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Abstract Many local governments in Japan lack a decision-making protocol for
resolving budget conflicts. They often use a method in which the budget alloca-
tion essentially follows that of the previous allocation. However, this method is not
reliable for adapting to present situations and also results in sectarianism. The gov-
ernments have been looking for alternatives as no dominant method currently exists.
We propose a method for budget allocation that uses a tree structure. This method
considers the trade-off between costs and efficiency. The number of assessments
required for determining a budget allocation is at least the number of objects for
allocation; thus, the method minimizes costs. Furthermore, each section manager is
directly responsible for the budget ratios of all of the projects in their own section,
so this procedure may alleviate the dissatisfaction of stakeholders. Moreover, this
method avoids factitive assessments by prohibiting the choice of a representative
project. Our method follows a tournament style which will be expanded on in a
future work.

1 Introduction

Many local governments in Japan have no appropriate decision protocol to resolve
budget conflicts. Two kinds of budget allocation systems are generally used in Japan.
One is a system in which budget allocators examine all projects. It can lead to quite
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appropriate allocations. The other is a system in which a budget allocator provides
budget ceilings to each section or for each policy. Although the first system has been
in use for a long time, budget allocators are likely to avoid the system due to the
huge costs needed. This is why a Japanese nationwide scale questionnaire survey [1]
found that some local governments have switched to the second system. However,
there is still room for further improvement with this second system [2]. In fact, we
find that a certain city abolished the second system after adopting it for 10 fiscal
years [3].

Little is known about appropriate methods for optimal budget allocation thus far.
This is because such methods should solve lots of issues. For instance, the number
of stakeholders who are operating from different standpoints is not small. Hence, the
meaning of “optimal” differs between each stakeholder, so it is difficult for them to
reach a good consensus. Not only that, there exist some practical restrictions such as
limited resources or insufficient amounts of time. Therefore, developing appropriate
budget allocation methods is still an issue. In addition, examining performance mea-
surements for budgetary decision-making is also important for developing effective
budget allocation methods [4].

Herewe propose amethod on budget allocation using a tree structure. Thismethod
considers the trade-off between costs and efficiency. The number of assessments
required for determining a budget allocation is at least the number of objects for
allocation; thus, the method minimizes costs. Furthermore, each section manager is
directly responsible for the budget ratios of all of the projects in their own section,
so this procedure may alleviate the dissatisfaction of stakeholders. Moreover, this
method avoids factitive assessments by prohibiting the choice of a representative
project.

2 Our Method

In this section, we define the new budget allocation method called tournament-style
allocation method. Let us consider that an organization is considering distributing
its budget to projects where the number of projects is set to n. Each project belongs
to a department. A department has at least one project. A manager of a department
is called a director. The top of the organization is called an executive. The executive
manages all departments either directly or indirectly. If the executive manages them
indirectly, there are mid-level departments managed by mid-level executivesmanag-
ing either departments or mid-level departments. An executive, mid-level executives,
and directors are collectively called evaluators. This organizational structure is drawn
as a tree structure using graph theory.

Make a multi-branch tree structure T(n,m), where n is the number of leaf nodes,
and m is that of internal nodes. P denotes a set of leaf nodes {Pi } (i ∈ {1, . . . , n})
that represent projects. E denotes a set of non-leaf nodes {Ej } ( j ∈ {0, . . . ,m}) that
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represent evaluators, where E0 is the root node, and the others are internal nodes.
Note that E0 is the executive. The example tree of Fig. 1 is defined as T(10,8) with 10
projects and 9 evaluators.

For any j ∈ {0, . . . ,m}, we denote by Tj a tree consisting of Ej and all of its
descendent nodes. Note that T0 = T(n,m). Let E j be the set of all child nodes of Ej

and c( j) the set of the index numbers of evaluators in E j . A tree Tk (k ∈ c( j)) is
called a child tree of Ej . Here, we call Sj the set of child trees of Ej . For example,
S2 = {T5, T6} is obtained from E2 in the example tree T(10,8) of Fig. 1.

Next, we define a map l : {1, . . . , n} × {0, . . . ,m} −→ Z ∪ {∞} as

l(i, j) = h,

where h means the length of the path from Ej to Pi . In contrast, we define a map
e : {1, . . . , n} × Z −→ {0, . . . ,m} as

e(i, h) = j,

which outputs an index number of Ej , where h means the length of the path from Ej

to Pi . Note that if Pi is not a descendant leaf node of Ej , we have l(i, j) = ∞, and
e(i, h) is not defined.

For any i ∈ {1, . . . , n}, we obtain only one shortest path from E0 to Pi and call it
path i . For example, we consider P7 in Fig. 1. The parent node of P7 is E7, and the
parent node of E7 is E6. Repeating this procedure, we finally reach the root node,
E0. Note that every path i for i ∈ {1, . . . , n} is a sequence from E0 to Pi . We then
solve path 7 as follows.

path 7 E0 E2 E6 E7 P7

We restrict our method to a specific case, called the tournament model. As is
well known, a tournament, in which winners go on to the next round and losers
are eliminated in successive rounds, is usually used in many sports. In this model,
any evaluator except for the directors must satisfy a tournament condition where an
evaluator selects projects that were selected by the evaluator’s child evaluators. In
the example of Fig. 1, a set of projects for E1 is P1 and P3, and both P1 being selected
by E3 and P3 being selected by E4 is satisfied. Similarly, E6, E2, and E0 satisfies
the condition. Therefore, the example tree satisfies the tournament condition.

- Step 1 Selection
First, all evaluators select projects that they must assess. However, all evaluators
are prohibited from assessing them before all assessments are done by those who
are children. In the example of Fig. 1, E1 must wait until assessment by E3 and E4

is finished, and E0 must wait until all assessments by E1 to E8 are finished. If an
evaluator is a director (who directly connects with leaf nodes), the director selects all
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projects in one’s own department. If an evaluator is not a director (that is, either an
executive or a mid-level executive), the one selects a project from among the projects
that were selected by the one’s child evaluators.

Note that Ee(i,h−1) is the only one evaluator included both in E j and path i for
Ej ( j ∈ {0, . . . ,m}) in path i . Let P j by the set of projects whom Ee(i,h−1) chooses
as the representative projects for each Tk (k ∈ c(e(i, h − 1)). It is easy to see that
Ej should choose a representative project from P j . Define a map p : {1, . . . , n} ×
Z −→ {1, . . . , n} that outputs an index number of Pp(i,l(i, j)) ∈ P j , where Pp(i,l(i, j)) is
chosen by Ej as a representative project of Te(i,h−1). We label the edge that connects
Ej to Ee(i,h−1) “Pp(i,l(i, j))” as follows.

path i E0 · · · Ej
Pp(i,l(i,j))

Ee(i,h−1) · · · Pi

If the evaluators are directors, that is l(i, j) = 1, the child of Ej is just Pi . Hence,
Ej should choose the only child Pi as a representative project.

- Step 2 Evaluation
Second, all evaluators assess the projects that they must assess. They give a positive
real number to each project as an assessment value. For capturing these values, we
define amap v : {0, . . . ,m} × {1, . . . , n} −→ Z, where v( j, k)means the evaluation
value that Ej gives Pk .

Fig. 1 Example tree T(10,8)
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Note that an assessment is given relatively. Let us consider that evaluator E3

assesses two projects, P1 and P2, as shown in Fig. 1. The assessment values of the
two are denoted as v(3, 1) and v(3, 2), respectively.However, these values are relative
to each other. That is, the case of E3 giving v(3, 1) = 2 and v(3, 2) = 5 is completely
equivalent to the case of E3 giving v(3, 1) = 4 and v(3, 2) = 10.

- Step 3 Calculation
In the final step, the final allocation of budgets is calculated. To do so, we first
calculate an n-dimensional vector

W (T(i, j)) =
!
w(P1), w(P2), . . . , w(Pn)

"
,

where

w(Pi ) =
w′(Pi )#

i∈{1,...,n}
w′(Pi )

and

w′(Pi ) = v
!
0, p(i, l(i, 0))

" l(i,0)−1$

h=1

v
!
e(i, h), p(i, h)

"

v
!
e(i, h), p(i, h + 1)

"
.

Note that
%

i∈{1,...,n} w(Pi ) = 1. Each element of W must correspond to each evalu-
ator’s assessment. That is, for any evaluator Ej and for any two projects Pi and Pi ′ ,
where Ej assesses both Pi and Pi ′ , v( j, i) : v( j, i ′) = w(Pi ) : w(Pi ′). Using this
vector, the executive distributesG × w(Pi ) to Pi , whereG is the gross of the budget.

3 A Numerical Example

In this section, we show an example for easily understanding our method as defined
in Sect. 2. We consider an organization whose hierarchy is shown in Fig. 1. In the
first step, every evaluator selects projects that one must assess. All labels in Fig. 1
are projects each evaluator selects. In the second step, the relative assessment values
are determined. In the example, the following values are determined:

v(0, 1), v(0, 5), v(1, 1), v(1, 3), v(2, 5), v(2, 8), v(3, 1), v(3, 2), v(4, 3),

v(4, 4), v(5, 5), v(6, 6), v(6, 8), v(7, 6), v(7, 7), v(8, 8), v(8, 9), v(8, 10).

Note that these values are relative for each evaluator, and thus, v(5, 5) is meaningless
because E5 has just one project to assess.
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In the case of i = 4, w′(P4) is calculated as

w′(P4) = v
!
0, p(4, l(4, 0))

" l(4,0)−1$

h=1

v
!
e(4, h), p(4, h)

"

v
!
e(4, h), p(4, h + 1)

"

= v
!
0, p(4, 3)

" 2$

h=1

v
!
e(4, h), p(4, h)

"

v
!
e(4, h), p(4, h + 1)

"

= v
!
0, p(4, 3)

"v
!
e(4, 1), p(4, 1)

"

v
!
e(4, 1), p(4, 2)

"
v
!
e(4, 2), p(4, 2)

"

v
!
e(4, 2), p(4, 3)

"

= v(0, 1)
v(1, 3)
v(1, 1)

v(4, 4)
v(4, 3)

.

This is because we have l(4, 0) = 3, p(4, 1) = 4, p(4, 2) = 3, p(4, 3) = 1,
e(4, 1) = 4 and e(4, 2) = 1.

4 Evaluation Cost

Every evaluator determines the relative weights of projects whose number corre-
sponds to one’s child nodes. This is equivalent to estimating the relative weights of
the other projects when a weight of a project is fixed to one. Therefore, the degree of
freedom for each evaluator to assess all projects corresponds to the number of one’s
child nodes minus one. The following theorem shows that our proposed method is
a method that can determine the relative weights of all projects uniquely with the
lowest number of assessments.

Theorem 1 Let N be the number of all projects and E the number of all evaluators.
The total of the degrees of freedom for the assessments by all evaluators is N − 1.

Proof Let n1, n2, . . . , nE be the numbers of projects assessed by each evaluator.
Then,

%E
i=1 ni = B, where B represents the gross number of branches. An evaluator,

i, decreases the degree of freedom by ni − 1, and thus,

E#

i=1

(ni − 1) = B − E .

The following corollary shows that this value is equal to N − 1.

Corollary 1 For any tree structure, let the gross number of leaves be N, the gross
number of nodes except for leaves be E, and the gross number of branches be B,
respectively. B + 1 = E + N is satisfied.
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Proof This corollary is proven recursively. First, we consider a graph consisting of
a root node only. Then, child nodes are added to the graph sequentially, and finally
we assume that the graph corresponds to any tree structure. The first graph is a leaf
only, and thus, the equation above is satisfied. Next, we choose a leaf node that
has a child node in the final tree structure, and that node and its child nodes and
branches that connect to it are added to the graph. Note that any tree structure can be
reproduced by repeating this procedure. Let the number of that node’s child nodes
be k. By doing this procedure, the number of leaves increases by k, while the target
node does not become a leaf, and thus, the increasing number of the right-hand side
of the equation is k. By doing this procedure, the increasing number of the left-hand
side of the equation is k because the number of branches increases by k. This is why
the equation is always satisfied regardless of the procedure.

5 Discussion

A salient feature of our method is that a budget allocator or stakeholder is never
allowed to choose a representative project from each department. To bemore precise,
if a manager selects an element that he or she feels to be the best, dishonest situations
may emerge. However, with our method, appropriate internal assessment can be
expected for the sake of group profits as a whole because any representative project
chosen at random is a threshold for determining the budget of all other elements in
one’s group.

One merit of our method is that it eliminates feelings of unfairness felt by those
people in charge of evaluation because the process is a consensus-based one that
considers the evaluations of all people in charge, and, additionally, overall costs can
also be reduced. All projects can be evaluated through the consensus of all people
concerned in each section. In addition, the representative projects selected from each
section can be approved by general managers.

Although this method is for budget allocation for either medium-scale or small-
scale organizations, it is possible to substitute an organization, a section, a policy, or
a person for a project. Therefore, the range of applications for this method is wide
and includes budget allocation at large-scale organizations, labor evaluation, and the
assessment of employees.

For further studies, we should obtain a generalized model. In this model, each
evaluator is allowed to choose representative projects from among all descendent
projects. It is not necessary to choose projects from among the projects already
chosen by the child evaluators as in the tournament model.

It should be noted that there is no guarantee that a relative weight of a project
assessed by any evaluator is correctly measured. This point suggests that we must
systematically consider errors in estimation if this is adopted for practical use. There-
fore, the other extension is to consider the Analytic Hierarchy Process [5], which is a
traditional method of quantifying qualitative data by using individual preferences, a
ternary diagram [6], or a ternary graph [7, 8]. It may be effective to minimize errors.
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