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We theoretically study the dynamics of an atomic force microscope cantilever under various irradiation configurations of a laser. By conveying a
stream of photons and its momenta, the laser beam whose geometrical intensity profile has a Gaussian form will exert a nonuniform radiation
pressure on the cantilever surface and modify its vibration. The dependences of cantilever modeshapes on the laser spot position and waist reveal
a possibility of diminishing or exciting a specific eigenmode. For cantilevers of >200µm length, the vibration amplitude of higher-order eigenmodes
can be increased 4–5 times. This implies the change in cantilever effective mass once the interaction with the ambient is taken into account. The
study gives a deeper understanding of soft cantilever dynamics in liquids and can be applied in the modern measurement configuration where high
frequencies are required. © 2017 The Japan Society of Applied Physics

1. Introduction

Using atomic force microscope (AFM) cantilevers in liquids
and at room temperature has been an important topic in recent
studies thanks to the possibility of the fast and reliable
detection of chemical and biological quantities.1–4) Moving
in liquids, the cantilever pushes and shears liquid elements
and a friction force is created. This changes the cantilever
dynamics and its behaviour can be described by using an
effective mass (meff) or an added mass (Δm) in a second
harmonic equation. A model to analyze the effective mass
has been theoretically proposed5) where the displaced mass
of the liquid due to the vibration of a cantilever is from
contributions of all mechanical modes, ωn, where n ¼
1; 2; 3; . . . . According to the operation principle of a resonant
cantilever sensor, the mass sensitivity of the attached analyte
mainly depends on the ratio ωn=meff. Therefore, the mass
detection sensitivity can be improved by increasing the
resonant frequency and=or decreasing the effective mass.

In this study, a soft cantilever is perpendicularly irradiated
by a laser beam from an optical fiber, as shown in Fig. 1.
The momenta of photons in the laser beam will push the
cantilever downward via its elastic collision with the
cantilever surface. This action is presented via a radiation
pressure (RP) 2Pi=c, where Pi is the input laser power and c is
the speed of light, in case the cantilever is directly irradiated
and the light is totally reflected. Such RP can be enhanced
several times by coating another reflective layer at the fiber
end and a cavity-induced radiation force (CIRF) is seen.6,7)

The cantilever frequency shift and deflection can be detected
by observing the interference of the light reflected at the
cantilever and the light reflected at the coating layer at the
fiber end, as in common optical fiber interferometers.8–10)

About 4% of the light is reflected by the glass-to-air
interface8) and the other 96% of the light— after it exits the
fiber— impinges on the cantilever and is reflected back to
the fiber; however, we will not discuss in detail these
quantities. Instead, we focus on the RP effect of the light that
escaped from the fiber. Therefore, the laser plays the role

of both the controlling and detecting tools for cantilever
deflection and frequency.

A recent attention on enhancing the sensitivity of canti-
lever sensors is in terms of using higher-order eigenm-
odes,11–13) which are called higher modes in this study for
brevity. The operation in ambient air=fluid at such modes
can improve the quality factor of cantilevers.14–16) This is
explained by the fact that the surface-to-bulk ratio is lower
at higher modes, which leads to a lower air=fluid damping. In
a recent study, the mass sensitivity of a gold-coated AFM
cantilever has been shown to increase with square of the
mode number, n2, i.e., a sensitivity increase of two orders of
magnitude can be obtained.17) Their model is based on the
fact that modeshapes and corresponding vibration amplitudes
follow the dynamics of a free beam, i.e., a sinusoidal
modeshape for higher-order eigenmodes and a slow decrease
in amplitude for increasing order of mode are used. Never-
theless, laser irradiating on soft cantilevers can give rise to
different impacts on liquids, especially when modeshapes are
changed significantly. This happens when the cantilever is
downsized to micrometer scale and has a small mechanical
rigidity, and the affection of the Gaussian form of the laser
beam on the cantilever should be involved. The vibration
amplitude of higher modes can be enhanced and their
contributions to the total deflection of cantilevers should be

Fig. 1. (Color online) Model for calculation. A soft cantilever is coated by
a metallic thin film (to enhance the radiation pressure exerting on it) and is
irradiated by a laser beam from an optical fiber. The laser beam intensity has
a Gaussian profile with full width at half maximum σ. Irradiating at different
positions x0 can enhance the amplitudes of higher-order eigenmodes.
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taken into account. The superposition of these modes can
greatly change the impacts of the RP on the cantilever,18) of
the photothermal heat absorbed on coated layers,19) and of
the coupling strength in optomechanical systems for laser
cooling.20)

Therefore, in this paper, we study the impact of the laser
beam profile and the irradiation (spot) position on diminish-
ing or exciting the amplitude of higher modes. We show that
for some specific irradiation configurations, such amplitudes
can be increased by many factors of magnitude. This gives a
possibility of detecting and using higher modes in high
resolution, and real time, and of enhancing coupling strength
for more efficient optomechanical laser cooling.21,22)

2. Theoretical model

2.1 AFM in liquids
The resonance frequency of the cantilever in liquids can be
expressed as23)

fliq ¼ �2
n

2�

ffiffiffiffiffiffiffi
k

3m

r
1 þ ��W

4�cT

� ��1=2
; ð1Þ

where αn is the factor depending on the eigenvalues of higher
modes and is obtained from the equation 1 + cos αn cosh αn =
0; k, m, and ρ are the cantilever rigidity, effective mass, and
density of the material, respectively. W (T ) is the cantilever
width (thickness). Then, in liquids its mass will be modified
as m + Δm. For Δm ≪ m, one has

�m ¼ 2m�f ð fliqÞ�1; ð2Þ
where Δf is the frequency shift that can be detected from
the spectral analysis. As a result, one achieves a higher
sensitivity Δf=Δm for higher modes. Therefore, it is important
to enhance the amplitudes of such higher modes for better
resolution of mass sensing.
2.2 Higher-order eigenmodes
The cantilever is a rectangular silicon beam coated by a
metallic thin film. The RP exerting on this cantilever has
recently been studied6,24,25) using Maxwell’s stress tensor and
Maxwell’s equations, and it corresponds to a CIRF pðx; tÞ. Its
transverse vibration is described by the equation of a Euler–
Bernoulli beam as

EIv0000 þ �€v ¼ pðx; tÞ; ð3Þ
where E is the modulus of elasticity (Young’s modulus),
I = WT3=12 is the centroidal moment of inertia of the cross
section, and μ is mass per unit length (μ = WTρ). The force
pðx; tÞ exerting on the cantilever at point x and time t is from
a laser source of power Pi and is assumed to be pðx; tÞ ¼
FðxÞ fðtÞ. The general solution of Eq. (3) can be written as26)

�nðx; !Þ ¼
Z L

0

Fð�ÞXðx; �; !Þ d�; ð4Þ

where X is the Green’s function (see Appendix A) satisfying

EIX0000 þ � €X ¼ �ðx � �Þ: ð5Þ
F(ξ) is written in the approximated form as
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where σ is the full width at half maximum (FWHM) of
F(ξ), the integer η indicates the range of integration,

R x0þ
	
x0�
	 Fð�Þ d� ’ F0, 0 < x0 ≤ L is the position of the force
peak, and F0 = (2R + A)Pi=c (R: reflectance, A: absorp-
tion).6,27) erfðxÞ ¼ ð2= ffiffiffi

�
p Þ R x

0
e�t

2

dt is the error function. The
intensity profile of a laser has a Gaussian form28) whose
width σ has been figured out in a recent study.27) Here, it is
assumed that only the vibration in the z-direction is taken into
account; and the vibration in the y-direction is skipped. F0

is assumed to be 45 pN corresponding to Pi ≃ 0.1mW for a
∼100-nm-thick cantilever and a 35-nm-thick fiber-end coat-
ing. The parameters used for studying the dynamics of a
cantilever are summarized in Appendix B.

3. Analytical results

3.1 Beam waist-dependent amplitudes
The modeshapes of the first four eigenmodes will be
examined for various positions of irradiation, x0=L = 0.75,
0.50, and 0.25 [see Eq. (6)], and for various beam waists
represented by σ, the FWHM of the laser profile. In Fig. 2,
σ = 20 µm is used and modeshapes change differently. While
the first mode increases its amplitude for near cantilever-end
irradiation, i.e., x0=L = 0.75, which is in agreement with the
results of a recent study,29) the second mode has the largest
amplitude for x0=L = 0.5, when the cantilever is irradiated in
the middle (black dot-dashed line). The third mode, on the
other hand, has the largest amplitude for irradiation at the
near-clamped position, x0=L = 0.25 (red solid line) or x0=L =
0.75 (blue dashed line). Nevertheless, the fourth mode
presents nearly no change versus the irradiation position.

For a smaller FWHM, σ = 10 µm, similar results are seen
and shown in Fig. 3. The amplitude of the third mode for
σ = 10 µm is slightly larger than that for σ = 20 µm. From
these results, we see that there is a correlation between x0 and
n. The first mode has the largest amplitude at the beam end,
x=L = 1, and is excited most effectively around this position.
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Fig. 2. (Color online) Modeshapes of first four eigenmodes (marked by
their frequencies, ω1, ω2, ω3, and ω4) under three different irradiations,
x0=L = 0.25 (red solid line), 0.50 (black dot-dashed line), and 0.75 (blue
dotted line). The amplitudes of the first and third modes can be greatly
enhanced while that of the fourth mode slightly changes. Here, σ = 20µm.
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The second mode, similarly, is strongly excited for irradiation
near x0=L = 0.5, the position where the mode amplitude is
largest. Therefore, it is reasonable that the third mode will be
greatly excited at x0=L ≃ 0.25 or 0.75 and shows no response
to excitation at x0=L = 0.5. For the fourth mode, the weak
response to the excitation can be due to its very small
amplitude.

Mode amplitudes are also affected by σ. In Fig. 4, the
second mode excited at x0=L = 0.5 and the third mode
excited at x0=L = 0.75 have been shown for σ = 5–30 µm.
Although the second mode does not show clearly the change
in amplitude, the third mode shows a strong dependence of
amplitude on σ. A small σ (red solid line, σ = 5 µm) excites
the cantilever better than a large one (black dot-dashed line,
σ = 30 µm). This implies that the size of modes, which is

dependent on the order of modes, determines the change in
modeshape. For the jth eigenmode, the modeshape can be
approximated to a sinusoid form and has a length of 2L=
(2j + 1),5) and the size of the mode is clearly reduced for
increasing j. Therefore, the eigenmode, which has a size in
the same order with the beam waist, will correlate stronger
with the beam.
3.2 Irradiation position-dependent amplitudes
In a previous study, Pau and Ghosh et al.29) have shown that
for the first mode, the largest amplitude is obtained for
irradiation at x1=L = 0.92. In fact, we should find the optimal
position x1 for every mode and compare or normalize the
amplitudes of the case irradiation at other positions relative to
that of position x1. However, within the regime of excitation
by RP, the amplitude of the first mode �0ðx; !Þ is still much
larger than that of the other modes and �0ðx; !Þ is best
amplified for x0 = x1. Therefore, we still use �nðx1; !Þ as a
normalization factor for higher modes. Because for higher
modes, the largest amplitudes can be obtained for the
irradiation position x0 somewhere in the middle of the
cantilever, we can see larger amplitudes for some specific
values of x0.

To have a clear view of how the change in x0 affects the
enhancement of amplitude, in Fig. 5, we show the relative
amplitudes of the cantilever when it is irradiated at 0 <
x0 ≤ x1 to the amplitude of the case x0 = x1 = 0.92L,
�nðx0; !Þ=�nðx1; !Þ. While the first mode (black solid line)
and the second mode (red dashed line) show the largest
amplitudes for near cantilever-end irradiation, higher modes
show a complex response to the irradiated position x0. For
example, the third mode can have a large amplitude for
x0=L ≃ 0.7 and even a double amplitude for x0=L ≃ 0.25
(magenta dotted line). The fourth mode can have a 4-time
larger amplitude for x0=L ≃ 0.5 and 0.8 and even a 5-time
larger amplitude for x0=L = 0.2 (blue dot-dashed line). It
means that higher modes show a greater response to the
change in x0. This opens a possibility of amplitude
amplification of higher modes with a suitable irradiation
configuration.
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Fig. 3. (Color online) Similar to Fig. 2 except σ = 10 µm. The second and
third modes show a large modeshape modification in comparison with the
fourth mode with nearly no change in modeshape.
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Fig. 4. (Color online) Amplitudes of the second mode (ω2) under
irradiation at x0=L = 0.5 and that of the third mode (ω3) at x0=L = 0.75. A
small value of σ (5 µm, red solid line) can excite higher modes better than
large σ (30 µm, black dot-dashed line).

Fig. 5. (Color online) Amplitude relativity of eigenmodes when irradiated
at x0 in comparison with that when irradiated near the cantilever end. The
third and fourth modes show the amplitude enhancement for irradiation at
some specific positions, e.g., x0=L = 0.25 and 0.7 for the third mode
(magenta dotted line) and x0=L = 0.2, 0.5, and 0.8 for the fourth mode
(blue dot-dashed line).
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4. Conclusions

We have shown that by choosing appropriate positions of a
laser irradiating on a cantilever, higher-order eigenmodes can
be excited and factors of amplitude increase can be obtained.
The radiation pressure exerting on the cantilever is from the
momenta of photons of the laser beam and has a geometrical
Gaussian profile in the direction of the cantilever axis. The
beam waist must be of the same order as the mode size,
which is dependent on the order of mode, to have the greatest
impact. Higher modes require small beam waists to correlate
with the modeshape. Once excited, these higher modes can
be detected and used in measurements where a high-
frequency response is needed. Therefore, measurement with
high frequencies is possible with soft cantilevers.
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Appendix A: Green’s function

The Green’s function for a cantilever beam is26)

Xðx; �; !nÞ ¼ 1

�3nEI
f�si

�ðx � �Þðx � �Þ

þ ½g1ð�Þ�si
�ðxÞ þ g2ð�Þ�co

� ðxÞ�g; ðA:1Þ
where �n ¼ ½�!2

n=ðEIÞ�1=4 and

g1ð�Þ ¼
�si
�ðLÞ�si

þðL � �Þ � �co
þ ðLÞ�co

þ ðL � �Þ
ð�coþ Þ2ðLÞ � �siþðLÞ�si�ðLÞ

; ðA:2Þ

g2ð�Þ ¼
�si
þðLÞ�co

þ ðL � �Þ � �co
þ ðLÞ�si

þðL � �Þ
ð�coþ Þ2ðLÞ � �siþðLÞ�si�ðLÞ

; ðA:3Þ

�co
� ðxÞ ¼ coshð�nxÞ � cosð�nxÞ; ðA:4Þ

�si
�ðxÞ ¼ sinhð�nxÞ � sinð�nxÞ: ðA:5Þ

Appendix B: Parameters

Dimensions of the silicon cantilever: L = 240 µm, W =
40 µm, and T = 0.9 µm; Young’s modulus E = 1.9 × 1011

N=m2. The cantilever is coated by a 30-nm-thick gold thin
film and has meff = 9.3 × 10−12 kg. ω1 ≃ 0.11MHz, ω2 ≃
0.69MHz, ω3 ≃ 1.93MHz, and ω4 ≃ 3.75MHz.
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