 submatrix extracted from the Jacobian matrix must be zero: for example,

o oh on on o o
adv  Ovg 04 oug Ov  Ovp

_| 92 Oh O |_ _| 9 Oh Of |_

fa=1 %y dvg 043 =0 5= dug  Ov  Ovg =0 ©)
adv  Ovg 04 oug Ov  Ovg

The following fourth and fifth equations are obtained from expanding these determinants:

fo = =21 Guupy® + 2r (1 Guupy? + < 11768 terms > — 84 puukhAvil = 0 } 10)

fs = 8r6§1§33y,u3v3 — 8r7§1§§’p;13v3 + < 18655 terms > + 64r4{§uu11;0v8v1131 =0.

There are several ways to select a submatrix, and different equations from those given in Eq. (10) are derived depending
on the way selected. However, we have confirmed that the choice does not affect the final solution value. This means that
as long as the rank drop condition is satisfied, the choice of submatrix is arbitrary.

In the simultaneous algebraic equations composed of the formulas given in Egs. (5) and (10), when the values of u
and ¢ are given, the five unknown parameters (up, v, vg, {3, and r) can be solved using the Newton—Raphson method in
Mathematica ver.11.3 from a suitable starting point for these parameters. Thus, the optimal values tigopt, Vopt, VBopt, and
{30pt Of the DVA parameters and the minimum value 7, representing the height of the resonance points can be obtained.
The minimized resonance amplitude A, is then calculated as

1
. 11
1—7‘2 ( )

min

Niin =

In a previous study by one of the authors on the H,, optimization of a single-mass DVA, the condition for equal-
izing the heights of the two resonance points was described by the simultaneous equations f; = 0 and f;, = 0 (Asami
and Nishihara, 2003). The height of the resonance points was then minimized by finding the multiple root of these si-
multaneous equations. Fortunately, a single quartic equation could be derived from these simultaneous equations, and
the multiple root of the higher-order equation could be obtained from the condition that the determinant of the Sylvester
matrix must be zero. However, the simultaneous equations given in Eq. (5) cannot be combined into a single equation;
thus, the Sylvester matrix cannot be used in this case. However, the Jacobian matrix in Eq. (8) performs the same function
as the Sylvester matrix. In other words, employing Eq. (7) or (8) is a process of searching for the multiple root of the
simultaneous equations given in Eq. (5).
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3.2. H,, optimization for motion excitation system
Next, the optimization of the DVA attached to the motion excitation system shown in Fig. 1(b) was performed. Here
again, if ¢; = 0, then the equations of motion are

mixXy + c1(X — %) + ki (x1 — x0) + ko(x1 —x2) =0 } 12)
maXy + ko(xa — x1) + c3(d2 — X3) + k3(x2 — x3) =0, m3¥3 + c3(k3 — %) + k3(x3 — x2) = 0.

In the H,, optimization of a motion excitation system, the DVA is optimized by minimizing the maximum transmissibility.
That is, the evaluation index is

hmax — |
X0

(13)

max
The following simultaneous algebraic equations with five unknowns can then be derived by the same procedure as for the
force excitation system:

fisr=-r —4r8 + 44Xt + < 84 terms > + 4rifuivivg = 0
H=r=-r =210 -2 + < 197 terms > - 23uu3v*vg = 0
fH =40 40 + 4 Gug — 4180 g + < 82 terms > + P pluptvy = 0 (14)

fo==2%0Guupy + 2r 1 Gpppy? + < 11768 terms > — 874 uulvAvll = 0

15 = 8K Buupy® - 817 (15 uupy? + < 18655 terms > + 64r4 S uul0vdvl! = 0.

Equation (14) can be numerically solved in the same way as Egs. (5) and (10).

3.3. Optimal values of design parameters for dynamic vibration absorber

The H.-optimal design parameters for the DVA obtained by numerical analysis are shown in Fig. 3. As shown in the
figure, the optimal values for the four design parameters of the DVA monotonically decrease or increase as the primary
system damping increases. When considering the overall behavior of the parameters, the changes in their optimal values
with respect to ) are smaller in the motion excitation system than in the force excitation system. It is noteworthy that
Vopt has been previously reported to monotonically increase in the H,.-optimal solution to the optimization of the mobility
transfer function (Asami, 2019), whereas vqp Was found to decrease monotonically in the optimization of the compliance
transfer function in the previous study, as shown in Fig. 3(b).

3.4. Minimized H,, performance index

In Fig. 4, panels (a) and (b) show the resonance amplitudes of the force and motion excitation systems, respectively,
to which the series-type double-mass DVA optimized by the H., criterion is attached. The curve for 4 = 0 shown in gray
is the resonance amplitude for the primary system when no DVA is attached, which can be calculated from the following
simple equations. First, for the force excitation system shown in Fig. 4(a),

1

Hin = —————. (15)
Mo 1-48
Second, for the motion excitation system shown in Fig. 4(b),
P 1 1+42 -84 + /1+84 (16)

20 201-49)

As shown in Fig. 4, the resonance point is kept low as the primary system damping {; increases and can be further
suppressed by attaching the DVA. Furthermore, the values of A, in the motion excitation system (Fig. 4(b)) are greater
than those in the force excitation system (Fig. 4(a)) from when {; exceeds approximately 0.1.

3.5. Frequency response of the primary system with a series-type dynamic vibration absorber optimized by the
H_, criterion
Figures 5 and 6 show the frequency response function for the system fitted with the series-type double-mass DVA
optimized by the H,, criterion in the force and motion excitation systems, respectively, in the cases where the mass ratio
of the DVA to the primary system is ¢ = 0.05 and 0.1. As shown in these figures, the resonance is kept low as the primary
system damping ¢; or the mass of the DVA increases. These curves are very similar to the frequency response function
for a damped single-degree-of-freedom system but with three resonance points.
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Fig.3 H-optimal solutions for the series-type DVA; (a) Optimal mass ratio pgp; (b) Optimal tuning ratio vep;
(c) Optimal tuning ratio vgop; (d) Optimal damping ratio {3op
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Fig.4 Minimized response amplitude of primary systems fitted with the series-type DVA optimized by the H,
criterion; (a) Minimized amplitude A, of the force excitation system; (b) Minimized amplitude /i, of
the motion excitation system

4. H,, optimization of parallel-type dynamic vibration absorber
4.1. H,, optimization for force excitation system

When the damping coefficient ¢, of DVA-A is assumed to be nonzero, the equations of motion of the force excitation
system shown in Fig. 2(a) are as follows:

a7

miXy + c1 X + co(ky — X2) + 3k — X3) + kixy + ko(xy — x2) + k3(xp —x3) = f }
ma¥y + c2(X2 — X1) + ko(x2 — x1) = 0, m3¥3 + c3(X3 — &1) + k3(x3 — x1) = 0.

Here again, the following simultaneous algebraic equations are obtained from the condition that the heights of the three
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H,, criterion; (a) Mass ratio u = 0.05; (b) Mass ratio p = 0.1
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Fig. 6 Optimal responses of a motion excitation primary system fitted with the series-type DVA optimized by the
H,, criterion; (a) Mass ratio u = 0.05; (b) Mass ratio u = 0.1

resonance points are equal:

fi=—r+r +4r} - 4rl} + < 525 terms > — dr{utudvivg =0

H=r=r =270 +2r3 + < 450 terms > — 2031 u3v4ve = 0 (18)
f=4g

In the H., optimization of the parallel-type double-mass DVA, the number of parameters to be optimized is six: ug,

- 4r4§§ + 8r4§32vB - 8r4{§‘,u3 + < 167 terms > + rX2udvtvy = 0.

v, v, {2, {3, and r. Therefore, the number of formulas given in Eq. (18) is three fewer than the number needed to solve
this optimization problem. The additional conditional expressions are derived from the following equation obtained from
the fact that these simultaneous equations must have multiple roots:

or or or or or
dr=—d —d d —d —ds5 = 1
r s 'uB+8V v+av3 VB+(9{2 §2+6§3 =0 (19)
Because r is included in the functions fi, f>, and f3, Eq. (19) can be rewritten as
or COh OR Ofi 0K R Y[ duy ]
dr o O\l e o v 0o a5 || g 0
or 0f, 0fr 0fr 0fr Ofa
dr | = 0O — 0 - == == == == dv 0. 20
ofs dus ov vy 6 O ’ 20
dr o o || an on an o on || %] Lo
ofs 1 | oug ov vy 86 05 1 L dG

Again, the 3 X 5 matrix in the equation is the Jacobian matrix. The condition of Eq. (20) equaling zero can be satisfied
by setting the determinant of any arbitrary 3 X 3 submatrix extracted from this Jacobian matrix to zero. From this, the
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remaining three equations needed to solve the optimization problem are obtained as follows:

i = 128¢%0 G3pppy? — 256r7§’1§’§,u,ugv2 + <« 278674 terms > + 128r4{1(2(§‘;17y%v10v§1 =0
fs = 128r7{1{§/11/3 - 128r8§1§§u1/3 + <« 183411 terms > + 512r5§2{ u ,qugv};l =0 2n
fo = 128190 Guupy® — 25617 {1 Gpppy* + < 191969 terms > + 256740, L4 1pv!Ovi! = 0.

When the values of u and ¢ are known, the simultaneous algebraic equations given in Egs. (18) and (21) can be solved
using the Newton—Raphson method, which is included in Mathematica. The resulting solution consists of the five optimal
parameter values fipopt, Vopts VBopts {20pt> a0d {30p and the minimum value 7.

4.2. H, optimization for motion excitation system
Next, the DVA is optimized for the motion excitation system in Fig. 2(b). The equations of motion are

my Xy + c1 (& — Xo) + c2(X1 — X2) + ¢3(X1 — X3) + ki (o1 — x0) + ka(x1 — x2) + k3(x1 —x3) = 0 } @)
myXs + oy — X1) + ko(x2 — x1) = 0, maks + c3(x3 — X1) + k3(x3 —x1) =0
The simultaneous algebraic equations are given below
fi=—r+rP +4883 - 48 + < 543 terms > — driutui*vE =0
fH=r=r =27 + 288 + < 448 terms > — 20312 u3v4vE = 0
fr =40 — 48 + 8 Bup — 88 up + < 167 terms > + rPut gyt =0 23)
fi= 128r6§1§§,uu3v2 - 256r7§1§_%uu3v2 + < 306049 terms > + 128r4§1§2( u qulov};l =0
f5 = 128r7 81 uvp — 1281881 3uvp + < 201986 terms >> + 512r5§2§’3,u WSVl =0

fo = 1281501 G uupy® — 25617 (1 Gpppy* + < 213924 terms > + 25610, L 5 1y = 0.

These simultaneous equations can be solved numerically using the Newton—Raphson method.

4.3. Optimal values of design parameters for dynamic vibration absorber

Figure 7 shows the H.,-optimal solution for the parallel-type double-mass DVA obtained by numerical analysis. The
primary system damping ) is taken as the independent variable in these plots. As shown in this figure, as the damping
{1 of the primary system increases, the optimal parameters for the motion excitation system change less than do those for
the force excitation system, with the exception of {3op.

4.4. Minimized H, performance index

In Fig. 8, panels (a) and (b) show the relationship between the height of the resonance points and the primary system
damping for the parallel-type double-mass DVA optimized by the H., criterion in the cases of force and motion excitation
systems, respectively. A comparison of the results shown in Fig. 8 with the corresponding results for the series-type DVA
shown in Fig. 4 reveals the similarity between the two cases; however, the response amplitude for the system with the
parallel-type DVA takes on a large value when the primary system damping £ is less than 0.1. It has been demonstrated
in a previous report (Asami, 2017) that the series-type DVA achieves better performance than the parallel-type DVA when
there is no damping in the primary system, but the present results indicate that this also holds true even when the primary
system includes a damping mechanism. The difference between the two types of DVAs becomes negligible when the
primary system damping is greater than 0.1.

4.5. Frequency response for the primary system with a parallel-type dynamic vibration absorber optimized by the
H_, criterion
Figure 9 shows the frequency response function for the system fitted with the parallel-type DVA optimized by the
H,, criterion for the case of the force excitation system. A comparison of this frequency response function with that for
the system having a series-type DVA shown in Fig. 5 confirms that at the same mass ratio, the resonance points in the
system with the series-type DVA are lower than those in the system with the parallel-type DVA.
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5. H, optimization of series-type dynamic vibration absorber
5.1. H, optimization for force excitation system
In the H, optimization of the DVA under force excitation, the objective is to minimize the following evaluation index:
X1

1 o
Iazﬂf_w%

The minimum value of I, is denoted [,;,. In a previous study (Asami, 2019), the H,-optimal solution was obtained
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Vopt; (¢) Optimal tuning ratio vop; (d) Optimal damping ratio {sqp; (€) Optimal damping ratio {3op
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Fig. 8 Minimized response amplitude of primary systems fitted with the parallel-type DVA optimized by the H,
criterion; (a) Minimized amplitude /., of the force excitation system; (b) Minimized amplitude /1, of
the motion excitation system
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Fig. 9 Optimal responses of a force excitation primary system fitted with the parallel-type DVA optimized by the
H,, criterion; (a) Mass ratio u = 0.05; (b) Mass ratio u = 0.1

algebraically as
_ 13, 2 13 _ _ 1 _ _ Qi
MBopt =M+ qy " TGy ", Vopt = 4/ 1 + MUBopts VBopt = T 520pt =0, §3opt =

I+ upopt Vopt(UBopt = 240 (25)
g =12 (28 - p+ 20 VG 1)

This expression was obtained as a solution to a cubic algebraic equation solved by Cardano’s method, in which an inter-
mediate variable g, is permitted to be a complex number but all optima are calculated as positive real numbers.

5.2. H, optimization for motion excitation system
For the H; optimization of the motion excitation system shown in Fig. 1(b), the objective is to minimize the following
evaluation index:

1 oo
’a=§f_w

In this case, only numerical solutions have been obtained (Asami et al., 2018).

2
2 aa (26)

Xo

5.3. Optimal values of design parameters for dynamic vibration absorber

Figure 10 shows the H,-optimal solution of the DVA, which minimizes the area under the square of the compliance
transfer function curve for the primary system. As is clear from these figures, in contrast to the H-optimal solution, the
primary system damping {; has less of an effect on the optimized parameter values in the force excitation system than on
those in the motion excitation system. One point that sets the H,-optimal solution apart from the H,-optimal solution
described above is that the value of the natural angular frequency ratio v, monotonically increases with increasing ;.
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Fig. 10 H-optimal solutions for the series-type DVA; (a) Optimal mass ratio upop; (b) Optimal tuning ratio vop;
(c) Optimal tuning ratio vgop; (d) Optimal damping ratio {3op

The solid lines do not span the entire range of {; values in Fig. 10, which means that the motion excitation has no solution
for the £; values beyond the endpoints of the lines.

5.4. Minimized H, performance index

Figure 11 shows the value of the area under the square of the compliance transfer function curve for the primary
system fitted with the series-type DVA optimized by the H, criterion. The curve for u = 0 shown in gray represents the
case when the primary system is not fitted with a DVA, and the effect of the DVA can be seen with this curve considered
as a point of reference.

5.5. Frequency response of the primary system with a series-type dynamic vibration absorber optimized by the
H, criterion
Figure 12 shows the frequency response function for the force excitation system with the series-type DVA optimized
by the H; criterion. As shown in this figure, when the DVA optimized by the H; criterion is attached to the primary system,
the three resonance amplitudes for the primary system always decrease in the order of the 1st-, 2nd-, and 3rd-order peaks.
Inevitably, the maximum resonance point is higher than that achieved by H., optimization.

6. H, optimization of parallel-type dynamic vibration absorber
6.1. H, optimization for force excitation system
The definite integral shown in Eq. (24) was solved by the residue theorem (Kreyszig, 1999), and the result can be
expressed in a fractional form as follows:
X1

1 o
IL=—
2n f‘“’ Sflki
Linum = 5243 + 3{2{3#3 + 3(2(3/,[129 + < 3024 terms > + {2{3/14/1331/81/%
Liven = MO GG + 30 G0 1s + 30 GG uE + < 3276 terms > + (GG v VE).

2

Iau
da = Num

I aDen
(27)
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Fig. 11 Minimized evaluation index of primary systems fitted with the series-type DVA optimized by the H,
criterion; (a) Evaluation index I, for the force excitation system; (b) Evaluation index Iy, for the
motion excitation system
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Fig. 12 Optimal responses of a force excitation primary system fitted with the series-type DVA optimized by the
H, criterion; (a) Mass ratio u = 0.05; (b) Mass ratio u = 0.1

When this equation is partially differentiated with respect to each of the five parameters to be optimized and the sum of
the partial differentials is set to zero, the following simultaneous algebraic equations are obtained:

fi=88+2080up + 654u% + < 65216 terms > + {305u0utvBvie =0

fH=-84-580up - 105403 + < 83146 terms > + 245510133y =0

f==088-583up - 1058315 + < 61169 terms > + 20, 331813y = 0 (28)

fi=— 030 =580 up — 10835315 + < 55055 terms > — (20210 2vi0 = 0
263 263 263Hp 263M MY VR

fs=— {252 - 5{2{2/13 - 10{2§2y2 + <« 55038 terms > — §2§2p6p5 yi2ylo —
263 263 263MB 263 HBY TV

In H, optimization, the number of simultaneous equations is one fewer than that in H, optimization. It is impossible to
solve these equations algebraically, but they can be solved numerically by the Newton—Raphson method starting from a
suitable initial value.

6.2. H, optimization for motion excitation system
Subsequently, optimization of the DVA attached to the motion excitation system shown in Fig. 2(b) was performed.
As in the force excitation system, the evaluation index [, for the H, criterion can be calculated as follows:

1 0
’a=§f_w

Linum = O8 + 4800 + 30Gup + < 4596 terms > + L&t vy
Lipen = MO8 + 30000 + 3010615 + < 3276 terms > + GOt g vvs).

2
X1 I aNum

da=

X0 Lipen

(29)
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Only the numerator I,nym Of the evaluation index sets this equation apart from the corresponding equation for the force
excitation system. In the same way as above, the following simultaneous equations can be obtained:

i =BG +4GHEG + 455, + < 119177 terms > — 8L LGy vy = 0

f == 88 -48G585 - 556 Gus + < 1589% terms > — 44 LG 10y v = 0
H=-088-40388 - 588us + < 114438 terms > — 441 B 4p013v v = 0 (30)
fi=-80 408885 -588up + < 95009 terms > — 435 pugviHvis = 0

fs=-080-408885 - 508up + < 95009 terms > — 4135 v = 0.
These simultaneous equations can be solved numerically by the Newton—Raphson method.

6.3. Optimal values of design parameters of dynamic vibration absorber

The H,-optimal solution for the DVA obtained by numerical analysis is shown in Fig. 13. The solution at {; = 0 is
consistent with that for the undamped primary system reported in a previous paper (Asami et al., 2018). Although the
optimal solution for the force excitation system changes little with increasing primary system damping, that for the motion
excitation system begins to change significantly from approximately {; = 0.1. As shown in Fig. 13(a), as {; increases,
Hpopt Teaches a maximum and then suddenly decreases. In contrast, vgoy and {yqpe suddenly increase after progressing
through local maximum and minimum values, as shown respectively in panels (c) and (d) of Fig. 13.

Of particular interest among the optimized design parameters is the optimal mass ratio yg shown in Fig. 13(a). As
described in Section 2, because the larger DVA of the two is defined as DVA-A, the value of g is initially less than one.
As the primary system damping ; increases, this optimal mass ratio reaches a region where it suddenly increases and
reaches its maximum value of approximately two. The relationship between the sizes of the two DVAs is reversed near
this maximum value. Among the three optimization criteria, H, optimization achieves the smallest damping ratio for the
DVA. However, an unexpected result was that the optimal damping ratio {3p for DVA-B takes a large value.

6.4. Minimized H, performance index

In Fig. 14, panels (a) and (b) show the values of the minimized evaluation index I i, for the force and motion
excitation systems, respectively. In the force excitation system, I,ni, decreases monotonically as the primary system
damping ¢ increases because the primary system is mounted on an immovable foundation. In contrast, for the motion
excitation system, I,ni, takes a minimum value at a certain value of {; and then begins to increase. In these figures, the
curve for u = 0 shown in gray is the value of the evaluation index for the vibratory system with no DVA attached.

6.5. Frequency response of the primary system with a parallel-type dynamic vibration absorber optimized by the
H, criterion
Figure 15 shows the frequency response function for the primary system in the force excitation system shown in
Fig.2(a). The two panels of Fig. 15 show the response of the primary system when DVAs of different sizes are attached.
A comparison of these results with those shown in Fig. 12, which represents the response of a system with the series-type
DVA, reveals that the system with the parallel-type DVA has higher resonance points.

7. Stability maximization of series-type dynamic vibration absorber

In the optimization by the stability criterion, the DVA is designed to maximize the stability of the system, defined by
the following formula (Asami et al., 2018):

A = —max(Re[s;]). (31
The following algebraic exact solution has already been obtained for the series-type DVA (Asami, 2019):
- 1
MBopt = 4{1 +5u+ 3q1/% + 3/1(8(12 +M)CI31/3’ Vopt = / 1 + UBopts VBopt = ﬁ
Bopt

&+ /3 = 43 + fBopt) N 36+ (/3 =&} + pBop) (32)

max —
2Vopt ’ 6

a5 = u[88 +84(G - 0 + 208 - 2]

g 2opt — O ( 3opt =
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8. Stability maximization of parallel-type dynamic vibration absorber
8.1. Optimization procedure
The characteristic equation for the system shown in Fig. 2 is

S +as +arst +azs® +ass® +ass+ag =0, (33)

HHB
+2 (1 + )
)v &) 1+ 1 2%

a =1+ (1 + L),ﬁ + (1 + /1/173)1/2‘% + 400V + 440 Gvve +400(1 +/,t)v2vB
1+ pp 1 +pup

ar =24 +2§2(1+ 1 K
+ UB (34)
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Fig. 13 H-optimal solutions for the parallel-type DVA; (a) Optimal mass ratio upop; (b) Optimal tuning ratio
Vopt; (€) Optimal tuning ratio vgop; (d) Optimal damping ratio {2qp; (€) Optimal damping ratio {30p
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Fig. 15 Optimal responses of a force excitation primary system fitted with the parallel-type DVA optimized by
the H, criterion; (a) Mass ratio ¢ = 0.05; (b) Mass ratio u = 0.1

az = 2v[0v(1 +vp) + L(1 + Vv + wv?vg) + G+ V2 + uv?)vg + 4L 58vve)
as = vl + 1+ V2 +uv2)v% + 4@’1{21/1/% +44183vvp + 40,03vp] 35
as = 2vvp(livve + Hve + §),  as = Vv,

From previous research (Asami et al., 2018), it is known that when the stability A of a three-degree-of-freedom system is
maximized, the characteristic equation has a triple root. In this case, Egs. (34) and (35) can be factored as

D(s) = [s — (x, + iy)’[s — (x, — iy)], (36)

where (x,,y,) are the coordinates of the complex conjugate root in the complex plane. Expanding Eq. (36), rearranging it
by the power of s, and comparing the coefficients with those in Egs. (34) and (35) yields the following six identities:

fi =3x(1+ pp) + L0+ pp) + L1+ p+ pp)y + G+ (1 + wuplyvg =0
fo= (=152 = 3521+ pap) + V{1 + 1+ pap + [1+ (L + v} + 40500+ pp)y + 4051+ pp)wvp
+455(1+ (A + pp)vve =0

37
= 2x,(5x% + 3y%) + V(1 + V%) +Ov[1+(1 +,u)v2v%] +4v[l+( +/,l)v2]VB + 44’]{2{31/21/3 =0
fi=- 3(x% + y%)(Sx% + y%) +v21 + vé +(1 +/,1)V2V%] + 4§]§2V3V% + 4{1{31/31/3 + 4{2{31/21/3 =0
fs =352 + 2 + v+ LvvE+ 5Vive =0, fo=— (2 + Y +vhE =0,

Equation (37) is not a complete system of simultaneous equations, but it contains equations that can be solved separately.
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From the first and sixth equations, the following solutions are obtained:

= 3x,(1 +pup) = 1(1 + up) — L1 + pu + up)vy

= 38
on [T+ (L wopslv oY
and
Veopt = (x7 + 2y V. (39)
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can be substituted into the fifth equation of Eq. (37) to obtain

HBopt = HBNum/MBDen
MeNum = 3%, — (2 + ¥ v = 2+ )3 Qv+ &) + VG + (L + v (40)
Ugpen = 3%,(2 + y2)2(1 + v = 3,7 + (2 + Y2 (v + L)L+ ) = V(G + L),
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Fig. 17 Maximized stabilities of vibratory systems fitted with double-mass DVAs; (a) Maximized stability Apax
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Fig. 19 Optimal responses of a force excitation primary system fitted with the parallel-type DVA optimized by
the stability criterion; (a) Mass ratio u = 0.05; (b) Mass ratio u = 0.1
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Furthermore, the following solution can be derived by substituting the fourth equation into the third equation:

gZOpl = V§2Num /§2Den

ONum = 26,52 + 3y2)2? = 3x,(2 + (1 + v + w?) — (2 + 230 + 202 + 2w2) a1
+ 302 + y2)(5x2 + Y2V + 12x32(x2 + y%)z{%vz +402 + y%)%’?vz
{oben = (xf + y%)3 -4
In the stability optimization of the parallel-type double-mass DVA, the number of parameters to be optimized is five.
In addition to this, it is necessary to find the coordinates (x,, y,) of the pole in the stability maximization criterion, meaning
there are a total of seven unknowns. However, the number of equations given in Eq. (37) is only six, necessitating the
derivation of another equation. At this stage, the remaining equations in Eq. (37) can be expressed as follows:
fr =25 +36xFy? + 198221yt + < 8590 terms > + 3x,v'® + v =0
(42)
fo=x1 +9x10y2 + 36x*y* + < 777 terms > + ySu'? + v12 = 0.
These two simultaneous equations contain three unknowns, x,, y,, and v. Therefore, another equation is needed to
determine these unknowns. The equation to be added is the condition that the total derivative with respect to y, and v of
the x coordinates x, of the characteristic roots should be zero; that is,

0x, ox,
dx, = —dy, + —dv =0. 43
S i U T 43)
Because r is included in the functions f> and fi, Eq. (43) can be rewritten as
0 o 170k 0%
dx, ofs dy, ov | | 0 )
dx, o P || || 0
ofy dy, Ov
For this equation to be zero, it suffices for the determinant of the 2 X 2 Jacobian matrix in the equation to be zero; that is,
oh  9fh
P G (45)
7 = = 0.
0 ofs
oy, Ov
Expanding and rearranging this determinant gives the following equation:
fr =307 —297x%° + 123x* + 528xF )% + < 59582 terms > + 192y1°47 1> = 0. (46)

Equations (42) and (46) constitute three simultaneous algebraic equations including the three unknowns x,, y,, and v.
These expressions can be solved by the Newton—Raphson method to obtain numerical solutions for x,, y,, and v. By
substituting these numerical solutions in Egs. (41), (40), (39), and (38) in order, the optimal values of all parameters are
obtained.

8.2. Optimal solution of dynamic vibration absorber by stability criterion
Figure 16 shows the stability-optimal design parameters for the DVA obtained by numerical analysis. In comparison
with the optimal solutions for the parallel-type DVA based on the H,, and H, criteria discussed above, the stability
criterion has the following two features.
(1) The optimal mass ratio pgep Of the two DVAs is quite small, and it approaches zero as u increases.
(2) The optimal damping ratios {sopt and {30p; are large.

8.3. Maximized stability

Figure 17(b) shows the maximized stability A,,x for the primary system to which the parallel-type double-mass
DVA optimized by the stability criterion is attached. For comparison, Fig. 17(a) shows the maximized stability for the
series-type double-mass DVA. A comparison of these figures reveals that the optimized stability of the parallel-type DVA
is much smaller than that of the series-type DVA and the increase in the stability with increasing primary system damping
is also relatively small for the parallel type DVA. In particular, for large {;, the reversal phenomenon occurs, which causes
the stability to reduce as the mass ratio u increases. In these plots, the results for 4 = 0 shown in gray indicate the stability
of the primary system when no DVA is attached.

[DOI: 10.1299/mej.19-00051] © 2020 The Japan Society of Mechanical Engineers




Asami and Yamada, Mechanical Engineering Journal, Vol.7, No.2 (2020)

8.4. Frequency response of a system optimized by the stability criterion

Figures 18 and 19 show the compliance transfer functions of primary systems to which the series- and parallel-type
DVAs are attached, respectively. When designing a DVA using the stability criterion, there is only one resonance point
in the frequency response. The stability of the system with the parallel-type DVA is considerably lower than that of the
system with the series-type DVA, and there are clear differences in the frequency responses of the system in the two cases.

9. Concluding remarks

The inclusion of damping in the primary system makes optimization of a DVA difficult, and even for a single-mass
DVA, an exact optimal solution based on the H,, criterion has not been obtained. In a previous report (Asami, 2019),
an exact algebraic solution for a series-type double-mass DVA has been reported for three optimization criteria (Ho
optimization, H, optimization, and stability maximization). However, the present assessment indicates that there are 22
different solutions for the optimization of a double-mass DVA. In the present report, among the three transfer functions,
the compliance transfer function was considered, and optimization of the series- and parallel-type double-mass DVAs was
carried out based on the above three design criteria. Of the 10 different optimal solutions reported herein, almost all were
obtained numerically by solving the exact simultaneous equations, except for two cases that had been reported previously.

In contrast to the optimization problems in which algebraic solutions were obtained, in the DVA optimization prob-
lems for which the simultaneous equations cannot be solved algebraically, changes in the optimal solution with respect to
the primary system damping are drastic and complex. In other words, the optimal parameter values change quasi-linearly
and gradually with respect to the primary system damping in the optimization problems for which algebraic solutions can
be obtained, whereas the numerical solutions obtained in this report do not show similar trends.

The optimal design conditions for the parallel-type double-mass DVA attached to a damped primary system were
first derived alongside those for the series-type DVA. The performance of the parallel-type DVA was found to be inferior
to the series-type DVA under all optimization criteria. Although this performance comparison has already been reported
for an undamped primary system (Asami et al., 2018), it was confirmed that the same can be said when there is damping
in the primary system.
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