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To achieve the control of a small-sized robot manipula-
tor, we focus on an actuator using a shape memory al-
loy (SMA). By providing an adjusted voltage, an SMA
wire can itself generate heat, contract, and control
its length. However, a strong hysteresis is generally
known to be present in a given heat and deformation
volume. Most of the control methods developed thus
far have applied detailed modeling and model-based
control. However, there are many cases in which it is
difficult to determine the parameter settings required
for modeling. By contrast, iterative learning control
is a method that does not require detailed informa-
tion on the dynamics and realizes the desired motion
through iterative trials. Despite pioneering studies on
the iterative learning control of SMA, convergence has
yet to be proven in detail. This paper therefore de-
scribes a stability analysis of an iterative learning con-
trol to mathematically prove convergence at the de-
sired length. This paper also details an experimental
verification of the effect of convergence depending on
the variation in gain.

Keywords: SMA, ILC, actuator, position control, con-
vergence

1. Introduction

In recent years, the engineering performance required
for robots has become diversified. One of the key ele-
ments to determining the performance of a robot is its
actuator performance. There are a wide variety of actu-
ators used in robotics, which can mainly be divided into

electromagnetic, hydraulic/pneumatic, and other types of
drives. In general, an electromagnetic drive is easy to con-
trol, although its generative force (torque) with respect to
the mass ratio is small. A hydraulic/pneumatic drive can
generate an extremely large amount of force with respect
to the body mass. However, it exteriorly requires a com-
pressor, incurring a noise problem and other issues. Ex-
amples of other actuators include an ultrasonic actuator,
which is relatively easy to downsize but has a short life-
span owing to attrition. Such actuators each have their
own advantages and disadvantages, and thus the selection
of the actuator becomes extremely important.

This research aims at the control of a simple, inexpen-
sive robot manipulator with a movable range of several
millimeters. Such a system can be applied to the handing
of objects of approximately 10− 2 to 10− 1 mm in size.

For the desired manipulator, this research focuses on an
actuator using a shape memory alloy (SMA). The SMA is
a type of heat engine in which the exchange of heat causes
the internal crystal architecture to change, thereby chang-
ing the shape [1, 2]. When using SMA in a robot actuator,
by adjusting the amount of heat applied, it is possible to
deform the component as a controlled object and use it for
driving the joint portion of the robot. This study assumes
the use of SMA shaped into a wire, as shown in Fig. 1.
When an SMA wire itself is given voltage and energized,
it generates heat through its own electrical resistance, and
contracts in the length direction. After contraction, the
length is restored by cooling, such as through natural heat
dissipation. The length of the SMA wire can accordingly
be controlled by adjusting the voltage applied. An SMA
wire has disadvantages including a smaller displacement
than that of other types of actuators and a slow response
speed. However, it is also light in weight, inexpensive,
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Fig. 1. Contraction of SMA wire.

and has a simple system configuration, which are definite
advantages. In general, the maximum deformation vol-
ume in the length direction of an SMA wire is approxi-
mately 10%. The type of manipulator desired in this study
can be realized by bringing together multiple SMA wires
of a few dozen millimeters in length and using it as a driv-
ing wire for a parallel-wire driven robot [3, 4].

However, an SMA wire is known to have a strong hys-
teresis such as a minor loop in the heat applied and the
deformation volume. Various methods for the displace-
ment control of an SMA wire with a strong non-linear
characteristic have been proposed [1, 2, 5–23]. Most of
these control methods carry out detailed modeling and
model-based control. However, there are numerous cases
in which the modeling error is significant or the paramet-
ric identification necessary for modeling is difficult.

In response to such problems, reports [24–27] have in-
dicated the effectiveness of iterative learning control [28].
Iterative learning control does not require detailed dynam-
ics information of the desired system and can realize a
desired motion through iterative trials. However, detailed
convergence of the iterative learning control for SMA has
thus far not been proven.

Therefore, for the type of manipulation described
above, this study includes a stability analysis on itera-
tive learning control, which is an extension of the method
developed by Ikuta et al. [24, 25], and aims to prove the
convergence at the desired contraction length. Section 2
describes related studies, the characteristics of SMA, and
the iterative learning control. Section 3 mathematically
proves the convergence of the proposed method. Section 4
demonstrates the effectiveness of the method through an
actual experiment and discusses the influence of conver-
gence through a change in gain. Finally, Section 5 pro-
vides some concluding remarks.

2. SMA Actuator and Iterative Learning
Control

2.1. Related Studies

Various modeling and control methods related to the
shape control of SMA have been proposed. For instance,
Ikuta et al. carried out a resistance control using electric
resistance feedback, proposed a mathematical model, and

studied the hybrid control of the position/force, and other
factors [1, 5, 6]. Madill et al. proposed a detailed model
in consideration of the minor hysteresis loop incurred in
SMA [2]. Cho et al. proposed a control using the resis-
tance value feedback by linearly fitting a resistivity-strain
curve [7]. Using a Sarsa-based algorithm, Kirkpatrick
et al. proposed a feedback control based on the rela-
tion between the voltage and strain [8]. Kumagai et al.
developed a controller using neurofuzzy inference [9].
Elahinia et al. proposed a sliding-mode control and a con-
trol method using inverse-dynamics [10], a model-based
control [11], and a variable structure control [12]. Arai
et al. carried out linearization based on feedback and pro-
totyped a dual-link micro manipulator [13]. Ashrafiuon
et al. attempted to develop a model-based sliding-mode
control combined with a Kalman filter [14]. In addition,
there have also been reports on control methods in which
an array of SMA materials was applied and the Peltier ef-
fect was utilized [15, 16]. Moreover, the use of SMA for
vibration suppression and control of a flexible beam and
other similar applications has been described [17–20]. For
application, there have been reports on the use of SMA in
endoscopes [21, 29], artificial muscles [22, 30], a walking
aid system [23], and a multi-fingered hand [31].

To achieve a highly accurate control of the SMA shape,
most of the control methods described above require a
highly accurate dynamics model and parametric informa-
tion. In general, however, SMA is complicated in terms
of dynamics modeling and has a strong hysteresis, pre-
senting modeling and parameter errors. Moreover, the
control performance can be deteriorated from individual
differences in the material.

By contrast, the iterative learning control [28] de-
scribed in this paper does not require a dynamics model
or parametric information of the controlled object, and re-
alizes a desired action through iterative trials. As pioneer-
ing research in this area, Ikuta et al. introduced a learn-
ing control into SMA and experimentally verified that the
cyclic fatigue can be monitored [24, 25]. Leang et al. pro-
posed an iterative controller combined with feedback to
cope with position errors that occur from the hysteresis
of the SMA [26]. In addition, Menon et al. combined
an iterative learning control with SMA and successfully
applied the result to the control of a driver seat in an au-
tomobile [27]. However, no studies have strictly proven
convergence for the iterative learning control of SMA.

2.2. Characteristics of SMA Wire
In general, SMA has a crystal architecture, called an

austenite phase, at high temperature. When cooled, it
is transformed into a martensite phase on the low tem-
perature side across the transition temperature. Deforma-
tion occurs depending on the proportion of the two phases
throughout the entire volume [1, 2].

The SMA wire used in this paper has a linear shape, as
shown in Fig. 1, and when voltage is applied to both ends
to achieve an electric current flow inside, heat is gener-
ated. Owing to this heat generation, the SMA wire con-
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Fig. 2. Relationship of SMA length.
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Fig. 3. Experiment results of SMA length-resistance char-
acteristics (natural length, 55 mm).

tracts and its wire length shortens. When the voltage ap-
plication is turned off, the temperature of the wire then
decreases through natural heat dissipation, and the wire
returns to the original length.

As the SMA wire applied in this study, Bio Metal Fiber
(BMF), manufactured by Toki Co., was used. BMF is a
fibrous SMA made from a Ti-Ni based memory shaped
alloy and achieves an excellent deformation in the wire
length direction [a].

2.3. Resistance-Voltage Relation and Resistance
Control

An SMA wire expands and contracts through heat, and
a strong hysteresis occurs in relation to the heat and con-
traction length, as presented in Fig. 2(a). However, it is
known that the hysteresis is extremely small between the
contraction length and the electric resistance of the mate-
rial, as presented in Fig. 2(b) [1].

Thus, various methods have been proposed to realize
the length control of an SMA wire by controlling its elec-
tric resistance [1, 5, 7]. The easiest length control method
is applied by mapping in advance the relation between the
resistance and length of the SMA wire, adjusting the volt-
age to be given, and controlling the desired electric resis-
tance corresponding to the desired length.

For example, Fig. 3 shows the relation between the
electric resistance and length of an SMA wire with a di-
ameter of 75 µm used in the experiment described in Sec-
tion 4 (with a natural length of 55 mm).

In this case, the approximate expression shown in
Eq. (1) can be obtained, with the contraction length of the
SMA wire being L [mm] and the electric resistance being

AD

DA

Vr
TR

I

R

3 [V]

PC

SMA Wire

DA

V
r

Vcc

R

PC

DA

V

V

Fig. 4. Resistance control circuit for SMA wire.

R [Ω]. Note that L is the length contracted from the initial
state, as shown in Fig. 1.

R = 0.391L2 − 2.071L+13.033 . . . . . . (1)

When carrying out an actual length control, the desired
resistance is determined by plugging in the desired con-
traction length for L in Eq. (1).

In this study, a length control experiment was con-
ducted using the control circuit presented in Fig. 4. The
resistance R of the SMA wire can be calculated through
the following expression.

R(t) =
VCC − VTR(t)

I(t)
, where I(t) =

Vr(t)
Rr

. . (2)

Here, let the basic resistance be Rr, the voltage applied
to the basic resistance be Vr, the voltage applied to the
transistor be VT R, the electric current be I, and the voltage
be VCC. Accordingly, the resistance R can be calculated
by measuring the two voltages Vr and VT R.

In the basic resistance control, the mapping of the con-
traction length L and resistance R of the off-line SMA
wire is first calculated, followed by the desired resis-
tance Rd corresponding to the desired length Ld . Next, the
desired resistance and the measured resistance are com-
pared, and the voltage VDA of the DA to be given to the
circuit of Fig. 4 is on-off controlled as follows.

VDA(t) =

{
VDAon (if Rd(t) ≤ R(t)),

VDAoff (if Rd(t) > R(t)).
. . . (3)

This control method is used to control only the heating
when the SMA is contracted, and the expansion itself is
left to natural heat dissipation against the surrounding en-
vironment. Because it is affected by external air, a slight
hysteresis, and similar factors, the control method needs
to be elaborated upon when carrying out highly accurate
positioning.

2.4. Iterative Learning Control
The objective of this control type is to realize the de-

sired contraction length Ld(t) (0 ≤ t ≤ T ) of the SMA
wire when given. The assumed system uses an SMA
wire and a circuit similar to those in Section 2.3. The
relation between the resistance R and the contraction
length L is first obtained as Eq. (1), where the desired re-
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sistance Rd(t) corresponding to Ld(t) is given in advance.
It should be noted, however, that Eq. (1) is only an ap-
proximation and a slight error may occur in reality.

The iterative learning control proposed in this paper is
an extension of the method proposed by Ikuta et al. [24,
25]. In addition to the resistance control of Eq. (3), the ac-
tual contraction length L(t) is measured and a correction
is given for the desired resistance Rd(t) through iterative
trials.

Now, let the corrected value for the desired resistance
in the k-th trial be R′

dk(t), and renew it as follows. When
the contraction length measured at the k-th trial is Lk(t),
∆Lk(t) = Ld(t)− Lk(t) is established.

R′
dk+1(t) = R′

dk(t)− kr

∫ t

0
∆Lk+1(τ)dτ − uk+1(t). (4)

Here, kr is a positive coefficient and uk+1(t) is a learn-
ing renewal law, which are given using the positive coef-
ficients Φp and Φv as follows.

uk+1(t) = Φp∆Lk(t)+Φv∆L̇k(t)+uk(t). . . (5)

The corrected value for the desired resistance R′
d1(t) at the

first trial (k = 1) is given by the following expression.

R′
d1(t) = Rd(t)− kr

∫ t

0
∆L1(τ)dτ . . . . . . (6)

Here, R′
dk(t), which was obtained through the renewal de-

scribed above, is given the following VDAk(t) as a voltage
given to the DA, similar to Eq. (3).

VDAk(t) =

{
VDAon (if R′

dk(t) ≤ R(t)),

VDAoff (if R′
dk(t) > R(t)).

. . (7)

Each trial is set to have identical initial conditions. The
experiment results using an actual SMA wire when ap-
plying this method are described in Section 4.

3. Convergence Proof of Iterative Learning
Control

3.1. Modeling of SMA Wire
This section proves the convergence of the SMA wire

to the desired contraction length Ld(t) when the iterative
learning control described in Section 2.4 is used. First,
modeling of the SMA wire is carried out. For the mod-
eling of the SMA, the approaches in [1, 2] and similar
proposed models consider the phase transformation of the
martensite and austenite phases and a minor loop. How-
ever, with a model that considers a minor loop, it is dif-
ficult to prove convergence in the learning control, and
hence the present study proves convergence through an
extension of the relation between the contraction length L
and the electric resistance R presented in Eq. (1).

The assumed system is presented in Fig. 5. Expression
of Eq. (1) is extended, and the relation between the ex-
panded and contracted length L(t) and the resistance R(t)
of the SMA wire is given through the following expres-
sion.

Circuit DA

Spring

AD PC

SMA Wire

Light reflector

Laser displacement sensor

Fig. 5. 1DOF system using SMA wire.

R(t) = α0L(t)2 − (β0 + k)L(t)+R0 + ε(t). . . (8)

Here, R0 indicates the initial resistance, and k is the spring
constant of a spring attached to the SMA wire. The resis-
tance is affected by the external air, a slight hysteresis, and
similar factors, and its fluctuation is ε(t). In the follow-
ing, the expanded and contracted lengths L(t) are assumed
to be a few percentage points of the entire wire length at
maximum.

The internal temperature of the SMA is Θ(t), and the
initial internal temperature when the motion is started is
Θ0. It is assumed that Θ0 is equal to the external air tem-
perature and that the external air temperature is constant.
For the relation between the resistance R(t) and temper-
ature Θ(t), the following primary approximated expres-
sion, which is true within the neighborhood of Θ0, is used.

R(t) = R0 {1− σ0 (Θ(t)− Θ0)} , . . . . . . (9)

where σ0 is an electric conduction constant (σ0 > 0) at
the internal temperature Θ0. Here, it should be noted that,
owing to its characteristics, the SMA wire contracts and
accordingly the resistance value decreases as the temper-
ature increases.

Now, where ρ , c0, r, and κ are positive constants that
represent the density, specific heat, wire radius, and con-
vection transmission ratio of the SMA, respectively, the
entire amount of heat necessary for the internal tempera-
ture to change from Θ0 to Θ(t) is expressed by ρπr2(L0 −
L(t))c0 (Θ(t) − Θ0). Accordingly, time-differentiating
this entire heat quantity provides the following expres-
sion.

d
dt

{
ρπr2(L0 − L(t))c0 (Θ(t)− Θ0)

}

=
V (t)2

R(t)
− 2πκr(L0 − L(t))(Θ(t)− Θ0). (10)

Here, it is assumed that the change in wire radius r is so
slight that it can be treated as a constant. In the above ex-
pression, the first term on the right-hand side represents
the amount of heat per unit time obtained through elec-
tric heating, and the second term on the right-hand side
represents the amount of heat per unit time emitted by
a heat exchange with the external air in accordance with
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Newton’s law of cooling.
Through the above preparation, an equation reflecting

the characteristics of the SMA wire to contract and ex-
pand through electric heating and natural heat dissipation
has been derived. Eqs. (8) and (9) provide the following:

Θ(t)− Θ0 =
α0L(t)2 − (β0 + k)L(t)+ ε(t)

− σ0R0
. . (11)

In addition, expression of Eq. (11) is time-differentiated
to give

Θ̇(t)− Θ̇0 =
2α0L(t)L̇(t)− (β0 + k)L̇(t)+ ε̇(t)

− σ0R0
. (12)

Expressions of Eqs. (11) and (12) are assigned to Eq. (10)
and are arranged to provide

(
α1L(t)2 − β1L(t)+ γ1 +Nε(t)

)
L̇(t)

+
{

α2L(t)2 − β2L(t)+ γ2 +(N +M)ε(t)
}

L(t)

=
V (t)2

R(t)
+ML0 ε(t)+NL0 ε̇(t). . . . . . (13)

The coefficients are defined as follows.

N =
πc0ρr2

σ0R0
, M =

2πrκ
σ0R0

,

α1 = 3α0N, β1 = 2(α0L0 +β0 + k)N,

γ1 = (β0 + k)L0N, α2 = α0M,

β2 = (α0L0 +β0 + k)M, γ2 = (β0 + k)L0M.

In the above expression, α j > 0, βj > 0, and γ j > 0 ( j =
1,2) are true by definition. Here, a quadratic equation
αL2 − βL + γ that has arbitrary positive constants α, β,
and γ as coefficients can be evaluated as

cα,β,γR(t) ≤ αL(t)2 − βL(t)+ γ ≤Cα,β,γ R(t), . (14)

when using Eq. (8) within the range of (0 ≤ L(t) ≤ Le),
where L is from zero to length Le. Here, cα,β,γ and Cα,β,γ
are constants determined by α, β, and γ , and Le is a limit
value of the contraction length where the positive con-
stants cα,β,γ and Cα,β,γ are present. If Le is greater than
the limit contraction length Lmax of the SMA wire, the dy-
namics of the contraction length L(t) within the range of
0 ≤ L(t) ≤ Lmax will be considered.

In addition, under the assumption that the fluctuation
component ε(t) in Eq. (8) is sufficiently smaller than
L(t), even if δ -times the positive constant is added to
the quadratic equation αL2 − βL+ γ , by obtaining a suf-
ficiently small and large cα,β,γ , and Cα,β,γ in Eq. (14),
respectively, a similar evaluation is achieved:

c′α,β,γ ,δ R(t)≤αL(t)2− βL(t)+γ+δ ε(t)≤C′
α,β,γ ,δ R(t).

. . . . . . . . . . . . . . . (15)

Here, 0 ≤ L(t) ≤ L′
min = min{L′

e,L f} is assumed, and L′
e

is the maximum contraction length that satisfies the above
expression.

From the above, by evaluating Eq. (13) using Eq. (15),

!!"

!!!!

Fig. 6. Approximation of ON/OFF switching using sigmoid
curve.

within 0 ≤ L(t) ≤ L′
min,

cF(t) ≤ L̇(t)+aL(t) ≤CF(t) . . . . . . (16)

is true, where

F(t) =
V (t)2

R(t)2 +
ε(t)+ ε̇(t)

R(t)
, . . . . . . . (17)

and a, c, and C are positive constants determined by the
given physical amount.

Here, it is assumed that the resistance also has a range
of R0 ≥ R(t) ≥ Rmin, which corresponds to the range of
L(t), and that L(0) = 0 and L̇(0)= 0 are true. In particular,
when L(t) > 0 is sufficiently close to zero,

L̇(t)+aL(t) = bF(t) . . . . . . . . . . (18)

can be considered using a positive value b. Accordingly,
when the relations among the contraction length L(t),
resistance R(t), fluctuation ε(t), and input voltage V (t)
are expressed through the ordinary differential equation
(Eq. (18)) related to time t ≥ 0, solving this will give
the next expression using the positive value b in the state
(L(t) → 0), where L(t) is sufficiently close to zero.

L(t) = b
∫ t

0
e− a(t− τ)F(τ)dτ. . . . . . . . (19)

3.2. Modeling of On-Off Control
In the desired system, the voltage output VDA(t) from

the DA is on-off controlled in the circuit shown in Fig. 4,
as presented in Eq. (7). At this time, an on-off control,
which is substantially the same as VDA(t), has been real-
ized in the voltage V (t) given to the SMA wire. Now, V (t)
is assumed as follows.

V (t) =

{
VON (if VDA(t) = VDAon),

VOFF (if VDA(t) = VDAoff ).
. . (20)

In actuality, the values of VON and VOFF change slightly
with a change in the resistance R(t). However, the change
is approximately a few percentage points, and is hence
regarded as a constant in the following analysis.1

The transition of V (t) between OFF↔ON is approxi-
mately expressed through the following expression using
a sigmoid curve, as presented in Fig. 6.

1. In the experiment described later, VON ≃1.7 V, VOFF ≃0.3 V were true
and the variation was approximately 0.02 V.
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V (t) =
VON

1+ em(R′
d(t)− R(t))

(m > 0). . . . . (21)

However, to obtain a sketch of a graph close to ON/OFF,
the constant m is sufficiently large, and in this section,
VOFF = 0 for simplicity. Linearly approximating V (t)2 at
approximately Rd(t)− R(t) = 0 will provide the following
expression within its neighborhood.

V (t)2 =
(

VON

1+ em(R′
d(t)− R(t))

)2

≈
V 2

ON
4

− mV 2
ON

(
R′

d(t)− R(t)
)
. . . . (22)

3.3. Stability Analysis
Through the above preparation, a stability analysis of

the iterative learning control is carried out to prove that
the contraction length Lk(t) will converge to the desired
contraction length Ld(t) through iterative trials. Here, it
is assumed that each trial has an identical initial condition
that satisfies the following.

Lk(0) = Ld(0),

εk(0) = 0, ε̇k(0) = 0 (k = 0,1,2, . . .).

Using Eqs. (4) and (5) of the learning control law, the
behavior of the expanded and contracted lengths Lk+1(t)
of the (k +1)-th learning can be approximated as follows:
⎧
⎪⎪⎨

⎪⎪⎩

Lk+1(t) = b
∫ t

0
e− a(t− τ)Fk+1(τ)dτ,

Fk+1(t) =
1

R2

(
V 2

ON
4

− mV 2
ON

(
R′

dk+1 − R
))

+
ek+1

R
.

. . . . . . . . . . . . . . . . . (23)

Here, ek = εk + ε̇k is true. This gives

Lk+1(t)− Lk(t)

= b
∫ t

0
e− a(t− τ) {Fk+1(τ)− Fk(τ)} dτ. . . (24)

However, a part of Fk+1 − Fk in Eq. (24) can be modified
as

Fk+1(τ)− Fk(τ)

=
mV 2

ON
R(τ)2

{
kr

∫ τ

0
(∆Lk+1 − ∆Lk)(s)ds

+(uk+1 − uk)(τ)
}

+
ek+1 − ek

R
(τ)

=
mV 2

ON
R(τ)2

{
kr

∫ τ

0
(∆Lk+1 − ∆Lk)(s)ds

+(Φp∆Lk +Φv∆L̇k)(τ)
}

+
ek+1 − ek

R
(τ).

. . . . . . . . . . . . . . . . . . . . (25)

Here, with Gk+1 = Fk+1 − Fk, both sides of Eq. (24) are
differentiated with time t to provide

L̇k+1(t)− L̇k(t)

= bGk+1(t)− ab
∫ t

0
e− a(t− τ)Gk+1(τ)dτ, . (26)

and hence

∆L̇k+1(t)
= L̇d(t)− L̇k+1(t)

= ∆L̇k(t)− bGk+1(t)+ab
∫ t

0
e− a(t− τ)Gk+1(τ)dτ

=
(

1− Φv
bmV 2

ON
R(τ)2

)
∆L̇k(t)− bG̃k+1(t)

+ab
∫ t

0
e− a(t− τ)Gk+1(τ)dτ . . . . . . . (27)

is given. Now,

G̃k+1 := Gk+1 − Φv
mV 2

ON
R(τ)2 ∆L̇k . . . . . . (28)

is true.
Here, the following function norm is introduced.

∥x∥λ = max
t∈[0,T ]

∣∣∣e− λ t x(t)
∣∣∣ . . . . . . . . . (29)

Here, λ is a positive constant to be chosen later. Multiply-
ing both sides of Eq. (27) by e− λ t , assuming an absolute
value, and considering the maximum value in 0 ≤ t ≤ T ,
with R0 ≥ R(t) ≥ Rmin,

∥∥∆L̇k+1
∥∥

λ

≤
∣∣1− ΦvI2

0
∣∣∥∥∆L̇k

∥∥
λ +b max

t∈[0,T ]

∣∣∣e− λ t G̃k+1(t)
∣∣∣

+ab max
t∈[0,T ]

∣∣∣∣e
− λ t

∫ t

0
e− a(t− τ)Gk+1(τ)dτ

∣∣∣∣ . . (30)

is given. Here, I2
0 := bmV 2

ON/R2
0 is supposed. An evalua-

tion of the second and third terms on the right-hand side
of Eq. (30) is considered. First,

max
t∈[0,T ]

∣∣∣∣e
− λ t

∫ t

0
(∆Lk+1 − ∆Lk)(τ)dτ

∣∣∣∣

≤ max
t∈[0,T ]

e− λ t
∫ t

0
eλτ max

τ∈[0,T ]

∣∣∣e− λτ (∆Lk+1 − ∆Lk)(τ)
∣∣∣ dτ

≤ 1
λ (∥∆Lk+1∥λ +∥∆Lk∥λ ) . . . . . . . . (31)

is given. Next, the fluctuation εk satisfies

|εk|≤ |∆Lk| , |ε̇k|≤
∣∣∆L̇k

∣∣ , . . . . . . . (32)

and it is assumed that it can be evaluated as

max
t∈[0,T ]

∣∣∣e− λ t (ek+1 − ek)(t)
∣∣∣

≤ 1
λ

(
∥∆Lk+1∥λ +∥∆Lk∥λ +

∥∥∆L̇k+1
∥∥

λ +
∥∥∆L̇k

∥∥
λ
)
.

. . . . . . . . . . . . . . . . . . . . (33)

From the above, using Eqs. (31), (33), and R0 ≥ R(t) ≥
Rmin,
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b max
t∈[0,T ]

∣∣∣e− λ tGk+1(t)
∣∣∣

≤ I2
max

{
kr

λ (∥∆Lk+1∥λ +∥∆Lk∥λ )

+Φp∥∆Lk∥λ +Φv
∥∥∆L̇k

∥∥
λ

}

+
b

Rminλ
(
∥∆Lk+1∥λ +∥∆Lk∥λ

+
∥∥∆L̇k+1

∥∥
λ +

∥∥∆L̇k
∥∥

λ
)

=: Pk(λ ) (34)

is given. Here, I2
max := bmV 2

ON/R2
min was supposed. Ac-

cordingly, from Eq. (34), the second term on the right-
hand side of Eq. (30) can be evaluated as

b max
t∈[0,T ]

∣∣∣e− λ t G̃k+1(t)
∣∣∣ ≤ Pk(λ )− ΦvI2

max
∥∥∆L̇k

∥∥
λ . (35)

In addition, using Eqs. (31), (33), and (34), the third term
on the right-hand side of Eq. (30) can be evaluated as

ab max
t∈[0,T ]

∣∣∣∣e
− λ t

∫ t

0
e− a(t− τ)Gk+1(τ)dτ

∣∣∣∣

= ab max
t∈[0,T ]

∣∣∣∣
∫ t

0
e− (λ+a)(t− τ)e− λτ Gk+1(τ)dτ

∣∣∣∣

≤ a
∫ T

0
e− (λ+a)(T− τ)Pk(λ )dτ ≤ a

λ +a
Pk(λ ). (36)

From the above, an evaluation of Eq. (30) can finally be
arranged specifically as

Q 1(λ )
∥∥∆L̇k+1

∥∥
λ

≤
{∣∣1− ΦvI2

0
∣∣+Q 2(λ )

}∥∥∆L̇k
∥∥

λ
+Q 3(λ )∥∆Lk+1∥λ +{Q 3(λ )+Q 4(λ )}∥∆Lk∥λ .

. . . . . . . . . . . . . . . . . . . . (37)

Here,
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Q 1(λ ) = 1− b
Rminλ ,

Q 2(λ ) =
aΦvI2

max
λ +a

+
b

Rminλ

(
1+

a
λ +a

)
,

Q 3(λ ) =
1
λ

(
krI2

max +
b

Rmin

)(
1+

a
λ +a

)
,

Q 4(λ ) = ΦpI2
max

(
1+

a
λ +a

)
,

(38)

is true. Accordingly, using

∥∆Lk∥λ = max
t∈[0,T ]

∣∣∣∣e
− λ t

∫ t

0
∆L̇k(τ)dτ

∣∣∣∣

≤ max
t∈[0,T ]

e− λ t
∫ t

0
eλτ max

τ∈[0,T ]

∣∣∣e− λτ ∆L̇k(τ)
∣∣∣ dτ

≤
1
λ

∥∥∆L̇k
∥∥

λ . . . . . . . . . . (39)

for Eq. (37) will give
∥∥∆L̇k+1

∥∥
λ ≤ ρ

∥∥∆L̇k
∥∥

λ . . . . . . . . . (40)

In addition,

ρ =

∣∣1− ΦvI2
0
∣∣+Q 2(λ )+

Q 3(λ )+Q 4(λ )
λ

Q 1(λ )− Q 3(λ )
λ

. . (41)

is true. Here, because ρ < 1 has the same value as
∣∣1− ΦvI2

0
∣∣+ b

Rminλ +Q 2(λ )+
1
λ {2Q 3(λ )+Q 4(λ )}

< 1, . . . . . . . . . . . . . . . . . (42)

Φv is chosen such that
∣∣1− ΦvI2

0
∣∣ < 1 . . . . . . . . . . . . (43)

is true, and moreover kr and Φp, which are related to
Eq. (38), are adjusted and a sufficiently large λ is chosen;
thus ρ < 1 is obtained. From the above, from Eq. (40),
when

∥∥∆L̇k+1
∥∥

λ ≤ ρ
∥∥∆L̇k

∥∥
λ ≤ ρk+1 ∥∥∆L̇0

∥∥
λ . . (44)

is used, ∥∆L̇k∥λ → 0 (k → ∞) is true if ρ < 1, and hence
from Eq. (39), the following is concluded:

lim
k→∞

∥∆Lk∥λ = 0. . . . . . . . . . . . (45)

Accordingly, by increasing the number of trials k, it is
theoretically proven that the contraction length Lk(t) is
converged to within the desired contraction length Ld(t).

Now, the choice of kr, Φp, and Φv, which are learn-
ing gains, will be considered. Focusing on Eq. (42), it
is expected that multiplication by 1/λ can influence the
convergence and stability. In addition, Φv, which is domi-
nant in Eq. (43) when not multiplied by 1/λ , has a signif-
icant influence and hence should be chosen carefully; it is
also inferred that Φp when multiplied by 1/λ has the next
largest influence, and kr when multiplied by the square of
1/λ has the smallest influence.

4. Experiment Results Using System with
One-Degree-of-Freedom

4.1. Experimental Verification of Availability
This section verifies experimentally the effectiveness of

the proposed iterative learning control. In the experiment,
a system with one-degree-of-freedom (1DOF) consisting
of a SMA wire and a spring, presented in Fig. 5, was used.
The SMA wire used has a natural length of 55 mm and a
wire diameter of φ75 µm. The maximum operation value
is approximately 4% of the natural length. In the exper-
iment, the contraction length L(t) of the SMA wire was
measured using a laser displacement meter. In addition,
the relation between the desired contraction length of the
SMA and the resistance was measured in advance and ob-
tained as Eq. (1). In addition, the voltages VDA of Eq. (7)
were set as VDAon = 2.5 V and VDAoff = 0.8 V.

Because an expansion of the SMA using this method
is dependent on the natural heat dissipation, it is not pos-
sible to realize high-frequency motion. Thus, for this ex-
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periment, targeting motion that the heat dissipation cannot
overtake is beyond the scope of the present study. During
the experiment, the desired contraction length Ld(t) was
given through the following expression.

Ld(t) = − A
(

cos
2πt
T

− 1
)

. . . . . . . . (46)

In the above expression, A denotes the amplitude, and T
denotes the motion time. To carry out a convergence eval-
uation of the experiment results, the error norm enorm was
defined as follows.

enorm =
1
T

∫ T

0

√
(Ld(t)− L(t))2dt. . . . . (47)

In the experiment results, a desired trajectory of A =
0.5 mm and T = 4.0 s is given, and the result for the case
of kr = 0.001, Φp = 0.5, and Φv = 0.0001 is shown in
Figs. 7 and 8.

Figure 7 illustrates the contraction length Lk(t) at the
first learning trial (k = 1) and the 20th learning trial (k =
20) with respect to the desired contraction length Ld(t).
In addition, Fig. 8 shows a change in the error norm with
respect to the iterative trial k. For comparison, Fig. 8 also
presents a change in the error norm when carrying out
the control in Eq. (6) k times without using the learning
renewal law. In the learning control, a decrease in the
error norm can be found with an increase in the number
of learning times. The first learning had an average error
of 0.13 mm and a maximum error of 0.27 mm, mean-

Table 1. Variation of gain values.

kr Φp Φv

(i) 0.001 0.5 0.01
(ii) 0.001 0.5 0.000001
(iii) 0.001 2.5 0.0001
(iv) 0.001 0.1 0.0001
(v) 0.01 0.5 0.0001
(vi) 0.0001 0.5 0.0001

while the 20th learning had an average error of approxi-
mately 0.04 mm and a maximum error of approximately
0.14 mm. In comparison with the case in which the learn-
ing renewal law is not used, the error is reduced to ap-
proximately 50%.

Although the details are omitted herein owing to a
limitation of space, when the motion time T is changed
from 2.0 to 8.0 s and the amplitude A is changed from 0.25
to 0.5 mm, the error norm converges to approximately
0.04 mm by the 20th learning time using the identical gain
value, and a highly accurate control result was confirmed.

4.2. Consideration of Convergence Depending on
Variation in Gain Values

Next, the influence of convergence in the change of kr,
Φp, and Φv was verified experimentally. The desired tra-
jectory was set to A = 0.5 mm and T = 4.0 s, and the max-
imum number of trials was set to 20. Based on the results
of a previous preliminary experiment, we prepared values
for each of the three gains and carried out the experiment
using six combinations chosen from among these values.
Table 1 shows the six combinations, (i)–(vi). In (i) and
(ii), Φv was changed to fix the other two values. Simi-
larly, in (iii) and (iv) and in (v) and (vi), Φp and kr were
changed, respectively, with the other two values fixed.
The change in error norm when the iterative learning con-
trol experiment was carried out using these combinations
is presented in Fig. 9.

Comparing (i) with (ii) in Fig. 9, although a 1,000-fold
difference was shown for Φv, the difference between the
two results was insignificant. In comparing (iii) with (iv)
in Fig. 9, Φp showed a 25-fold difference, whereas (iv)
showed an error of approximately twofold. In compar-
ing (v) with (vi) in Fig. 9, where kr is 100-times differ-
ent, the error at the 20th trial did not show much change,
and in (v), the error is sufficiently small from the initial
trial stage and smoothly decreases. By contrast, in (vi), a
convergence occurs with significant up and down fluctua-
tions.

In Section 3.3, it was inferred that the convergence has
an influence in descending order of Φv → Φp → kr. How-
ever, the result this time suggests that Φv is an important
gain for satisfying Eq. (42), but is not a gain that does not
give a large influence on the convergence speed; by con-
trast, Φp and kr are gains providing less influence based
on the stability but give not a little influence on the con-
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Fig. 9. Comparison of experiment results using iterative learning control along with variation in gain values (kr , Φp, Φv).

vergence in the experiment.
As the reason for this, Φv is included in the first and

third terms Q 2 of the left-hand side of Eq, (42). From the
perspective of Q 2, the smaller Φv is, the faster the conver-
gence. By contrast, in the first term, if Φv is too small,
it becomes unstable, and hence the convergence speed is
less prone to be affected during this interaction. However,
because Φp and kr appear only once each in Eq. (42), a
change in value is likely to be reflected in the conver-
gence speed because there is no interaction, unlike with
Φv. From an engineering perspective, kr is a coefficient of
a real-time integral in Eq. (4), and is prone to be affected
by the measurement noise, which may affect the conver-
gence. The gain values at which a certain level of conver-
gence is possible were examined in advance through the
preliminary experiment, and based on the results, the val-
ues were changed. Accordingly, this experiment is not a
global examination. However, it was shown that the pro-
posed method achieves robustness against a variation in
gain.

5. Conclusions

This research focused on an SMA wire, aiming at the
control of a small-sized robot manipulator. Targeting the
desired contraction length of a 1DOF SMA wire, we car-
ried out a stability analysis of an iterative learning control,
which is an extension of the method by Ikuta et al., and
demonstrated the usefulness of the proposed method ex-
perimentally.

In the stability analysis, based on the electric re-
sistance and contraction length modeling, we mathe-
matically proved convergence at the desired contraction
length. In addition, through the experiment, we confirmed

convergence to the desired trajectory with respect to the
1DOF SMA-driven system and discussed the difference
in convergence depending on the variation in gain. Itera-
tive learning control is an extremely effective method be-
cause it does not require detailed information regarding
the SMA dynamics. Future challenges include allocation
to a multi-degree-of-freedom manipulation in a parallel-
wire driven robot using an SMA wire.
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