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Calculation Formula of H.. Optimized Design for a Single-Mass Dynamic
Vibration Absorber Attached to a Damped Primary System

Toshihiko Asami

There are three typical criteria used in the design of dynamic vibration absorbers (DVAs): H., optimization,
H, optimization, and stability maximization. Recently, interest has shifted to the optimization of multi-mass
DVAs, but in fact, in even the most basic single-mass DVA, the effect of primary system damping on the
optimal solution is still not fully understood with respect to the H. criterion. Exact H.-optimal solution for
a series-type double-mass DVA attached to a damped primary system was reported in my paper recently.
This article presents the application of this H., optimization method developed for a double-mass DVA to
the optimization for a single-mass DVA. In the H., optimization of the mobility transfer function, a highly
accurate numerical solution was successfully obtained by solving a single sixth-order algebraic equation. In
the case of optimization of compliance and accelerance transfer functions, it is shown that a highly accurate
numerical solution can be obtained by solving ternary systems of simultaneous algebraic equations. It
should be noted that the equations presented in this paper can be factorized into simpler equations when
there is no damping in the primary system. It is also demonstrated herein that the factorized expressions
yield the previously published H..-optimal solutions.
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Fig. 1: Analytical model of viscously damped systems

AIREETH 5.
o) = /ki/my, @ =/ky/m (2)

AMIZBEWT, my, ki, o) ZEROEE, XTREH, b
T BERET, mo, ka, o TG T 2 ENEIREED N5
A=, o IRAREHRTHSE. ZNH5DNNT A—
Lo ibx h, p B EL, vIXFEFEL, A &6
RIREIEUL, & & O IEENTNER & BIRIRSR DS
thsd. RN TEBRBINLZHDDEIRIL/NT A —
ZIZBEWT, FRIREZEIL A 1T e o R A E TE
b2 eEL, BRIy &L ERDOWELL § 5
SNz ZIZHIRIRIEEOE F U \WIXRER & =R
525 v e OREMEREST I &N OEIKIRE
DEELETH 5.

3. H.&BEOFMHERE BRRRICN T 2BER

Z ZTlE, RO=ZD2DEZEBEBUC U TEIRIRSSD
H.. o % sz,

31 AV T4 7Y REEBHOD H. &iFElk
AVTIAT VALERB LI, RIZATIT N
T3 f(t) (2T MO BN x (1) DI KT (EER
BTHY, TOmKEEKT Ho / VL% R TALT
% MANTREEIND.

M
f‘/k1 max

D hpax Z2B/MET 22 8D H, EAOBEETH 5.
%fﬁ, hmax 0)%4\{@&3: hmm a%éﬂé.

3)

hmax =

32 ®EBEY T4 EEBRRO H., &EL

TV T o EERK L, ST AHEE G
BRI EBRBTHD, TOHRKIEEZEXT H.
JIIVAIEZ ZTH R INTIRATREI NS,

X1 B Axy
(le/kl max B f/kl max
ZD hpao 2B/IMET 2 Z &0 H, LD HETH
5. 58, D hpaxy DB/MED hpip ERI N5,

“4)

hmaxZ =

33 7oLV REEBHOD H., &i#Et
TRV Ty AEERBE L, AT BN
HEINEDOLERTEEBRRTH Y, TORKEEE
I H, IV LZEIRTGAET 5 IRATREAINS.

OF /i |y | f /K0
ZD hyaxs ZB/IMET B2 2D H, EbO BRETH
5. ZD hypaxy DEMES hypin ERINS,

4

hmax3 =
max



34 BRERICHT B H., xEHE
FERICHBENMFEL RV E EI2IE, EROTARTO
EZBBUT R U T, 3 CIZBIRIRER DS 72 oo Bl
fEAFESNTH ', ZHIXSEIDOHZED HF I 7
BLENHLIZIZTELDTHMNTAS.

¥9, a7 o107 v AEEBRICH LTI

Vopt =

2 2 16+23u +9u? +2(2+u)V/4+3u
1+u 64+ 80u +27u?

¢ 8491 — 44+ 3p
2opt = 4 1+ m

1 \/(8+9,u)2(16+9u) —128(4+3p)3/2

Fmin = 3 3(32+27u)
(6)
Iz, XYY 7 1 EZEBEBUIY LTI
Vo = T —(IT+p) +2(1+p)(2+n)
N
N2 VAR @
1[ 2+u 2+ }
hmin: - +
$u{2ﬂ+u) 2(1+p)
BABIZ, 77R L5y AEERBICAL TR
v, 2 (16+7 +¢o)
°P T 8 s Horeo
1 [64+88u+33u%
C2opt = 8—1—5[.1,\/ ) (4+3u)co ®

8 [16+25u—2c,
T 3u )l 3(32+27u)

where cp = /64 — 164 — 262

IS DRZERIRUZAERD Fig. 2 ITRINTWD
ZDFIZBEWT, hpin (LTI, IZEERTE? K
VI ELSERS TRULE I TWE Z &I
EEINZD. 2O hyy, DL, 237547V AR
EEBET 72V T v AMEERBBIZB W T 1 RN
FR SRV WIHERH BN, 7oL TV A RE
BB i DSEFINIZ R S TIZERELTWVWE, u=1.291
WWBWTERIZ 1IZRY, ZThBAED u OfEIZR LT
EEGHEMEPFAEL 2L 5. 20O u DEREFEIX, R (8)
DEBIZF X NT28T A — & co DIEHUCHE U BB T
HB. 25U TS NIRRT T 57
¥RDAVTIAT VA, E YT 1, BXUT 2k
LI v ADKRWEBINE X, %iRO Fig.4,6, BX U8
IZEWTREINS.

35 E)RIRARDELAEE DE
S TRz & 51T, He BEAAKEITN U TIE, &
REERIZ & o TEH S N B HRER O G

1 3u

m7 C20pt: m &)

Vopt =
PR flibhTE:". ZoREMRT 5L, Fig 2 1of
PNZER (T TIAT V AMEERBRORN) L ERD.
Bl ZIE, w=0.11Zx U CTEEMDIEZE X (6) 2 S5 FHA
TBE, Vopr =0.909058 & Lrop =0.185470 £ 725, —
Ji, R (9) DEMED 5 FHE X NTABIE Vop, = 0.909091
& Goopt = 0184637 TH 2. ZD k3512, EMRIE
IR 1L A EEDRWMEEZRLTL 5. L IZ5,
ERIEERICIREDFET B LERTHDT, ZOE
MEERIIEERICIEE T E R,

{ERERIZ, ELRORX (9) IFTEIRIRERZ & D & 574
HITHUS I3 B2z ib 5 FlibnTE R, Ll
NS, ZTHholxzOMABMIZ U TEIRIRS D%
HREHEWDITEIRETHA S, HlIAIX, BEWIRENC
Ko THRAETIEEZIMU 5 7= DI BIRIRSS % AU 1
BMEITIER 7) BEONEZRETH D, PG
@Eﬁﬁ@ﬁbmﬂﬁk@t@k@%%%% RET D

BIZER @) Ik o THET ZDANEL TWBEY,

4. AVT ATV ACEBRICH T B H, &E1L

AHITIE, YavraiP %2 ML THEDH BRI
B2 7547 v ARERBIZNT S H,
mwﬁ&%%ﬁﬁé.ﬁﬂﬁ@@iﬁmﬁﬁ””%éﬁ
Iz w0 (6) 25 (8) IEEE O HEIC &
THEpNTz He BERTH B, ZDL EI1T i%ﬁ*
BOBRIZY TR TR L YUY = A& — 175

1'2 1 1 1 1 1 1
Solid lines: Compliance & =0
1 Dashed lines: Mobility | [—— v
.. Dotted lines: Accelerance | | —— {5
- " Y .. min
g 0.8 T <~
= v Meo
3 w =<4 S el. -
E0.61—N Bl S P
o w s oo
2 \1\ \- R RE
204 A —
/"va \\\ I
P Ses .
02|~ e —
0

0 025 05 075 1 125 15 175 2

Fig. 2: H..-optimal solutions for a DVA attached to an

undamped primary system (§; = 0)



EZEMALUTWE, A0 X >512, FEEDOGETIIRY
BN RO AR E L NS D, YTz AR —
152 FAWT Z 0N AREROERZ S 121X, #7
ﬁﬁ&%ﬁ@@ﬁ_wab&%hiabamtmoﬁ
WEZITE. FRICEEDRVIEEIZE, ZoHE
RV A RARERTH S Z t#b/wle
X —{THN & o> TEMSGSMFZFITRTE 20, ERITH
HOFMELTWB & 8IROERGRERIZZ Y, HHELE
WEHEARBEIZR>TLE S, 22T, ZIZTIE, YL
U AR —fFHDMRD DIz Y aLiFsE VT HRER
DERZHED HIEEZHNT 5.

Fig. 1(b) IZRENIRERDOERD IV T FA4 T
AEEBEBIIIRATRINS.

x| Numl
’f/kl ~ V Denl
Numl = (A2 - v?)2 + (25Av)?
Denl = {A* —A%[1+456v + (14 p) v+ v?)2
+AAHE(A% =) = LI = A2 (1+p)lv)?

(10)
WE, RERONT AR 22X, KERICE DN
5 DODHRFDEHINELL LD LS ITHHETS. =
DHIREH T & hnaxy EBE, RO f, 2EETS.

Numl
Jo=benl =5 =
218+b1)~6+b214+b3l2+b4
by =—2+4(2+85Luv
—2(1+p)[1 =285 (1 +p)]v? (11)

by =1 + V22024 p) + (1 +p)*v?

— 847 (1-287) =85 (1+u)]
by = —2v?[r*(1-283) + (1 =287 + ) v’
by = r2vd

ZZT

=/1—1/h2 12)

i, RAD IZHBRPEONEZ L 2T 5720128
AINTZNRTRA=RTHB. ZONTA—REBIZ L >
T, hmx ZHR/MET BRIEI r 2 &/NMET BRIEIZE
SMZOND. ZOr DEAMEIX rppn & RiLEI b, X
(D ITREIND XS f, 1Z A2 12T 5 4 kA
wBHN, ZOoEBEYnLENEZAREX f,=01F=D
DHBRDENENTEMRE L Z2ETHE. DI L
»5, WO ODIEERIHEHTE B,

b1v/ba—b3 =0 %)
(b1/2) ~2v/Bs— by = 0

R (13) D/XT A — &K by-by 122 (11) BRA L TEE
&, OB ABRAFSNS.
fi :aor2+a1r+a2 =0, fo= c0r2+clr+cz =0
ap=1-28;
ar=—1+28 +466pv — (1+p)[1 - 285 (1 +p)]v?
a;=(1 +u—2§12)v2, co=1, ¢ =—-2v2
=45 (1+u)P[1 =G (1+p)v?
+88Gu(1+p)[1 =28 (1+p)]v?
{24871 —pu =283 (1 +p) (1 —3p)]
—45(1 - p) v +88i (1 -287) Louv — (1 -267)?
(14)
X (14) 13, 2 HHEREBRICBVWTEHbNS — D0k
RADOEIZELULTEIRMETHS. T, ZOHHR
FDEE (hmax T7205 r) Z2E/MET 2545 % A3
A5, ZNE, BELTAREZODNTIA—RVvE
T2 roeMaAnte, $ihbb
dr = ard ;Cr A6 = (15)
WAIT B 2L TH B, REHOEHS riZ=>0H
BA L HDORHZEENTWEDT, TORMS dr ®
AT LS IZEESHMZI O5NS.
or 0 af1 dfi

dr _ Tfl v 3C2 dv _ 0 (6)
dr 0 ﬂ of2 9f2 dé 0
anl Lav oG

ﬁa@@$%@ﬁ@”*“ﬂi?2tﬁﬂt@imé
R16) IZBWVWT, v& &, WHPETRWMEERFFDO-O
u,_@v:tﬁﬂ#7/7%%bfma&Miab
NS Y PR

df1 dfi

av (962
=0 17
df2 dfs an

v 96
R (17) 137 GRER (14) OFERZELRD 2 [FHETH
52HEX5. ZORNS, H. BOHERERIZHERIR
DOEIFZHOEMREKMRDFLNS.
f3 :d0r3+d1r2+d2r+d3 =0
do = Gv
di= =G+ p)* 1 +465 (14 p) =48 (1+p)*v?
— 1 +687 (1 +u) — 128 (14 p)*)v?
—H{1-28(0—p*) =251 —p
=28 (1 +p)(1=3u)]}v =28 (1 -28) GG p
dy = [L(1+p)*V + G (1 +p)*v?
+ O+ -4 u(1+p)v+Gu2+p—487)v?
(18a)




dy = (14 p—287)
) A=+ p)* 1 =28 (1 +p)v?

=G+ )1 =683 (1+p)v? (18b)

+ &1+ u)[1 —pu—28F(1-3u)]v
—&(1=28)upv?

K14 & 18) 1%, Z2DORHE (v,L,r) 2B =
TEN AREREBEL TV EREE ( Yo
BiZiE, ZhooRIFX S IcRBNETE, REMD

1

[ 1 =002
1 —"0.05
0.8 — 0.1
\s \ — 0.2
— 03
0.6 Q \\ — 0.5
- — 0.7
O Ny e N LN NN
0.4 AN
0.2 \
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
g
(a) Optimal tuning ratio v o
0.5 o — —
| =17 . —
04 _,___()_7——////
’ 0.5
03 | 0. |_— /
= —0.2]
2 |
KJ\NO | 0.1 ////
0.2 —0.177
,,_’-.—0.05—-//
—
0.1 0.02
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

4
(b) Optimal damping ratio {5y

:tt=0

\ 0.02

4 — 0.05
— 0.1

— 03

_ \ — 05
‘g — 0.7
= ) \ — 1.0

|

S

0.l 02 03 04 05 06 07
G

(c) Minimized resonance amplitude /4,

Fig. 3: Optimization of the compliance transfer function

for a damped primary system by the H.. criterion
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Fig. 5: Optimization of the mobility transfer function

for a damped primary system by the H., criterion
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Fig. 7: Optimization of the accelerance transfer function

for a damped primary system by the H. criterion
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a damped primary system based on the H. criterion
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