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We study the Timoshenko system with Cattaneo’s type heat conduction in the one-
dimensional whole space. We investigate the dissipative structure of the system and
derive the optimal L2 decay estimate of the solution in a general situation. Our decay
estimate is based on the detailed pointwise estimate of the solution in the Fourier space.
We observe that the decay property of our Timoshenko–Cattaneo system is of the
regularity-loss type. This decay property is a little different from that of the dissipa-
tive Timoshenko system (see [K. Ide, K. Haramoto and S. Kawashima, Decay property
of regularity-loss type for dissipative Timoshenko system, Math. Models Methods Appl.
Sci. 18 (2008) 647–667]) in the low frequency region. However, in the high frequency
region, it is just the same as that of the Timoshenko–Fourier system (see [N. Mori and
S. Kawashima, Decay property for the Timoshenko system with Fourier’s type heat
conduction, J. Hyperbolic Differential Equations 11 (2014) 135–157]) or the dissipative
Timoshenko system (see [K. Ide, K. Haramoto and S. Kawashima, Decay property of
regularity-loss type for dissipative Timoshenko system, Math. Models Methods Appl.
Sci. 18 (2008) 647–667]), although the stability number is different. Finally, we study
the decay property of the Timoshenko system with the thermal effect of memory-type
by reducing it to the Timoshenko–Cattaneo system.

Keywords: Timoshenko system with thermal effects; asymptotic behavior; pointwise esti-
mate in the Fourier space; decay property; regularity-loss type.
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1. Introduction

In this paper we study the decay property of the Timoshenko system with the
heat conduction described by the Cattaneo low. The system is written in the
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form 


ϕtt − (ϕx − ψ)x = 0,

ψtt − a2ψxx − (ϕx − ψ) + bθx = 0,

θt + q̃x + bψtx = 0,

τ0q̃t + q̃ + κθx = 0,

(1.1)

where a, b, κ and τ0 are positive constants; we regard τ0 as a parameter of our system
(1.1) satisfying τ0 ∈ (0, 1]. The original Timoshenko system, which consists of the
first two equations in (1.1) with b = 0, was first introduced by Timoshenko [21, 22]
and describes the vibration of the beam called the Timoshenko beam, while the last
two equations in (1.1) with b = 0 represent the heat conduction described by the
Cattaneo law. Here in (1.1), t ≥ 0 is the time variable, x ∈ R is the spacial variable
which denotes the point on the center line of the beam, and ϕ, ψ, θ and q̃ are the
unknown functions of t ≥ 0 and x ∈ R, which denote the transversal displacement,
the rotation angle of the beam, the temperature and the heat flow, respectively.

We put τ0 = 0 formally in (1.1). Then we have the Fourier law q̃ = −κθx from
the last equation in (1.1). This together with the other three equations in (1.1)
yields the Timoshenko–Fourier system


ϕtt − (ϕx − ψ)x = 0,

ψtt − a2ψxx − (ϕx − ψ) + bθx = 0,

θt + bψtx = κθxx.

(1.2)

Namely, when we put τ0 = 0 formally, our Timoshenko–Cattaneo system (1.1) is
reduced to the Timoshenko–Fourier system (1.2).

The decay property of the Timoshenko–Cattaneo system (1.1) in a bounded
region 0 < x < 1 was studied in [6, 17]. It was shown in [6] that the energy of
the solution does not decay exponentially as t → ∞ if a = 1. More detailed decay
property of (1.1) was investigated in [17] by introducing the stability number

P :=
τ0
κ

(1 − a2 − b2) + (a2 − 1). (1.3)

It was proved in [17] that the energy of the system decays exponentially as t→ ∞
if the stability number satisfies P = 0, while in the case P �= 0, the energy decays
polynomially as t→ ∞. We note that the decay result in [6] for a = 1 corresponds
to that in [17] for P �= 0.

To explain this decay property, we investigate the dissipative structure of the
Timoshenko–Cattaneo system (1.1) in the whole space. We will show in Sec. 2 that
the dissipative structure of the system (1.1) can be characterized by the property

Reλ(iξ) ≤ −cρ1(ξ) for P = 0,

Reλ(iξ) ≤ −cρ2(ξ) for P �= 0.
(1.4)

Here λ(iξ) denotes the eigenvalues of the system (1.1) in the Fourier space, the expo-
nents ρ1(ξ) and ρ2(ξ) are given by ρ1(ξ) = ξ4

(1+ξ2)2 and ρ2(ξ) = ξ4

(1+ξ2)3 , respectively,
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and c is a positive constant independent of the parameter τ0 ∈ (0, 1]. We note that
the dissipative structure (1.4) for P �= 0 is very weak in the high frequency region
and satisfies Reλ(iξ) ∼ −cξ−2 for |ξ| → ∞.

The above dissipative structure (1.4) of the Timoshenko–Cattaneo system (1.1)
is very similar to that of the Timoshenko–Fourier system (1.2). In fact, it was
observed in [11] (see also [12]) that the dissipative structure of the Timoshenko–
Fourier system (1.2) is characterized by

Reλ(iξ) ≤ −cρ1(ξ) for a = 1,

Reλ(iξ) ≤ −cρ2(ξ) for a �= 1,
(1.5)

where λ(iξ) is the eigenvalues of the system (1.2), ρ1(ξ) and ρ2(ξ) are the same
as in (1.4), and c is a positive constant. We note that the dissipative structure
(1.5) of the Timoshenko–Fourier system (1.2) is formally obtained from (1.4) of the
Timoshenko–Cattaneo system (1.1) by putting τ0 = 0 because the stability number
P becomes P = a2 − 1 for τ0 = 0.

A similar dissipative structure was first found in [8] (see also [13]) for the so-
called dissipative Timoshenko system{

ϕtt − (ϕx − ψ)x = 0,

ψtt − a2ψxx − (ϕx − ψ) + γψt = 0,
(1.6)

where a and γ are positive constants. It was shown in [8] that

Reλ(iξ) ≤ −cη1(ξ) for a = 1,

Reλ(iξ) ≤ −cη2(ξ) for a �= 1,
(1.7)

where λ(iξ) denotes the eigenvalues of the system (1.6), the exponents η1(ξ) and
η2(ξ) are given respectively by η1(ξ) = ξ2

1+ξ2 and η2(ξ) = ξ2

(1+ξ2)2 , and c is a positive
constant. We note that this dissipative structure (1.7) for a = 1 is the same as that
in the general theory developed in [25, 19].

It is interesting to compare the above dissipative structures (1.4) (or (1.5)) and
(1.7). In the low frequency region |ξ| → 0, we see that Reλ(iξ) ∼ −cξ4 in (1.4)
(or (1.5)), while we have Reλ(iξ) ∼ −cξ2 in (1.7). On the other hand, in the high
frequency region |ξ| → ∞, we have the common dissipative structure. In fact, we
have Reλ(iξ) ∼ −c both in (1.4) for P = 0 (or (1.5) for a = 1) and (1.7) for a = 1.
Also, we see that Reλ(iξ) ∼ −cξ−2 both in (1.4) for P �= 0 (or (1.5) for a �= 1)
and (1.7) for a �= 1. The Timoshenko system with Cattaneo law and frictional
damping can be regarded as the symmetric hyperbolic system with nonsymmetric
relaxation term. The regularity-loss structure for the symmetric hyperbolic systems
which contain the Timoshenko system with frictional damping is studied by [23].
However, the regularity-loss structure for the symmetric hyperbolic systems which
contain the Timoshenko system with Cattaneo law remains an open question.

The above dissipative structure Reλ(iξ) ∼ −cξ−2 in the high frequency region
|ξ| → ∞ is very weak and causes the regularity-loss in the decay estimate. In
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fact, we will show in Sec. 2 that the solution to the Timoshenko–Cattaneo system
(1.1) in the whole space satisfies the following decay estimates: Put V = (ϕx − ψ,

ϕt, ψx, ψt, θ,
√
τ0 q̃) and write |V |2 = |(ϕx −ψ, ϕt, ψx, ψt, θ)|2 +τ0|q̃|2. Then we have

‖∂k
xV (t)‖L2 ≤ C(1 + t)−

1
4 ( 1

p− 1
2 )− k

4 ‖V0‖Lp + Ce−ct‖∂k
xV0‖L2 (1.8)

for P = 0, and

‖∂k
xV (t)‖L2 ≤ C(1 + t)−

1
4 ( 1

p− 1
2 )− k

4 ‖V0‖Lp + C(1 + t)−
l
2 ‖∂k+l

x V0‖L2 (1.9)

for P �= 0. Here V0 denotes the initial data corresponding to V , 1 ≤ p ≤ 2, k
and l are nonnegative integers, and C and c are positive constants independent of
τ0 ∈ (0, 1]. We note that when P �= 0, we have the decay rate (1 + t)−

l
2 only by

assuming the additional lth-order regularity on the initial data. Therefore the decay
estimate (1.9) for P �= 0 is of the regularity-loss type. For a similar decay estimate
of the regularity-loss type for the system (1.6), we refer the readers to [8].

The key to the proof of the above decay estimate is to show the corresponding
pointwise estimate of the solution in the Fourier space. Our pointwise estimate
seems optimal and can be derived by the energy method in the Fourier space. Our
energy method for the Timoshenko–Cattaneo system (1.1) is a generalized version
of the previous one employed in [11] for the Timoshenko–Fourier system (1.2). In
fact, the previous energy method in [11] can be simply obtained from the present
energy method by putting τ0 = 0 formally.

Finally in Sec. 3, we study the Timoshenko system with the thermal effect of
memory-type (cf. [3]):


ϕtt − (ϕx − ψ)x = 0,

ψtt − a2ψxx − (ϕx − ψ) + bθx = 0,

θt + bψtx − κ

∫ t

0

g(t− τ)θxx(τ)dτ = 0,

(1.10)

where a, b and κ are positive constants, and g(t) is an exponentially decaying
function satisfying g(t)> 0 and

∫ ∞
0
g(t)dt= 1. We restrict to the simplest case where

g(t) =
1
τ0
e
− t

τ0

with τ0 being a positive constant. In this special case, we will observe that the sys-
tem (1.10) can be reduced to the Timoshenko–Cattaneo system (1.1) and therefore
verifies the dissipative structure (1.4) and the decay estimates (1.8) and (1.9). We
expect that the same conclusion holds true even for a more general memory kernel
g(t) but it remains an open question.

There are many other works on the Timoshenko system with dissipation. We
refer to [14, 15, 18] for frictional damping case, [3, 16, 17, 6] for thermal dissipation
case, and [1, 2, 9, 10] for memory-type dissipation case. The decay property of
the regularity-loss type which is similar to (1.9) is known also for other interesting
model systems. We refer to [7] for a hyperbolic–elliptic system of radiating gas, [20]
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for a plate equation with rotational inertia effect, [4, 24] for the compressible Euler–
Maxwell system, and [5] for the Vlasov–Maxwell–Boltzmann system.

Notations. Let f̂ = F [f ] be the Fourier transform of f :

f̂(ξ) = F [f ](ξ) :=
∫

R

f(x)e−iξxdx.

For 1 ≤ p ≤ ∞, we denote by Lp = Lp(R) the usual Lebesgue space on R with the
norm ‖ · ‖Lp . In this paper, every positive constant independent of the parameter
τ0 ∈ (0, 1] is denoted by the same symbol C or c without confusion.

2. Timoshenko–Cattaneo System

The aim of the section is to study the Timoshenko–Cattaneo system (1.1) and
prove the optimal decay estimate of the solution. The crucial point is to derive the
optimal pointwise estimate by using the energy method in the Fourier space.

2.1. Main results

We consider the Timoshenko–Cattaneo system (1.1) with the initial data

(ϕ,ϕt, ψ, ψt, θ, q̃)(x, 0) = (ϕ0, ϕ1, ψ0, ψ1, θ0, q̃0)(x).

We introduce the quantities v = ϕx − ψ, u = ϕt, z = aψx, y = ψt and q = 1√
κ
q̃,

and rewrite the system (1.1) in the form of the first-order system


vt − ux + y = 0,

yt − azx + bθx − v = 0,

ut − vx = 0,

zt − ayx = 0,

θt + byx +
√
κqx = 0,

τ0qt +
√
κθx + q = 0.

(2.1)

The corresponding initial data are given by

(v, y, u, z, θ, q)(x, 0) = (v0, y0, u0, z0, θ0, q0)(x), (2.2)

where v0 = ϕ0,x − ψ0, y0 = ψ1, u0 = ϕ1, z0 = aψ0,x and q0 = 1√
κ
q̃0. We rewrite

this initial value problem (2.1), (2.2) for the Timoshenko–Cattaneo system by using
vector notations. Put U := (v, y, u, z, θ, q)T and U0 := (v0, y0, u0, z0, θ0, q0)T . Then
we have

A0Ut + AU x + LU = 0, U(x, 0) = U0(x), (2.3)



March 31, 2016 9:0 WSPC/S0219-5305 176-AA 1550006

398 N. Mori & S. Kawashima

where the coefficient matrices are given by

A0 =




1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 τ0



, A =




0 0 −1 0 0 0
0 0 0 −a b 0

−1 0 0 0 0 0
0 −a 0 0 0 0
0 b 0 0 0

√
κ

0 0 0 0
√
κ 0



,

L =




0 1 0 0 0 0
−1 0 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1



.

We see that A0 is real symmetric (diagonal) and positive definite, A is real sym-
metric, and L is nonnegative definite (but is not real symmetric). Therefore our
Timoshenko–Cattaneo system in (2.3) is regarded as the first-order symmetric
hyperbolic system with nonsymmetric relaxation. Unfortunately, we conclude that
the general theory on the dissipative structure developed in [25, 19] is not appli-
cable to our Timoshenko–Cattaneo system, because the relaxation matrix L is not
symmetric such that kerL �= kerL1, where L1 denotes the symmetric part of L.

We take the Fourier transform of (2.3) to obtain

A0Ût + (iξA+ L)Û = 0, Û(ξ, 0) = Û0(ξ), (2.4)

where ξ ∈ R is the Fourier variable. The eigenvalue problem associated with (2.4) is

λA0φ+ (iξA+ L)φ = 0, (2.5)

where λ ∈ C and φ ∈ C6. Namely, the eigenvalue of the problem (2.4) is the solution
λ = λ(iξ) ∈ C to the characteristic equation

det{λA0 + (iξA+ L)} = 0. (2.6)

Now we state the result on the decay estimate of the solution to the problem
(2.3) for the Timoshenko–Cattaneo system. To this end, for the given solution
U = (v, y, u, z, θ, q)T to the problem (2.3), we define the vector function V by
V = (v, y, u, z, θ,

√
τ0 q)T and write |V |2 = |(v, y, u, z, θ)|2 + τ0|q|2, so that

‖V ‖2
L2 = ‖(v, y, u, z, θ)‖2

L2 + τ0‖q‖2
L2.

With this notation, our decay result can be stated as follows.

Theorem 2.1. Let V be the above function defined from the solution U to the
problem (2.3). Then V satisfies the following decay estimates for t ≥ 0:

‖∂k
xV (t)‖L2 ≤ C(1 + t)−

1
4 ( 1

p− 1
2 )− k

4 ‖V0‖Lp + Ce−ct‖∂k
xV0‖L2 (2.7)
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for P = 0, and

‖∂k
xV (t)‖L2 ≤ C(1 + t)−

1
4 ( 1

p− 1
2 )− k

4 ‖V0‖Lp + C(1 + t)−
l
2 ‖∂k+l

x V0‖L2 (2.8)

for P �= 0. Here V0 is the initial data for V, 1 ≤ p ≤ 2, k and l are nonnegative
integers, and C and c are positive constants independent of τ0 ∈ (0, 1].

Remark 2.2. The above decay estimates (2.7) and (2.8) are the same as those
for the Timoshenko–Fourier system (1.2) obtained in [11], although the stability
number is different.

We remark that the decay estimate (2.8) for P �= 0 is of the regularity-loss
type because we can get the decay rate (1 + t)−l/2 only by assuming the additional
lth-order regularity on the initial data. To prove the above decay estimates (2.7)
and (2.8), we need to show the following pointwise estimates of the solution in the
Fourier space.

Lemma 2.3. Let V̂ be the function corresponding to the solution Û to the problem
(2.4) in the Fourier space. Then V̂ satisfies the following pointwise estimates for
any ξ ∈ R and t ≥ 0:

|V̂ (ξ, t)| ≤ Ce−cρ1(ξ)t|V̂0(ξ)| for P = 0, (2.9)

|V̂ (ξ, t)| ≤ Ce−cρ2(ξ)t|V̂0(ξ)| for P �= 0, (2.10)

where V̂0 is the initial data for V̂ , ρ1(ξ) = ξ4

(1+ξ2)2
and ρ2(ξ) = ξ4

(1+ξ2)3
, and C and

c are positive constants independent of τ0 ∈ (0, 1].

These pointwise estimates are also the same as those for the Timoshenko–Fourier
system (1.2) obtained in [11]. Once these pointwise estimates in Lemma 2.3 are
shown, the decay estimates (2.7) and (2.8) can be proved just in the same way as
in [11] and therefore we omit the proof of Theorem 2.1. The pointwise estimates in
Lemma 2.3 will be proved in Sec. 2.3 by applying the energy method in the Fourier
space.

Finally in this subsection, we state the result on the energy estimates of the
solution to the problem (2.3), which will be proved at the end of Sec. 2.3.

Proposition 2.4. Let V = (v, y, u, z, θ,
√
τ0 q) be the function corresponding to the

solution U to the problem (2.3). Let s and k be integers with 0 ≤ k ≤ s. Then V

satisfies the following energy estimates for any t ≥ 0:

‖∂k
xV (t)‖2

Hs−k +
∫ t

0

(‖∂k+2
x (v, y)(τ)‖2

Hs−k−2

+ ‖∂k+1
x (u, z, θ)(τ)‖2

Hs−k−1 + ‖∂k
xq(τ)‖2

Hs−k )dτ ≤ C‖∂k
xV0‖2

Hs−k (2.11)
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for P = 0, and

‖∂k
xV (t)‖2

Hs−k +
∫ t

0

(‖∂k+2
x v(τ)‖2

Hs−k−3 + ‖∂k+2
x y(τ)‖2

Hs−k−2

+ ‖∂k+1
x u(τ)‖2

Hs−k−2 + ‖∂k+1
x (z, θ)(τ)‖2

Hs−k−1 + ‖∂k
xq(τ)‖2

Hs−k )dτ

≤ C‖∂k
xV0‖2

Hs−k (2.12)

for P �= 0, where C is a positive constant independent of τ0 ∈ (0, 1].

Remark 2.5. Here we used the Sobolev space Hm with negative m, which is
defined as usual, namely, Hm = {u;

∫
R
(1 + |ξ|2)m|û(ξ)|2 <∞}.

Remark 2.6. We note that in the dissipative term of (2.12) for P �= 0, we have
one regularity-loss for two components v and u but there is no regularity-loss for
other four components y, z, θ and q. Also, we remark that the energy estimates
in [11] for the Timoshenko–Fourier system (1.2) are formally obtained from (2.11)
and (2.12) by putting τ0 = 0.

2.2. Asymptotic expansion of eigenvalues

We denote by λ = λj(iξ), j = 1, 2, 3, 4, 5, 6, the eigenvalues of the problem (2.4),
which are the solutions to the characteristic equation (2.6). We investigate the
asymptotic expansion of these eigenvalues for |ξ| → 0 and |ξ| → ∞. It is convenient
to introduce the variable ζ ∈ C and consider the eigenvalues in the form λ = λj(ζ).
These λ = λj(ζ) are the solutions of the characteristic equation

det{λA0 + (ζA+ L)} = τ0λ
6 + λ5 + [τ0{1 − (1 + a2 + b2)ζ2} − κζ2]λ4

+ {1 − (1 + a2 + b2)ζ2}λ3

+ [τ0(a2 + b2)ζ2 − κ{1 − (a2 + 1)ζ2}]ζ2λ2

+ (a2 + b2)ζ4λ− a2κζ6 = 0. (2.13)

(i) When |ζ| → 0, λj(ζ) has the following asymptotic expansion:

λj(ζ) = λ
(0)
j + λ

(1)
j ζ + λ

(2)
j ζ2 + · · · . (2.14)

We determine the coefficients λ(k)
j in (2.14) by direct computations. For the first

three eigenvalues, we find that

λ
(0)
j = λ

(1)
j = 0, λ

(2)
j = αj for j = 1, 2, 3,

where αj are the solutions of the algebraic equation f(X) := X3 − κX2 + (a2 +
b2)X − a2κ = 0. These αj are the same as in [11] and we know that Reαj > 0 for
j = 1, 2, 3. This follows from the fact that f(0)f(κ) < 0 and α1 + α2 + α3 = κ. On
the other hand, for the next two eigenvalues, we find that

λ
(0)
j = ±i, λ

(1)
j = 0, λ

(2)
j = ∓1

2
Y i, λ

(3)
j = 0,
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λ
(4)
j = −1

2
b2κ

1 + τ2
0

∓ 1
2
Zi for j = 4, 5,

where Y := 1 + a2 + b2 and Z := 1
4Y

2 + Y − 1 − τ0
b2κ

1+τ2
0
. We see that Reλ(4)

j =

− 1
2

b2κ
1+τ2

0
< 0 for j = 4, 5. We remark that these coefficients are reduced to the

corresponding coefficients in [11] if we put τ0 = 0 formally. Finally, for the last
eigenvalue, we have

λ
(0)
j = − 1

τ0
for j = 6.

This coefficient is singular for τ0 → 0.
Consequently, for each fixed τ0 ∈ (0, 1] and for |ξ| → 0, we have

Reλj(iξ) =




−(Reαj)ξ2 + O(|ξ|3) for j = 1, 2, 3,

−1
2

b2κ

1 + τ2
0

ξ4 + O(|ξ|5) for j = 4, 5,

− 1
τ0

+ O(|ξ|) for j = 6.

(2.15)

This expansion for |ξ| → 0 shows that we have Reλ(iξ) ∼ −cξ2 for three eigenval-
ues, Reλ(iξ) ∼ −cξ4 for two eigenvalues, and Reλ(iξ) ∼ −c for one eigenvalue.

(ii) To derive the asymptotic expansion of the eigenvalues λj(ζ) for |ζ| → ∞, we
consider the characteristic equation in the form

det{λA0 + (ζA + L)} = ζ6 det{µA0 + (A+ ζ−1L)} = 0,

where we put µ = λ
ζ . Let µ = µj(ζ−1) be the solutions of the modified characteristic

equation det{µA0 + (A+ ζ−1L)} = 0:

det{µA0 + (A+ ζ−1L)} = τ0µ
6 + ζ−1µ5 + [τ0{ζ−2 − (1 + a2 + b2)} − κ]µ4

+ {ζ−2 − (1 + a2 + b2)}ζ−1µ3

+ [τ0(a2 + b2) − κ{ζ−2 − (a2 + 1)}]µ2

+ (a2 + b2)ζ−1µ− a2κ = 0. (2.16)

Then we have the relation λj(ζ) = ζµj(ζ−1). On the other hand, the asymptotic
expansion of µj(ζ−1) for |ζ|−1 → 0 has the form

µj(ζ−1) = µ
(1)
j + µ

(0)
j ζ−1 + µ

(−1)
j ζ−2 + µ

(−2)
j ζ−3 + · · · . (2.17)

Consequently, we have the following asymptotic expansion of λj(ζ) for |ζ| → ∞:

λj(ζ) = µ
(1)
j ζ + µ

(0)
j + µ

(−1)
j ζ−1 + µ

(−2)
j ζ−2 + · · · .

We determine the coefficients µ(k)
j in (2.17) by direct computations. For the first

two eigenvalues, these coefficients are given as follows: When P = 0, we have

µ
(1)
j = ±1, µ

(0)
j = βj for j = 1, 2,
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and when P �= 0, we have

µ
(1)
j = ±1, µ

(0)
j = 0, µ

(−1)
j = ±κ− τ0

2κP
, µ

(−2)
j =

b2

2κP 2
for j = 1, 2,

where P denotes the stability number given in (1.3). Here βj are the solutions of
the algebraic equation 4(τ0Q+R)X2 + 2QX +R = 0, where Q := −(1 − a2 − b2)
and R := κ− τ0. We see that

QR = −(1 − a2 − b2)(κ− τ0)

= τ0(1 − a2 − b2) + κ(a2 − 1) + b2κ = b2κ > 0,

where we used P = 0 in the last equality. Thus the signs of τ0Q + R, Q and R

coincide, and we conclude that Reβj < 0 for j = 1, 2. We remark that all these
coefficients are reduced to the corresponding coefficients in [11] if we put τ0 = 0
formally.

On the other hand, for the other four eigenvalues, we have

µ
(1)
j = γj , µ

(0)
j = −1

2
δj for j = 3, 4, 5, 6,

where γj are the solutions of the algebraic equation τ0Y 4 − {τ0(a2 + b2) + κ}Y 2 +
a2κ = 0, and δj are given by

δj :=
γ2

j − (a2 + b2)
τ0{γ2

j − (a2 + b2)} + (τ0γ2
j − κ)

.

We see easily that γj ∈ R for j = 3, 4, 5, 6. Also, we find that

{γ2
j − (a2 + b2)}(τ0γ2

j − κ) = τ0γ
4
j − {τ0(a2 + b2) + κ}γ2

j + (a2 + b2)κ

= b2κ > 0,

which shows that δj > 0 for j = 3, 4, 5, 6.
Consequently, for each fixed τ0 ∈ (0, 1], when P = 0, we have

Reλj(iξ) =




Re βj + O(|ξ|−1) for j = 1, 2,

−1
2
δj + O(|ξ|−1) for j = 3, 4, 5, 6

(2.18)

for |ξ| → ∞, while in the case P �= 0, we have

Reλj(iξ) =



− b2

2κP 2
ξ−2 + O(|ξ|−3) for j = 1, 2,

−1
2
δj + O(|ξ|−1) for j = 3, 4, 5, 6

(2.19)

for |ξ| → ∞. When P = 0, we see from (2.18) that all the eigenvalues are of the
standard type and satisfy Reλ(iξ) ∼ −c for |ξ| → ∞. On the other hand, when
P �= 0, we know from (2.19) that four eigenvalues satisfy Reλ(iξ) ∼ −c for |ξ| → ∞,
while the other two are not of the standard type and satisfy Reλ(iξ) ∼ −cξ−2 for
|ξ| → ∞.



March 31, 2016 9:0 WSPC/S0219-5305 176-AA 1550006

Decay property of the Timoshenko–Cattaneo system 403

We conclude from the asymptotic expansions (2.15) for |ξ| → 0 and (2.18),
(2.19) for |ξ| → ∞ that the energy inequalities (2.11) and (2.12) in Proposition 2.4
completely match with the eigenvalues of our problem (2.4). Also, we remark that
these asymptotic expansions suggest the optimality of the pointwise estimates (2.9)
and (2.10) in Lemma 2.3.

2.3. Pointwise estimates in the Fourier space

The main purpose of this subsection is to prove Lemma 2.3 on the pointwise esti-
mates in the Fourier space. This will be done by employing the energy method
in the Fourier space. Here in this subsection, we only give a short outline of that
energy method and the detailed computations will be given in the next subsection.

In our energy method, we construct a Lyapunov function E for the problem
(2.4) in the Fourier space. Our Lyapunov function E is equivalent to |V̂ |2 in the
sense that

c|V̂ |2 ≤ E ≤ C|V̂ |2 (2.20)

with positive constants c and C not depending on τ0 ∈ (0, 1], and satisfies the
differential inequality

Et + cF ≤ 0, (2.21)

where V̂ is given in Lemma 2.3, F is the corresponding dissipative term, and c is a
positive constant independent of τ0 ∈ (0, 1].

After the detailed computations in the next subsection, we find that our Lya-
punov function E and the corresponding dissipative term F can be given as follows:
When P = 0, we have

E =
1
2
|V̂ |2 + τ0α3

ξ

1 + ξ2
E0 + α3α2α1

ξ3

(1 + ξ2)2
(E1 + E2)

+α3α2
1

1 + ξ2
(H1 + τ0ξ

2Ẽ7 +H2), (2.22)

F =
ξ4

(1 + ξ2)2
(|v̂|2 + |ŷ|2) +

ξ2

1 + ξ2
(|û|2 + |ẑ|2 + |θ̂|2) + |q̂|2, (2.23)

and when P �= 0, we have

E =
1
2
|V̂ |2 + τ0α3

ξ

1 + ξ2
E0 + α3α2α1

ξ3

(1 + ξ2)3
{E1 + (1 + ξ2)E2}

+α3α2
1

(1 + ξ2)2
{(H1 + τ0ξ

2Ẽ7) + (1 + ξ2)H2}, (2.24)

F =
ξ4

(1 + ξ2)3
|v̂|2 +

ξ4

(1 + ξ2)2
|ŷ|2 +

ξ2

(1 + ξ2)2
|û|2

+
ξ2

1 + ξ2
(|ẑ|2 + |θ̂|2) + |q̂|2. (2.25)
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Here α1, α2 and α3 are suitably small positive constants independent of τ0 ∈ (0, 1],
and the artificial energies E0, E1, E2, Ẽ7, H1 and H2 are specified in the next
subsection.

More precisely, we can prove the following result.

Proposition 2.7. Let P = 0 (respectively, P �= 0). Then, for suitably small positive
constants α1, α2 and α3 independent of τ0 ∈ (0, 1], the Lyapunov function E in
(2.22) (respectively, (2.24)) is equivalent to |V̂ |2 in the sense of (2.20) and satisfies
the differential inequality (2.21) with the dissipative term F in (2.23) (respectively,
(2.25)), where c is a positive constant independent of τ0 ∈ (0, 1].

Remark 2.8. If we put τ0 = 0 formally, then our Lyapunov function E and the
dissipative term F in Proposition 2.7 are respectively reduced to the corresponding
E and F in [11] for the Timoshenko–Fourier system (1.2).

Proof of Lemma 2.3. The lemma easily follows from Proposition 2.7. Here we
only give the proof for P �= 0. We recall that V̂ = (v̂, ŷ, û, ẑ, θ̂,

√
τ0 q̂) and Û =

(v̂, ŷ, û, ẑ, θ̂, q̂). Since E is equivalent to |V̂ |2 in the sense of (2.20), we find that F
in (2.25) satisfies

F ≥ cρ2(ξ)|Û |2 ≥ cρ2(ξ)|V̂ |2 ≥ cρ2(ξ)E,

where c is a positive constant independent of τ0 ∈ (0, 1] and ρ2(ξ) = ξ4

(1+ξ2)3 . Sub-
stituting this inequality into (2.21), we have Et + cρ2(ξ)E ≤ 0. This differential
inequality can be solved as E(ξ, t) ≤ e−cρ2(ξ)tE(ξ, 0), which combined with (2.20)
gives the desired pointwise estimate (2.10). This completes the proof of Lemma 2.3.

Finally in this subsection, we give the proof of Proposition 2.4 on the energy
estimates.

Proof of Proposition 2.4. We prove the proposition only for P �= 0. We integrate
the differential inequality (2.21) with respect to t over (0, t). Then we multiply
the resulting inequality by (1 + ξ2)s−kξ2k and integrate with respect to ξ ∈ R,
where 0 ≤ k ≤ s. Since E is equivalent to |V̂ |2 in the sense of (2.20) and F is given
by (2.25) for P �= 0, this computation together with the Plancherel theorem yields
the desired energy estimate (2.12) for P �= 0. Thus the proof of Proposition 2.4 is
complete.

2.4. Energy method in the Fourier space

In this subsection we prove Proposition 2.7 by applying the energy method in the
Fourier space. In each case of P = 0 and P �= 0, we need to construct a suitable
Lyapunov function E for the problem (2.4) and prove the differential inequality
(2.21) with the desired dissipation term F .
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First, we note that the explicit form of the Timoshenko–Cattaneo system in
(2.4) (in the Fourier space) is given as

v̂t − iξû+ ŷ = 0, (2.26a)

ŷt − aiξẑ − v̂ + biξθ̂ = 0, (2.26b)

ût − iξv̂ = 0, (2.26c)

ẑt − aiξŷ = 0, (2.26d)

θ̂t +
√
κiξq̂ + biξŷ = 0, (2.26e)

τ0q̂t + q̂ +
√
κiξθ̂ = 0. (2.26f)

We apply the energy method in the Fourier space for this system. Our energy
method below is an improved version of the previous one in [11] for the Timoshenko–
Fourier system and is divided into seven steps.

1st step: (Basic energy and dissipation for q̂) We multiply Eqs. (2.26a), (2.26b),
(2.26c), (2.26d), (2.26e) and (2.26f) by ¯̂v, ¯̂y, ¯̂u, ¯̂z, ¯̂

θ and ¯̂q, respectively. Then, adding
the resultant equations and taking the real part, we get

1
2
(|V̂ |2)t + |q̂|2 = 0, (2.27)

where we recall that |V̂ |2 = |(v̂, ŷ, û, ẑ, θ̂)|2 + τ0|q̂|2. This is the basic (physical)
energy equality which contains the dissipation for q̂.

2nd step: (Dissipation for θ̂) We create the dissipation for θ̂. To this end, we
multiply (2.26e) and (2.26f) by iξτ0¯̂q and −iξ¯̂θ, respectively, add the resulting
equations, and take the real part. This yields

τ0ξE0,t +
√
κξ2|θ̂|2 = τ0

√
κξ2|q̂|2 + τ0bξ

2 Re(ŷ¯̂q) + ξRe(i¯̂θq̂),

where E0 = Re(iθ̂¯̂q); ξE0 is an artificial energy which is not used in [11]. This
equality becomes trivial when τ0 = 0, because we have q̂ = −√

κiξθ̂ for τ0 = 0. We
simply estimate this equality as

τ0ξE0,t +
√
κξ2|θ̂|2 ≤ τ0

√
κξ2|q̂|2 + τ0bξ

2|ŷ||q̂| + |ξ||θ̂||q̂|. (2.28)

3rd step: (Dissipation for (v̂, ŷ)) This step is just the same as in [11]. We multiply
(2.26c) and (2.26a) by iξ¯̂v and −iξ ¯̂u, respectively, and add the resulting equalities.
Also, we multiply (2.26d) and (2.26b) by iξ¯̂y and −iξ¯̂z, respectively, and add the
resulting equalities. Then, taking the real part, we have

ξE1,t + ξ2|v̂|2 = ξ2|û|2 + ξRe(i¯̂uŷ), (2.29)

ξE2,t + aξ2|ŷ|2 = aξ2|ẑ|2 − ξRe(iv̂¯̂z) − bξ2 Re(¯̂zθ̂), (2.30)

where E1 = Re(iv̂¯̂u) and E2 = Re(iẑ¯̂y); ξE1 and ξE2 are artificial energies.
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4th step: (Dissipation for û) We create the dissipation for û. First we compute
essentially in the same way as in [11]. Namely, we calculate (2.26b) × (−¯̂v) +
(2.26a)× (−¯̂y), (2.26c)× (−¯̂z) + (2.26d)× (−¯̂u), (2.26e)× (−iξ¯̂y) + (2.26b)× (iξ¯̂θ),

and (2.26c)× (−¯̂
θ)+(2.26e)× (−¯̂u), and take the real part. This yields the differen-

tial equalities for the artificial energies E3, E4, ξE6, and E5, where E3 = −Re(v̂¯̂y),

E4 = −Re(û¯̂z), E6 = Re(iŷ¯̂θ), and E5 = −Re(û¯̂
θ). We combine these four equalities

together with (2.29) × (−1) such that it produces the modified energy H1:

H1 := b{(−ξE1) + ξ2(E3 + aE4)} + (ξE6 + E5) + (a2 − 1)ξ2E5. (2.31)

Consequently, we obtain

H1,t + bξ2|û|2 = bξ2|θ̂|2 − (1 − a2 − b2)ξ3 Re(i¯̂vθ̂) − aξ2 Re(ẑ¯̂θ)

+
√
κ(a2 − 1)ξ3 Re(i¯̂uq̂) +

√
κξRe(i¯̂uq̂) −√

κξ2 Re(¯̂yq̂), (2.32)

which is reduced to [11, Eq. (3.39)] if we put τ0 = 0 formally.
Next, we eliminate the term −(1 − a2 − b2)ξ3 Re(i¯̂vθ̂) on the right-hand side of

(2.32). For this purpose, we multiply (2.26a) and (2.26f) by τ0¯̂q and ¯̂v, respectively.
Then, adding the resultant equalities and taking the real part, we get

τ0E7,t +
√
κξRe(i¯̂vθ̂) = τ0ξRe(iû¯̂q) − τ0 Re(ŷ¯̂q) − Re(¯̂vq̂), (2.33)

where E7 = Re(v̂¯̂q) is an artificial energy which is not used in [11]. We multiply
(2.33) by − 1√

κ
(1 − a2 − b2)ξ2 and add the result to (2.32). This yields

(H1 + τ0ξ
2Ẽ7)t + bξ2|û|2

= bξ2|θ̂|2 − aξ2 Re(ẑ¯̂θ) +
1√
κ

(1 − a2 − b2)ξ2 Re(¯̂vq̂)

+
{
τ0√
κ

(1 − a2 − b2) −√
κ

}
ξ2 Re(ŷ¯̂q) +

√
κPξ3 Re(i¯̂uq̂) +

√
κξRe(i¯̂uq̂),

where Ẽ7 = − 1√
κ
(1 − a2 − b2)E7, and P is the stability number defined in (1.3).

This equality is simply estimated as

(H1 + τ0ξ
2Ẽ7)t + bξ2|û|2 ≤ Cξ2|θ̂|2 + Cξ2|ẑ||θ̂| + Cξ2|v̂||q̂| + C(1 + τ0)ξ2|ŷ||q̂|

+C|P ||ξ|3|û||q̂| + C|ξ||û||q̂|, (2.34)

where C is a positive constant independent of τ0 ∈ (0, 1].

5th step: (Dissipation for ẑ) We create the dissipation for ẑ by calculating essen-
tially in the same way as in [11]. Namely, we combine the three differential equalities
for ξE6, E5 and E4 (which are used in the previous step) together with (2.30)×(−1)
such that it produces the modified energy H2:

H2 = b(−ξE2) + a(ξE6 + E5) + bE4. (2.35)
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This yields

H2,t + abξ2|ẑ|2 = abξ2|θ̂|2 + (b2 − a2)ξ2 Re(¯̂zθ̂) − a
√
κξ2 Re(¯̂yq̂) + a

√
κξRe(i¯̂uq̂),

which can be reduced to the equality (3.43) in [11] if we put τ0 = 0 formally. This
equality is simply estimated as

H2,t + abξ2|ẑ|2 ≤ Cξ2|θ̂|2 + Cξ2|ẑ||θ̂| + Cξ2|ŷ||q̂| + C|ξ||û||q̂|, (2.36)

where C is a positive constant independent of τ0 ∈ (0, 1].

6th step: (Lyapunov function for P = 0) We construct the Lyapunov function E

for P = 0. Let P = 0. First, in order to get a good dissipation for (v̂, ŷ), we add
(2.29) and (2.30). By applying the Young inequality, we get

ξ(E1 + E2)t + (1 − ε)ξ2(|v̂|2 + a|ŷ|2) ≤ Cε(1 + ξ2)(|û|2 + a|ẑ|2) + Cεξ
2|θ̂|2

(2.37)

for any ε ∈ (0, 1), where Cε is a positive constant depending on ε but independent
of τ0 ∈ (0, 1]. Next, we add (2.34) with P = 0 and (2.36) to get a good dissipation
for (û, ẑ). Applying the Young inequality, we obtain

(H1 + τ0ξ
2Ẽ7 +H2)t + bξ2|û|2 + ab(1 − ε)ξ2|ẑ|2

≤ Cεξ
2|θ̂|2 + Cξ2|v̂||q̂| + C(1 + τ0)ξ2|ŷ||q̂| + C|ξ||û||q̂| (2.38)

for any ε ∈ (0, 1), where Cε denotes a constant depending on ε but independent of
τ0 ∈ (0, 1].

Now we combine the above two inequalities. Letting α1 > 0, we multiply (2.37)
and (2.38) by α1ξ

2 and 1+ ξ2, respectively, and add the resultant inequalities. This
yields

{α1ξ
3(E1 + E2) + (1 + ξ2)(H1 + τ0ξ

2Ẽ7 +H2)}t

+α1(1 − ε)ξ4(|v̂|2 + a|ŷ|2) + b(1 − α1Cε)(1 + ξ2)ξ2|û|2

+ ab(1 − ε− α1Cε)(1 + ξ2)ξ2|ẑ|2

≤ Cε,α1(1 + ξ2)ξ2|θ̂|2 + C(1 + ξ2)ξ2|v̂||q̂|
+C(1 + τ0)(1 + ξ2)ξ2|ŷ||q̂| + C(1 + ξ2)|ξ||û||q̂|. (2.39)

Here Cε,α1 denotes a constant depending on (ε, α1) but independent of τ0 ∈ (0, 1].
Also, letting α2 > 0, we multiply (2.28) and (2.39) by 1 + ξ2 and α2, respectively,
and add the resultant inequalities. If we introduce the quantity E by

(1 + ξ2)2E = τ0(1 + ξ2)ξE0 + α2{α1ξ
3(E1 + E2)

+ (1 + ξ2)(H1 + τ0ξ
2Ẽ7 +H2)}, (2.40)
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then the result is written as follows:

(1 + ξ2)2Et + α2α1(1 − ε)ξ4(|v̂|2 + a|ŷ|2) + α2b(1 − α1Cε)(1 + ξ2)ξ2|û|2

+α2ab(1 − ε− α1Cε)(1 + ξ2)ξ2|ẑ|2 +
√
κ(1 − α2Cε,α1)(1 + ξ2)ξ2|θ̂|2

≤ τ0C(1 + ξ2)ξ2|q̂|2 + α2C(1 + ξ2)ξ2|v̂||q̂| + α2C(1 + ξ2)|ξ||û||q̂|
+Cα2(1 + τ0)(1 + ξ2)ξ2|ŷ||q̂| + (1 + ξ2)|ξ||θ̂||q̂|.

Here Cα2 is a constant depending on α2 but independent of τ0 ∈ (0, 1]. Moreover,
estimating the right-hand side by using the Young inequality, we obtain

(1 + ξ2)2Et + α2α1(1 − 2ε)ξ4(|v̂|2 + a|ŷ|2)
+α2b(1 − ε− α1Cε)(1 + ξ2)ξ2(|û|2 + a|ẑ|2)
+
√
κ(1 − ε− α2Cε,α1 )(1 + ξ2)ξ2|θ̂|2

≤ Cε,α1,α2(1 + τ0)2(1 + ξ2)2|q̂|2, (2.41)

where Cε,α1,α2 is a constant depending on (ε, α1, α2) but independent of τ0 ∈ (0, 1].
Finally, letting α3 > 0, we multiply (2.41) by α3

(1+ξ2)2 and add the result to the
basic energy equality (2.27). This yields

Et + α3α2α1(1 − 2ε)
ξ4

(1 + ξ2)2
(|v̂|2 + a|ŷ|2)

+α3α2b(1 − ε− α1Cε)
ξ2

1 + ξ2
(|û|2 + a|ẑ|2)

+α3

√
κ(1 − ε− α2Cε,α1)

ξ2

1 + ξ2
|θ̂|2

+ {1 − α3Cε,α1,α2(1 + τ0)2}|q̂|2 ≤ 0, (2.42)

where we put E = 1
2 |V̂ |2 + α3E . Since E is given in (2.40), we see that this E

is written explicitly in the form of (2.22). Also we find that our E contains the
component q̂ only in the terms τ0E0 and τ0Ẽ7 with the factor τ0; see also (2.31)
and (2.35). Thus we conclude that there is a small positive constant α0 independent
of τ0 ∈ (0, 1] such that if α1, α2, α3 ∈ (0, α0], then our E is equivalent to |V̂ |2 in the
sense of (2.20). This E becomes our desired Lyapunov function for suitably chosen
α1, α2, α3 ∈ (0, α0]. In fact, in (2.42), we take ε > 0 such that 1 − 2ε > 0. For
this choice of ε, we choose α1, α2, α3 ∈ (0, α0] independent of τ0 ∈ (0, 1] so small
that 1 − ε − α1Cε > 0, 1 − ε − α2Cε,α1 > 0 and 1 − 4α3Cε,α1,α2 > 0. Thus we
conclude that our (2.42) becomes the desired differential inequality (2.21) with the
dissipative term F given in (2.23). This completes the proof of Proposition 2.7 for
P = 0.

7th step: (Lyapunov function for P �= 0) We construct the Lyapunov function E

for P �= 0. Let P �= 0. In this case, to get a good dissipation for (v̂, ŷ), we combine
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(2.29) and (2.30) such that (2.29) + (2.30) × (1 + ξ2). Then, applying the Young
inequality, we obtain

ξ{E1 + (1 + ξ2)E2}t + (1 − ε)ξ2{|v̂|2 + a(1 + ξ2)|ŷ|2}
≤ Cε(1 + ξ2)|û|2 + Cε(1 + ξ2)2|ẑ|2 + Cε(1 + ξ2)ξ2|θ̂|2 (2.43)

for any ε ∈ (0, 1), where Cε is a positive constant depending on ε but independent of
τ0 ∈ (0, 1]. Next we combine (2.34) and (2.36) to get a good dissipation for (û, ẑ).
We make the combination (2.36) × (1 + ξ2) + (2.34). Then, applying the Young
inequality, we obtain

{H1 + τ0ξ
2Ẽ7 + (1 + ξ2)H2}t + bξ2|û|2 + ab(1 − ε)(1 + ξ2)ξ2|ẑ|2

≤ Cε(1 + ξ2)ξ2|θ̂|2 + Cξ2|v̂||q̂| + C(1 + τ0)(1 + ξ2)ξ2|ŷ||q̂|
+C|P ||ξ|3|û||q̂| + C(1 + ξ2)|ξ||û||q̂| (2.44)

for any ε∈ (0, 1), where Cε is a constant depending on ε but independent of
τ0 ∈ (0, 1].

Now we combine the above two estimates for P �= 0. Letting α1 > 0, we multiply
(2.43) and (2.44) by α1ξ

2 and 1+ξ2, respectively, and add the resultant inequalities
to get

[α1ξ
3{E1 + (1 + ξ2)E2} + (1 + ξ2){H1 + τ0ξ

2Ẽ7 + (1 + ξ2)H2}]t
+α1(1 − ε)ξ4{|v̂|2 + a(1 + ξ2)|ŷ|2}
+ b(1 − α1Cε)(1 + ξ2)ξ2|û|2 + ab(1 − ε− α1Cε)(1 + ξ2)2ξ2|ẑ|2

≤ Cε,α1(1 + ξ2)2ξ2|θ̂|2 + C(1 + ξ2)ξ2|v̂||q̂| + C(1 + τ0)(1 + ξ2)2ξ2|ŷ||q̂|
+C|P |(1 + ξ2)|ξ|3|û||q̂| + C(1 + ξ2)2|ξ||û||q̂|, (2.45)

where Cε,α1 is a constant depending on (ε, α1) but independent of τ0 ∈ (0, 1]. Then,
letting α2 > 0, we multiply (2.28) and (2.45) by (1 + ξ2)2 and α2, respectively, and
add the resultant two inequalities. We introduce the quantity E by

(1 + ξ2)3E = τ0(1 + ξ2)2ξE0 + α2[α1ξ
3{E1 + (1 + ξ2)E2}

+ (1 + ξ2){H1 + τ0ξ
2Ẽ7 + (1 + ξ2)H2}]. (2.46)

Then the result is written as

(1 + ξ2)3Et + α2α1(1 − ε)ξ4{|v̂|2 + a(1 + ξ2)|ŷ|2}
+α2b(1 − α1Cε)(1 + ξ2)ξ2|û|2 + α2ab(1 − ε− α1Cε)(1 + ξ2)2ξ2|ẑ|2

+
√
κ(1 − α2Cε,α1)(1 + ξ2)2ξ2|θ̂|2

≤ τ0C(1 + ξ2)ξ2|q̂|2 + α2C(1 + ξ2)ξ2|v̂||q̂| + Cα2(1 + τ0)(1 + ξ2)2ξ2|ŷ||q̂|
+ (1 + ξ2)2|ξ||θ̂||q̂| + α2C|P |(1 + ξ2)|ξ|3|û||q̂| + α2C(1 + ξ2)2|ξ||û||q̂|,
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where Cα2 is a constant depending on α2 but independent of τ0 ∈ (0, 1]. By using
the Young inequality, we arrive at

(1 + ξ2)3Et + α2α1(1 − 2ε)ξ4{|v̂|2 + a(1 + ξ2)|ŷ|2}
+α2b(1 − ε− α1Cε)(1 + ξ2)ξ2{|û|2 + a(1 + ξ2)|ẑ|2}
+
√
κ(1 − ε− α2Cε,α1)(1 + ξ2)2ξ2|θ̂|2

≤ Cε,α1,α2(1 + τ0)2(1 + P 2)(1 + ξ2)3|q̂|2, (2.47)

where Cε,α1,α2 is a constant depending on (ε, α1, α2) but independent of τ0 ∈ (0, 1].
Finally, we combine this inequality with the basic energy equality (2.27). Namely,
letting α3 > 0, we multiply (2.47) by α3

(1+ξ2)3 and add the resultant inequality to
(2.27). This yields

Et + α3α2α1(1 − 2ε)
ξ4

(1 + ξ2)3
{|v̂|2 + a(1 + ξ2)|ŷ|2}

+α3α2b(1 − ε− α1Cε)
ξ2

(1 + ξ2)2
{|û|2 + a(1 + ξ2)|ẑ|2}

+α3

√
κ(1 − ε− α2Cε,α1 )

ξ2

1 + ξ2
|θ̂|2

+ {1 − α3Cε,α1,α2(1 + τ0)2(1 + P 2)}|q̂|2 ≤ 0, (2.48)

where we put E = 1
2 |V̂ |2 + α3E . In view of (2.46), we observe that this E is

written explicitly in the form of (2.24). Here we choose ε ∈ (0, 1) and α1, α2, α3 > 0
similarly as in the previous step for P = 0. Then our E is the desired Lyapunov
function which is equivalent to |V̂ |2 in the sense of (2.20), and (2.48) becomes the
differential inequality (2.21) with the dissipative term F given in (2.25). Thus the
proof of Proposition 2.7 is complete for P �= 0. �

3. Timoshenko System with Thermal Effect of Memory-Type

We consider the Timoshenko system (1.10) with the thermal effect of memory-type:


ϕtt − (ϕx − ψ)x = 0,

ψtt − a2ψxx − (ϕx − ψ) + bθx = 0,

θt + bψtx − κ

∫ t

0

g(t− τ)θxx(τ)dτ = 0

(3.1)

with the initial data

(ϕ,ϕt, ψ, ψt, θ)(x, 0) = (ϕ0, ϕ1, ψ0, ψ1, θ0)(x). (3.2)

Here a, b and κ are positive constants, and g(t) is an exponentially decaying function
satisfying g(t) > 0 and

∫ ∞
0
g(t)dt = 1.
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In this paper we only treat the simplest case where the memory kernel g(t) is
given explicitly in the form

g(t) =
1
τ0
e−

t
τ0 (3.3)

with τ0 being a given positive parameter. In this case we introduce the quantity
q̃ by

q̃ = −κ
∫ t

0

g(t− τ)θx(τ)dτ.

Since g′(t) = − 1
τ0
g(t) and g(0) = 1

τ0
by (3.3), we find that q̃t = − 1

τ0
(q̃ + κθx).

Consequently, we can transform our system (3.1) into the Timoshenko–Cattaneo
system (1.1). The corresponding initial data are given as follows:

(ϕ,ϕt, ψ, ψt, θ)(x, 0) = (ϕ0, ϕ1, ψ0, ψ1, θ0)(x), q̃(x, 0) = 0.

As in Sec. 2, by introducing the quantities

v = ϕx − ψ, u = ϕt, z = aψx, y = ψt, q =
1√
κ
q̃,

we can rewrite the above Timoshenko–Cattaneo system (1.1) in the form of the
first-order symmetric hyperbolic system (2.1) for (v, y, u, z, θ, q). The corresponding
initial data are given by (v, y, u, z, θ, q)(x, 0) = (v0, y0, u0, z0, θ0, q0)(x), where

v0 = ϕ0,x − ψ0, y0 = ψ1, u0 = ϕ1, z0 = aψ0,x, q0 = 0.

For this system (1.1) associated with (3.1), we can apply Theorem 2.1 and obtain
the decay estimates (2.7) and (2.8) for P = 0 and P �= 0, respectively, where P is
the stability number in (1.3). To state this decay result for our system (3.1), we
introduce

W = (ϕx − ψ, ϕt, ψx, ψt, θ), W0 = (ϕ0,x − ψ0, ϕ1, ψ0,x, ψ1, θ0).

Then we have the following theorem.

Theorem 3.1. Assume that the memory kernel g(t) is given by (3.3). Let W be
the above function defined from the solution to the initial value problem (3.1), (3.2).
Then W satisfies the following decay estimates for t ≥ 0:

‖∂k
xW (t)‖L2 ≤ C(1 + t)−

1
4 ( 1

p− 1
2 )− k

4 ‖W0‖Lp + Ce−ct‖∂k
xW0‖L2 (3.4)

for P = 0, and

‖∂k
xW (t)‖L2 ≤ C(1 + t)−

1
4 ( 1

p− 1
2 )− k

4 ‖W0‖Lp + C(1 + t)−
l
2 ‖∂k+l

x W0‖L2 (3.5)

for P �= 0, where P is the stability number in (1.3). Here W0 is the initial data for
W defined above, 1 ≤ p ≤ 2, k and l are nonnegative integers, and C and c are
positive constants independent of the parameter τ0.

Remark 3.2. By considering the asymptotic expansion of the eigenvalues obtained
in Sec. 2.2, we think that the above decay estimates (3.4) and (3.5) are optimal.
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We expect that the same decay result holds true even for the system (3.1) with
a general memory kernel g(t), which decays exponentially as t → ∞ and satisfies
g(t) > 0 and

∫ ∞
0
g(t)dt = 1, but it remains an open question.
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[1] M. S. Alves, C. A Raposo, J. E. Muñoz Rivera, M. Sepulveda and O. Vera Villagran,
Uniform stabilization for the transmission problem of the Timoshenko system with
memory, J. Math. Anal. Appl. 369 (2010) 323–345.

[2] F. Ammar Khodja, A. Benabdallah, J. E. Muñoz Rivera and R. Racke, Energy decay
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