
Chapter 21
Visualization of Criteria Priorities Using
a Ternary Diagram

Natsumi Oyamaguchi, Hiroyuki Tajima and Isamu Okada

Abstract It is obvious in the analytic hierarchy process that criteria weights heavily
affect the final global weights of alternatives. However, it is not always important for
decision-makers to weigh criteria priorities in advance if they aremainly interested in
whom theywould like to choose.Wepropose amethod that visualizes the relationship
between criteria priorities and the most favorable alternative to help decision-makers
with reaching their decision. This method has two features: one, the decision-makers
do not need to provide criteria priorities, and two, the alternative weights with respect
to each criterion are measured not by pairwise comparison but by using a ternary
diagram. This makes decision-making easier to understand visually and eliminates
having to deal with C.I. values.

21.1 Introduction

The analytic hierarchy process (AHP) proposed by Saaty [1] provides a decision-
making process to prioritize among alternatives by decomposing the process into
three steps. In the first step, a decision-maker gives relative weights of criteria with
respect to the goal. In the second step, relative weights of alternatives are given
with respect to each criterion. Finally, the global relative weights for alternatives are
obtained by multiplication of the above local weights in the third step. In this way,
the decision-maker identifies the most favorable alternative, as the one having the
highest weight among all alternatives.
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It is obvious in AHP that criteria weights heavily affect the final global weights
of alternatives. However, it is not always important for decision-makers to weigh
criteria priorities in advance. For instance, in the situation of hiring a newcomer
in an enterprise, decision-makers are mainly interested not in the criteria priorities
they give but in whom they would like to choose. In such a situation, it is more
important to understand the relationship between the weight balance of criteria and
the most favorable alternatives than to give certain criteria priorities. Therefore, in
this situation, visualizing weight balance on criteria may be an effective tool to help
make decisions.

In the original AHP, relative weights are usually derived from a pairwise com-
parison matrix. However, this process is challenging because any inconsistency in
the comparison might not be perceived at a glance. This hole can be covered in the
case of three elements. Mizuno and Taji proposed a ternary diagram method (see
[2]) in which the weights are graphically depicted at three positions on an equilateral
triangle. Oyamaguchi et al. [3] extended this method by using a grid, where there is
a one-to-one correspondence between a completely consistent pairwise comparison
matrix and a point on a ternary diagram. The ternary diagram enables three elements
to be weighted by pointing at the triangle just once without pairwise comparison.

Another advantage of the ternary diagram method is visualization. Using trian-
gles gives decision-makers visual clarity, and thus they tend to feel more satisfied
with their intuition. In the present work, we propose a method for visualizing the
relationship between criteria priorities and the most favorable alternatives. In this
method, decision-makers don’t need to weigh criteria priorities, which is the first
step in AHP. They only weigh alternative priorities with respect to each criterion.

21.2 Methods and Results

Here, we describe our visualization method to help with decision-making. We deal
with a simple hierarchy made up of two criteria (criterion 1 and criterion 2) and three
alternatives (alternative X, alternative Y, and alternative Z), as shown in Fig. 21.1.

21.2.1 Alternatives Priorities with Respect to Each Criterion

Let△XYZ be an equilateral triangle whose three vertices are X(1,0,0), Y(0,1,0), and
Z(0,0,1) inR3, as shown in Fig. 21.2. We call △XYZ a ternary diagram. A decision-
maker places a dot Pi inside the ternary diagram instead of doing pairwise comparison
with respect to a criterion i (i ∈ N). The closer to a vertex W (W ∈ {X, Y, Z}), the
higher W is rated with respect to its criterion. For example, a dot P = (0.5, 0.1, 0.4),
which is depicted in Fig. 21.2, means that the ratio of three alternatives is X:Y:Z =
5:1:4.
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Fig. 21.1 A simple hierarchy with two criteria and three alternatives

Fig. 21.2 An equilateral triangle △XYZ

Fig. 21.3 The definitions of AX , AY , and AZ

Here, we divide the ternary diagram into three areas to visualize the highest
weighted alternative as the area where dot P exists. We call the set of points inside
the triangle whose nearest vertex is X AX . AY and AZ are similarly defined. The strict
definitions of the areas are shown in Fig. 21.3, where the most favorable alternative
is X because P exists in AX .
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21.2.2 Visualize the Relationship between Criteria Priorities
and the Most Favorable Alternatives (Two Criteria)

Since we have two criteria in this situation, the decision-maker places two dots P1
and P2 inside just one ternary diagram with respect to criterion 1 and criterion 2,
respectively. See the left side of Fig. 21.4.

Let P1P2 denote the line segment betweenP1 andP2, as in the right side of Fig. 21.4.
We writew = (w1, w2) for the relative weights between two criteria, wherew1 is the
weight of criterion 1 and w2 is that of criterion 2 (0 ≤ wi ≤ 1 for i ∈ {1, 2}). Note
thatw1 andw2 sum to 1. The relative weight vectors of the alternative with respect to
criterion 1 and criterion 2 are equal to the position vectors of P1 and P2, respectively.
Therefore, the overall composite weights W of the alternative are obtained from the
position vectors of P1 and P2 and the relative weights w = (w1, w2). Here the point
P, which corresponds toW , denotes the internally dividing point that divides the line
segment P1P2 byw2 : w1. For example, the highest weighted alternative is Z because
P exists inside AZ in the right side of Fig. 21.4.

There are three cases of the number of areas the line segment P1P2 extends over.

• Case 1: P1P2 extends over three areas.
• Case 2: P1P2 extends over two areas.
• Case 3: P1P2 exists in one area.

Here, we show examples for each case.
Case 1 P1P2 extends over three areas

Example 1 Let P1 = (0.50, 0.10, 0.40) ∈AX andP2 = (0.05, 0.50, 0.45) ∈AY.We
have ∣∣∣∣∣∣

0.50 0.05 x
0.10 0.50 y
0.40 0.45 z

∣∣∣∣∣∣
= 0

and obtain the line segment equation P1P2 : 31x + 41y − 49z = 0.

Fig. 21.4 P denotes the internally dividing point that divides the line segment P1P2 by w2 : w1
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Fig. 21.5 Case 1: P1P2 extends over three areas

Fig. 21.6 Case 2: P1P2 extends over two areas

Let the two intersections in the left side of Fig. 21.5 be Q and R. Then, their
position vectors are Q = (0.41, 0.18, 0.41) and R = (0.114, 0.443, 0.443). We can
see that P1P2 extends over three areas according to the value of w.

⎧
⎪⎨

⎪⎩

0 ≤ w1 ≤ 0.14 (0.86 ≤ w2 ≤ 1) → AY

0.14 ≤ w1 ≤ 0.80 (0.20 ≤ w2 ≤ 0.86) → AZ

0.80 ≤ w1 ≤ 1 (0 ≤ w2 ≤ 0.20) → AX.

Thus, the relationship between the criteria priorities and the most favorable alter-
natives is shown in Fig. 21.5. If the decision-maker chooses alternative Y, it means
that he/she weights criterion 2 much heavier than criterion 1.

Case 2 P1P2 extends over two areas

Example 2 Let P1 = (0.70, 0.15, 0.15) ∈ AX and P2 = (0.25, 0.65, 0.10) ∈ AY.
Then, we can see that P1P2 extends over two areas according to the value of w.

{
0 ≤ w1 ≤ 0.18 (0.82 ≤ w2 ≤ 1) → AY

0.18 ≤ w1 ≤ 1 (0 ≤ w2 ≤ 0.82) → AX.

In this case, the decision-maker should choose alternative Y if he/she weights cri-
terion 2 heavily; otherwise, he/she should choose X. It should be clear from Fig.21.6
that choosing alternative Z would be completely irrational.

Case 3 P1P2 exists in one area
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Fig. 21.7 Case 3: P1P2 exists in one area

Example 3 Let P1 = (0.50, 0.10, 0.40) ∈ AX and P2 = (0.85, 0.10, 0.05) ∈ AX.
Then, we can see that P1P2 exists in just one area, that is, AX. This means the
most favorable alternative is always X regardless of the criteria priorities (Fig. 21.7).

0 ≤ w1 ≤ 1 (0 ≤ w2 ≤ 1) → AX.

21.2.3 Visualize the Relationship Between Criteria Priorities
and the Most Favorable Alternatives (Three Criteria)

We can also utilize this method in the situation of three criteria. Consider a hierarchy
with three criteria (criterion 1, criterion 2, and criterion 3) and three alternatives
(alternative X, alternative Y, and alternative Z), as shown in Fig. 21.8. The decision-
maker should place three dots P1, P2, and P3 inside just one ternary diagram with
respect to criterion 1, criterion 2, and criterion 3, respectively.

Fig. 21.8 A hierarchy with three criteria and three alternatives
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Fig. 21.9 The conceptual solutions for three cases

Let △P1P2P3 denote the triangle whose vertices are P1, P2, and P3. We write
w = (w1, w2, w3) for the relative weights among three criteria, where w1 is the
weight of criterion 1, w2 is that of criterion 2, and w3 is that of criterion 3 (0 ≤
wi ≤ 1 for i ∈ {1, 2, 3}). Note that w1, w2, and w3 sum to 1. The relative weight
vectors of alternatives with respect to criterion 1, criterion 2, and criterion 3 are
equal to the position vectors of P1, P2, and P3, respectively. Therefore, the overall
composite weights W of the alternatives are obtained from the position vectors of
Pi (i ∈ {1, 2, 3}) and the relative weightsw = (w1, w2, w3). We call the point which
corresponding to W and whose ratio of three alternatives is w1 : w2 : w3 as P.

There are three cases of the number of areas the △P1P2P3 extends over.

• Case 1: △P1P2P3 extends over three areas.
• Case 2: △P1P2P3 extends over two areas.
• Case 3: △P1P2P3 exists in one area.

Here, we show conceptual solutions for each case. In Case 1, note that△P1P2P3 in
the lower left of Fig. 21.9 is depicted as counterclockwisewhile△P1P2P3 in the upper
left is clockwise. We expand △P1P2P3 to an equilateral triangle while maintaining
the ratios a:b, c:d, and e:f. The lower figures provided in Fig. 21.9 enable the decision-
makers to visually grasp the relationship between the weight balance of criteria and
the most favorable alternatives.
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21.3 Conclusion

In this work, we have proposed a method that visualizes the relationship between
criteria priorities and the most favorable alternatives. Our method has two features.
First, decision-makers do not have to provide criteria priorities; rather, we provide
and propose these for them to help them make a decision. Although the criteria
priorities heavily affect the overall composite weights for alternatives in AHP, the
predetermined criteria weights are not very useful for decision-makers if they are
mainly interested in which alternative is the most favorable, i.e., in cases such as
employment interviews or deciding on a company to invest in. In such situations,
decision-makers are mainly interested not in the criteria priorities they give but rather
in the alternative they eventually choose. Therefore, it would be useful to provide
themwith visualized criteria relativeweights associatedwith the corresponding alter-
natives. Such visuals would also be helpful when explaining to other people how they
reached the decision. Second, the proposedmethodmeasures alternativeweightswith
respect to each criterion not by three combinations of pairwise comparisons but by
a ternary diagram. This simplifies decision-making because the decision-makers do
not need to deal with C.I. values.

In future work, we will develop an interface that calculates and displays the
relationship betweenw and the area where P exists when Pi (i ∈ {1, 2, 3}) are given.
We will also provide a visualizing method for cases where there are four or more
alternatives.
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