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ABSTRACT 

A mechanical beam resonator engineered at nanoscale for suppressing thermoelastic damping to obtain 
ultrahigh quality factor is reported.  The resonator employs the torsion mode of a spring beam to excite 
the rotation oscillation of a nanoscale resonant beam.  The ultralow thermoelastic damping in the reso-
nator is obtained by employing torsion oscillation.  Optimal study of thermoelastic damping is carried 
out by varying the dimensional parameters of the resonator.  The resonator operating in the MHz regime 
with the quality factor over one million is obtainable by the proposed oscillation exciting method and 
appropriate design of dimensional parameters of the beams.  In order to obtain such overall intrinsic 
quality factor, virtual supports are employed to eliminate attachment loss in the resonator. 

Keywords: Mechanical beam resonator, Torsional oscillation, Uultralow thermoelastic damping, Intrinsic 
damping. 

1.  INTRODUCTION 

Nanomechanical resonators have recently attracted 
research interest in applications such as nanoscale actuation, 
sensing, timing and fundamental quantum mechanics [1-5].  
An important parameter for evaluating the performance 
of a nanomechanical resonator is its quality factor.  A 
resonator with a higher quality factor means a better 
selectivity in a filter architecture, a lower phase noise in 
an oscillator architecture, and a higher sensitivity in 
sensors.  Therefore, in order to maximize the quality 
factor, it is fundamental to understand the physical 
mechanisms which limit the quality factor.  At atmos-
pheric pressure, losses in nanomechanical resonators are 
often caused by external damping mechanisms such as 
air damping [6, 7].  At low pressure, i.e. high vacuum, 
the energy loss caused by air damping is negligible and 
internal damping mechanisms such as attachment loss 
and thermoelastic damping need to be taken into account.  
The attachment loss is often dominant by the radiation of 

elastic energy into attachments [8].  Recent researches 
have showed that the thermoelastic damping is energy 
lost source significantly affecting the upper limit of the 
quality factor of nanomechanical resonators [9-12].  
The thermoelastic damping relates to the irreversible 
process of heat flow generated by extension and 
compression regions in the vibration structure.  The 
compression in the vibration structure leads to a higher 
temperature region while the tensile stress on the oppo-
site side of the vibration structure results in a lower tem-
perature region.  The strength of thermoelastic damping 
depends on the vibration frequency, the relevant thermal 
relaxation time constant, and on the stress distribution in 
the vibration structure.  These, in turn, depend on the 
structural geometry and also on the material properties 
which are themselves functions of temperature.  The 
resonators with high quality factor can be obtained by 
operating them at low temperature for reducing the 
thermoelastic damping [11, 13].  Recently, the engineered 
resonators are also introduced for reducing the thermoelastic 
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Fig. 1 Geometrical illustration of twisted beam (a), simulated torsion oscillation mode (b), and the proposed beam 
resonator employing the torsional oscillation beam to suppress thermoelastic damping (c). 

 
 
damping [14-18].  In [14-17], the vents are engineered 
along the centerline of the resonant beam.  The vents 
prevent the migration of heat flow across the beam which 
leads to altering thermoelastic dissipation.  The quality 
factor of the resonator has been optimized when the 
vents are increased in the size and located at the anchor 
ends.  However, these result in the reduction of the res-
onant frequency due to the softer rigidity of the resonant 
beam.  Moreover, these engineering methods are ap-
plied for resonators at microscale and reduce partially 
the thermoelastic damping.  The thermoelastic damping 
is generated from flexural vibration structure compo-
nents.  Besides the demand on high quality factor, res-
onators are also required to operate at high frequency, for 
example, to enhance the time resolution of measurement 
in atomic force microscopy and real-time measurements 
[19].  In order to increase the resonant frequency, the 
size of the resonator needs to be decreased.  Therefore, 
a method for removing partly or even completely the 
thermoelastic damping, which can be employed for 
resonators when their size is reduced, especially at 
nanoscale, is necessary. 

In this paper, we propose a mechanical beam resonator 
engineered at nanoscale for suppressing the thermoelastic 
damping to obtain ultrahigh quality factor.  The resona-
tor is composed of a nanoscale resonant beam suspended 
on a spring beam that oscillates in the torsion mode with 
negligible thermoelastic damping.  The quality factor of 
the resonator is first optimized by considering the design 
of the suspending spring beam to minimize the thermoelastic 
damping.  The dependence of the quality factor on the 
dimensional parameters of the nanoscale resonant beam 
is then investigated.  A nanoscale mechanical beam 
resonator with the quality factor over million in consid-
ering the thermoelastic damping is obtainable at the 
operation frequency of tens of MHz.  In order to obtain 
such overall intrinsic quality factor, the resonator with 
the virtual support mechanism is employed to eliminate 
anchor loss. 

2.  CONCEPT OF THE RESONATOR AND 
THEORY MODEL 

For a pure torsion oscillation, the thermoelastic damping 

is considered to be negligible due to isovolumetric strain.  
Figure 1(a) shows a beam clamped at one end when it is 
twisted an angle .  Figure 1(b) illustrates the simulated 
mode of the clamped beam, which oscillates in the 
torsion mode.  There is almost no the existence of 
distinguishable distribution of extension and compres-
sion regions except the edge regions of rectangular beam 
in the torsional oscillation mode, i.e. ultralow thermoelastic 
damping.  In order to employ the torsional oscillation 
mode of the beam having small displacement, we design 
a resonator as shown in Fig. 1(c).  The resonator consists 
of a nanoscale resonant beam connected to two free ends 
of the two torsional spring beams illustrated in Figs. 1(a) 
and 1(b).  The operation of the resonator is carried out 
by transforming the torsion motion of the spring beam 
with small displacement into the rotation motion of the 
resonant beam with large displacement. 

The quality factor Q of the mechanical beam resonator 
is proportional to the ratio of the stored mechanical 
energy to the dissipated energy per cycle of oscillation.  
The total dissipated energy is the sum of energy princi-
pally dissipated by a variety of physical mechanisms.  
Physical mechanisms of energy dissipation can be 
described by the two following sets of losses: extrinsic 
and intrinsic.  The extrinsic losses are often caused by 
air damping.  At atmospheric pressure, the energy of an 
oscillator is often dissipated due to air damping [6, 7].  
However, under high vacuum condition, energy losses are 
often dominant by intrinsic losses such as thermoelastic 
damping and the radiation of elastic energy into anchors 
[8-11].  It is assumed that the thermoelastic damping is 
dominant intrinsic dissipation source causing energy loss 
in nanomechanical resonators [9-11].  Therefore, the 
following discussion focuses on the thermoelastic damp-
ing. 

In the theory of thermoelasticity, the heat transfer 
equation involving the thermoelastic damping is given by 

   0

1 2
p

T E T
C T

t t

  


 
    

  
 (1) 

The term on the left of Eq. (1) is the heat source 
showing the heat generation rate per unit volume.  T is 
the alternating temperature; other parameters in Eq. (1) 
are defined in Table 1.   is the dilatation strain.  

In the theory of dynamics and vibration, the equation  
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Table 1  Physical parameters of single crystal silicon used for simulation. 

Parameters Definition Values 

E Young’s modulus 165 [GPa] 

α Coefficient of thermal expansion 2.6e-6 [1/K] 

T0 Ambient and initial beam temperature 300 [K] 

ρ Density 2330 [kg/m3] 

Csp Specific heat capacity 700 [J/(kg K)] 

Cv Heat capacity Cv = ρCsp 1.63 × 106 [J/( m3K)] 

 Thermal conductivity 90 [W/(m K)] 

 Poisson’s ratio 0.28 

 
 
of motion is established on the basis of the following 
force equilibrium: 

 
2

2
,

u

t
 

 


  (2) 

where u is the displacement vector and σ is the stress 
tensor. 

According to Hooke’s law, the relation between the 
mechanical stress σ and the strain ε is given by 

 ,Cu DT    (3) 

where C is the stiffness matrix and D is the thermal ex-
pansion coefficient matrix. 

Applying Garlerkin finite element method for dis-
placement and temperature fields and perturbation anal-
ysis on the governing equations of the heat transfer, 
dynamic motion, and the relation between the displace-
ment and velocity, equation for estimating the thermoelastic 
damping in the nanoresonator is given by the following 
3-order matrix [14] 

 ,AX BX  (4) 

where A and B are coefficient matrices.  The compo-
nents of matrices A and B depend on the thermal conduc-
tivity , the density , the specific heat of mass Cp, the 
elastic modulus E, the thermal expansion coefficient  

and Poision’s ratio .  The eigenvector is  , ,
T

X U V  , 

namely a vector combining nodal temperature, displace-
ment, and velocity together.  Equation (4) is a general-
ized eigenvalue equation.  The eigenvalue of the equa-
tion is  (= i) which depends on the representative 
dimension parameters of the nanoresonator and 
thermoelastic damping.  The angular frequency  is 
here a complex number.  The real part Re() gives the 
new eigenfrequency of the nanoresonator in the presence 
of thermoelastic damping and the imaginary part Im() 
gives the attenuation of oscillation.  In general, the 
strength of the thermoelastic damping depends on the 
structural geometry and also on the material properties 
which are themselves functions of temperature.  It is 
assumed that the nanoresonator is operated under room 
temperature condition.  So, in this study, the depend-
ence of thermoelastic damping on the representative 
geometry parameters of the nanoresonator is investigated. 

For a resonator with damping, the eigenvalue  

contains information about the natural angular frequency 
r and quality factor Q value according to the real and 
imaginary parts of  as follows: 

 Im( )r   (5) 

 1 2 Re( )

Im( )
Q




  , (6) 

which is the fraction of energy lost per radian, the factor 
of 1/2 arising from the fact that the mechanical energy of 
the resonator is proportional to the square of its amplitude. 

To gain information about the quality factor of the 
mechanical beam resonator, it is of interest to know its 
eigenfrequency.  To do this, an eigenfrequency analysis 
is carried out to find eigenvalues.  The quality factor of 
the mechanical beam resonator is calculated by solving 
the coupled thermoelastic equations by finite element 
method in Comsol Multiphysics [20].  The mechanical 
and thermal boundary conditions imposed on the 
mechanical beam resonator are as follows.  Displace-
ment fields at the attachment boundary are zero and at 
remained boundaries are free and zero at the initial con-
dition.  The mechanical beam resonator is set in the 
insulated environment and its initial temperature is the 
room temperature.  There is no temperature deviation in 
the mechanical beam resonator at the initial condition.  
The surfaces of the mechanical beam resonator are set to 
be thermal isolation condition.  In this research, we 
assume that the mechanical beam resonator is made of 
single crystal silicon material.  The physical parameters 
of single crystal silicon used for simulation are shown in 
Table 1. 

2.  RESULTS AND DISCUSSION 

As presented about the concept of the resonator, the 
spring beam oscillating in the torsion mode is employed 
for suppressing thermoelastic damping.  So we have 
first investigated the thermoelastic damping in the tor-
sion mode depending on the dimensional parameters of 
the clamped-clamped spring beam.  Figures 2(a) and 
2(b) show the perspective view of the eigenmode and 
temperature distribution plot of the clamped-clamped 
nanoscale spring beam in the torsional oscillation mode,  
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Fig. 2 (a) and (b) are perspective view of the eigenmode and temperature distribution plot of the clamped-clamped 
spring beam in the torsion mode, respectively.  The dimensions of the spring beam are 100 nm wide, 100 nm 
high, and 1 µm long. 

 
 

 

Fig. 3 (a), (b), and (c) are the quality factor of torsional mode of the resonant spring beam calculated as functions of 
aspect ratio, cross-section, and length, respectively. 

 
 
respectively.  The dimensions of the spring beam are 
100 nm wide, 100 nm high, and 1 µm long.  The hot 
and cool temperature regions are periodically distributed 
around the torsion axis of the spring beam.  These tem-
perature regions only occur in the edge regions of the 
spring beam, which is explained by the non-continuous 
rotational symmetry property of the rectangular beam.  
The temperature deviation is almost zero at the center 

region in the torsionally resonant spring beam. 
Figure 3(a) shows the quality factor of the resonant 

spring beam investigated as a function of aspect ratio 
ws/ts, where ws and ts are the width and the thickness of 
the spring beam as shown in Fig. 1(c), respectively.  In 
this case, the cross-section of the spring beam is 104 nm2 
and is kept to be constant.  The numerically investigat-
ed results show the smooth variation, so the meshing  
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element size has been properly chosen for the conver-
gence of solution.  From Fig. 3(a), the quality factor of 
the resonant spring beam obtains the maximum value of 
3 × 108 at ws/ts = 1.  This means that the spring beam 
with the square cross-section has lowest thermoelastic 
damping.  In addition, the Q value decreases quickly 
when the aspect ratio differs slightly 1.  For instance, 
the Q value decreases up to two orders of magnitude 
when ws/ts < 0.83 or >1.15.  Based on this basis, we 
have investigated the quality factor of the resonant spring 
beam as functions of its cross-section Ss and length Ls.  
Figures 3(b) and 3(c) show the quality factor of the 
resonant spring beam investigated as functions of Ss and 
Ls, respectively.  The quality factor of the resonant 
spring beam decreases with the increment of Ss, while the 
quality factor of the resonant spring beam increases with 
Ls.  The quality factor of the resonant spring beam is 
obtainable higher than 108 by choosing appropriately its 
dimensional parameters.  Thus, we can derive the rules 
for designing the spring beam to suppress thermoelastic 
damping as follows.  For the rectangular spring beam, 
the minimum thermoelastic damping is obtained when its 
cross-section is square-shaped.  The thermoelastic 
damping can be decreased by reducing the cross-section 
and/or increasing the length of the resonant spring beam. 

In the following, we investigate the quality factor of 
the proposed mechanical beam resonator consisting of 
the resonant beam suspended by the spring beam oscil-
lating in the torsion mode.  As investigated in the opti-
mal design section of the spring beam with the rectangular 
cross-section, the torsion oscillation has lowest 
thermoelastic damping when the spring beam has ws/ts to 
be 1.  The quality factor of the resonant spring beam is 
inversely proportional to the cross-section.  Based on 
the investigation, it is realized that the dependent tendencies 
of Q on the dimensional parameters of the resonant 
spring beam are absolutely similar to those in the 
mechanical beam resonator composing of the clamped- 
clamped spring beam carrying a resonant beam oscillat-
ing in the torsion mode.  These are especially important 
to derive quickly a design of the resonator with the highest, 
admired performance.  So, we have chosen the suspending 
spring beam having the aspect ratio to be 1 to design the 
mechanical beam resonator. 

Figures 4(a) and 4(b) show the perspective view and 
temperature distribution plot of the torsion operation 
mode of the proposed mechanical beam resonator, 
respectively. 

This operation mode is also the first mode of the res-
onator.  The dimensions of the spring beam are 100 nm 
wide, 100 nm high, and 1 µm long.  The spring beam 
suspends a resonant beam with the same dimensions.  
The resonant beam oscillates rotationally about the tor-
sion axis of the spring beam.  The temperature devia-
tion concentrates at the region around the interconnection 
between the spring beam and the resonant beam.  The 
temperature deviation in the spring beam is almost zero.  
This shows the spring beam oscillating in the torsion 
mode. 

After finding the trend of Q dependence of the 
mechanical beam resonator on the torsional spring beam, 
we have therefore investigated the dependence of Q on  

 

Fig. 4 (a) and (b) are the perspective view and the 
temperature distribution plot of the mechanical 
beam resonator in the torsional oscillation, re-
spectively. 

 

 
the dimensional parameters of the resonant beam.  
Figures 5(a) and 5(b) show the resonant frequency and 
quality factor of the mechanical beam resonator calcu-
lated as functions of the length Lb and the width wb, 
respectively.  As seen in Figs. 5(a)-(b), the quality 
factor of the resonator increases near linearly with both 
Lb and wb meanwhile the resonant frequency decreases 
with these dimensional parameters.  When Lb increases 
from 0.5 µm to 2 µm, the quality factor increases 40.3% 
while the resonant frequency decreases 88.3%.  On the 
other hand, the quality factor increases 151% and the 
resonant frequency decreases 27.4% when wb increases 
from 100 nm to 200 nm.  Thus, this is the effective way 
to increase the Q value while the resonant frequency is 
decreased moderately.  Here, when wb increases, Q 
increases.  This trend is inversive to that investigated 
for the aspect ratio of the torsional beam as shown in 
Fig. 1(a).  This is explained that the result in Fig. 1(a) is 
applicable for torsional oscillation structures.  The 
increment of Q might result from the torsional oscillation 
component prior to the flexural oscillation of the reso-
nant beam which is due to the increase in the rotation 
inertia moment and the stiffness of the resonant beam.  
It can be interpolated from Fig. 5(b) that we can obtain 
the mechanical beam resonator operating at the resonant 
frequency of 200 MHz with the Q value of 3.6 × 106 for 
the resonant beam with wb = 147 nm, tb = 100 nm, and Lb 

= 1 µm. 
The total dissipated energy is the sum of energy dis-

sipated by a variety of physical mechanisms, which can 
be described by the two following sets of losses: 
extrinsic and intrinsic.  In the present work, we consider  
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Fig. 5 Resonant frequency and quality factor of the mechanical beam resonator are calculated as functions of the 
length Lb (a) and the width wb of resonant beam (b), respectively. 

 
 

 

Fig. 6 (a)-(c) are schematic drawing, mode shape, and temperature distribution plot of the resonator composed of 
three identical resonators connected in series, respectively; the center resonator has the torsion resonant 
frequency and quality factor the same as those of the single resonator; however, the center resonator is 
supported by virtual supports which minimizes attachment loss. 

 
 
internal damping mechanisms in the resonator, which are 
dominant due to thermoelastic damping QTED and 
attachment loss Qattach.  So, the total quality factor Q is 
evaluated as 1/Q = 1 1attach TEDQ Q .  In the above 

investigation, the attachment loss in the nanoresonator is 
negligible.  So, the total quality factor Q is considered 
as QTED.  The attachment loss is often dominant by the 
radiation of elastic energy into attachments [8, 21].  
There are several designs reported to eliminate the at-
tachment loss.  The attachment loss of a mechanical 
resonator is negligible when the resonant beam is con-
nected to the nodal points of spring beams [22].  The 
attachment loss can also be reduced by using extensional 
mode resonators [23].  

The attachment loss in resonators having springs 
connected to the substrate via node points is considered 
to be negligible.  There are aslo several designs for 
eliminating attachment loss to torsional oscillation [24, 
25].  In Ref. [25], the attachement loss can be eliminat-
ed by using virtual supports. 

In this study, we suggest to apply virtual supports as 
node points for designing a torsional resonator with 
suppressed attachment loss.  The structure of the 

resonator for suppressing the attachement loss is shown 
in Fig. 6(a), which includes three identical beam 
resonators connected in series.  In the total resonant 
system, attachement losses at the two ends fixed to the 
substrate can cause energy loss.  The two ends fixed to 
the substrate are from resonators 1 and 3 (Fig. 6(a)).  In 
this research, we aim at resonator 2 with advantages of 
suppressed thermoelastic and attachement losses.  For 
the quantitative evaluation of attachement loss in the 
total resonant system including the three resonators, the 
attachement losses of resonators 1 and 3 (Fig. 1) at both 
ends to the substrate need to be taken into account.  
From the mechanically torsional motion equations of the 
three resonators with respective rotation angles 1, 2, 
and 3, the relationship between rotation angles for the 
torsional resonator with the virtual supports for 
suppressing the attachement loss is given by 1 = -2 = 
3.  The torsional resonant frequency of the center 
resonator (resonator 2) fc is the same as that of the single 
resonator shown in Fig. 1 [25].  If Kcθ and ksθ are de-
fined as the torsional spring constant of the torsional 
spring beam connected to the center resonator and that 
connected to substrate, Kcθ is equal to ksθ/2.  This is 
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explained that the length of the torsional beam connected 
to the center resonator is two times longer than that 
connected to substrate.  Moreover, the torsionally reso-
nant angular frequency c (= 2fc) is determined by 

2 /c sk I   which is equal to that of the single reso-

nator supported by two torsional beams having the spring 
constants of ksθ.  I (= 2 × 10-30 kg·m2) is the effectively 
rotational inertia moment of the single resonator.  Based 
on the expression of ksθ in Ref. [26], the value of ksθ is 

evaluated to be 1.51 × 10-12 N/m and 2 /c sf k I /(2) 

= 1.96 × 108 Hz which is suitable with that of simulation 
(2.05 × 108 Hz).  In this case, the values of wb, tb, ws and 
ts are 100 nm and Lb and Ls are 1 µm.  The mode shape 
and temperature distribution plot of the resonator com-
posed of three identical resonators connected in series 
are shown in Figs. 6(a) and 6(b), respectively.  All 
charactersitics of the center resonator is absolutely 
similar to those of the single resonator; however, the 
anchor loss of the center resonator is suppressed by the 
virtual supports.  In addition, the thermoelastic damping 
in the single resonator has been minimized, so the overall 
Q of the resonant system including the three identical 
resonators is the same as that of the center resonator.  
For example, the torsional resonant frequency and 
quality factor of the three identical resonators connected 
in series are 204 MHz and 2.15 × 106, which are the 
same as those of the single resonator shown in Fig. 5(b). 

In order to compare the performance between 
resonators, the product of resonance frequency f and 
quality factor Q is usually used [27].  In this study, the f 
× Q product is equal to 4 × 1014 Hz.  For the flexural 
beam resonators, the f × Q product is usually in the range 
of 1010 Hz.  However, in the simulation result reported 
by Ref. [22] for the free-free beam flexural mode, the f × 
Q product is obtained to be 5.5 × 1014 Hz.  For the 
torsion oscillation mode, the simulated f × Q product is 
reported to be 8.8 × 1014 Hz for the paddle resonator [28].  
Thus, compared with the obtained results in Refs. [22] 
and [28], the f × Q product obtained in our proposed 
resonator is equivalent.  However, the attachment loss 
usually exists in the previously reported resonators, the 
experimentally measured Q is still low.  When the 
thermoelastic damping is minimized, the Akhiezer 
damping effect is taken into account [29].  Acording to 

Ref. [29], the f × QAKE ( 4 2/(2 )avgc T   ) product is 

evaluated to be 5.1 × 1014 Hz, in which c (= 8.3 × 103
 m/s) 

is the average velocity of sound and avg (= 0.4) is the 

average Grüniesen’s parameter.  Thus, the f × Q product 
in the current research is comparable with the f × Q 
product limit for single crystal silicon resonators. 

3.  CONCLUSIONS 

We have presented a novel mechanical beam resonator 
engineered at nanoscale for suppressing the thermoelastic 
damping to obtain ultrahigh quality factor.  The resona-
tor consists of a resonant beam suspended at the middle 
of the spring beam oscillating in the torsion mode having 
ultralow thermoelastic damping.  The optimal design 

flow of the ultrahigh-Q nanoscale mechanical beam 
resonator has been presented.  A nanoscale mechanical 
beam resonator operating in the MHz regime with the 
quality factor over one million in considering the influ-
ence of thermoelastic damping is obtainable by the pro-
posed oscillation exciting method.  The resonator with 
virtual support can be employed to suppress attachment 
loss to obtain ultrahigh overall intrinsic quality factor. 
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