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ABSTRACT
Apassivewalking robot canachievea smoothgaitwithout any sensory feedbackwhilewalkingdown
a slope. This phenomenon is based on the transformation of potential energy into kinetic energy in
the legs. Although the entrainment is observed in a passive gait motion, there is a possibility that
the passive gait cannot be achieved in the case of variations in physical parameters, initial condi-
tions, and disturbances. To realize a robust passive gait against variations in physical parameters,
this paper proposes a passive gait system that possesses a joint stiffness adjustment. Targeting a
compass model, this paper investigates the effectiveness of the proposed method for a passive gait
against variations in slope angle and hip joint mass through simulation. As a result, the simulation
results show that this method especially has strong robustness against the slope angle variation.
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1. Introduction

The ZMP (Zero moment point) method [1–5] is one of
the useful techniques forming the basis for robot biped
locomotion. However, this method does not consider the
robot structure but is based only on the dynamic balance
condition; the motion requires the desired trajectory of
the ZMP to be controlled by sensory feedback. Therefore,
the method is unsuitable for realizing a high-efficient
biped gait.

Meanwhile, McGeer reported on the passive-biped-
gait robot that possesses the multi-linkage structure
imitating the human’s inferior limbs [6–8]; the system
without any actuators and sensors enables efficient and
smooth walking like a human through the transforma-
tion of a slope’s potential energy into themotion energy of
bipedal movement. This result indicates that the human
natural walking motion might passively utilize the struc-
tural characteristics.

Generally, a biped gait consists of continuous dynam-
ics as a leg’s swing-motion and a discrete event as a
switching phenomenon between the idling and support-
ing legs. Therefore, the biped gait is a resultant phe-
nomenon produced by a hybrid system that is composed
of a continuous-time system and a discrete event system
[9]. When the cyclic solution-trajectory generated by the
hybrid system is closed, the system becomes a limit cycle.
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The stable limit cycle consequently enables a stable biped
gait. In the passive gait, a great deal of interesting phe-
nomena can be observed: for example, the entrainment
that the motion starting from different initial states can
converge into a particular gait and the bifurcation that
a gait cycle can be varied into multicycles by changing
physical parameters [10,11]. By utilizing such character-
istics effectively, it is expected that a more natural and
energy-efficient robot gait can be realized. Therefore, an
analysis of the passive gait and its applications have been
studied by many researchers.

However, there is a possibility that the usual passive
gait system may not achieve a gait due to some unfore-
seen disturbance and/or parameter verification, although
the entrainment exists. That phenomenon is observed
because the system cannot be actively controlled. Focus-
ing on the actual human gait against such variation in the
environment, a human adaptively realizes a resultant gait
by actively adjusting the joint-viscoelasticity in the legs.

Emulating such adjustments of an actual human gait,
this paper proposes the passive gait system equippedwith
the joint stiffness adjustment to achieve the robust pas-
sive gait. The stiffness adjustment method was proposed
to optimize the required joint torque to minimize the
energy consumption for a robot’s cyclicmotion by chang-
ing the hardware joint-stiffness [12–17]. Uemura et al.
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have already indicated the potentiality of the stiffness
adjustment for an actively controlled bipedwalking robot
to decrease its energy consumption [15]. The authors
expected that this stiffness adjustment can improve the
robustness of the passive gait against the parameter vari-
ation. However, to the best of our knowledge, no study
to date has utilized the joint stiffness adjustment for the
passive gait.

Although the final goal is to develop a multi-jointed
passive gait system with high robustness, the authors
focus on the simplest compass model as the initial phase
in this paper. This paper reports the basic study to vali-
date the efficiency of the joint stiffness adjustment for a
passive gait. In this paper, by using a passive compass-
gait model that has a stiffness adjustment in the hip
joint, the robustness of the proposed method is assessed
against the verifications of a slope angle and a joint-mass
through numerical simulation. In Section 2, the related
research studies are introduced. Section 3 explains the
target passive compass-gait model, and Section 4 pro-
poses the controller to adjust the stiffness of the hip joint.
Next, Section 5 demonstrates the robustness of the pro-
posed method against the variation in the slope angle,
and Section 6 shows it against the variation in themass of
the hip joint. Finally, the paper’s results are summarized
in Section 7.

2. Related studies

As the pioneering study, McGeer analyzed the limit cycle
of a passive gait and its stability [6–8]. Goswami et al.
found the bifurcation phenomenon and analyzed the sta-
bility of the passive gait [10,18]. In addition, Goswami
et al. proposed the control method to track to the ref-
erence trajectory obtained from the energy level of the
limit cycle [19]; Asano analyzed the stability of a lin-
earized compass model [20]. Coleman et al. analyzed a
rimless-spoked-wheel system and the stability of a three-
dimensional passive gait [21,22]. Garcia et al. derived the
approximation of the Jacobian matrix to analyze its equi-
librium point and stability [23]. From the viewpoint of
kinetic analysis, Ikemata et al. analyzed the generation
of an equilibrium point for the passive gait and clarified
the stabilizing mechanism [24]. Osuka et al. studied the
automatic transition from an active gait to passive gait
[25]. Sugimoto et al. proposed to stabilize the equilib-
rium point by using delayed feedback control for chaotic
control [26–28]. Based on the Poincare map for a lin-
ear system, Hirata et al. proposed the stabilizing method
[29], and then Sugimoto et al. pointed out the feedback
structure in the Poincare map [30].

Concerning a passive gait with the upper body, Kin-
ugasa et al. analyzed the stability of a passive gait robot

modeled after a ratite animal ‘Emu’ living in Australia
[31].Haruna et al. demonstrated that a PD (proportional-
derivative) controller in the hip joint on the idling leg
enables a 2-leg human model with an upper-body to
achieve a passive gait [32]. In addition, there are research
studies focusing on the foot shape from the viewpoint of
a passive gait [33].

With regard to the effectiveness of viscoelasticity for a
passive gait, Goswami et al. demonstrated that installing a
linear damper in a leg can improve the stability of a com-
pass model in a passive walk [18]. Also, M. J. Kurz et al.
indicated that the stiffness of the hip joint improves the
stability of a passive compass gait, and discussed the rela-
tionship between human gait and the adjustment of hip
stiffness [34].

Meanwhile, Uemura et al. employed the joint stiffness
adjustment for an active gait robot and demonstrated the
effectiveness of energy consumption [15]. Their method
does not require any structural parameters, such as
link mass/lengths, to achieve an optimal gait during an
iterative motion. However, to date, there is no report
to clarify how effectively the joint stiffness adjustment
works for the parameter verification on a passive gait
system.

3. Compass gait systemwith joint stiffness
adjustment

3.1. Problem settings and dynamics

Figure 1 shows the targeting compass gait model. The
model’s basic structure has been widely used in previous
passive gait studies. This system consists of two links and
a rotary hip joint, and it can move in the vertical plate.
There is some mass in the hip joint corresponding to the
lower back. The following conditions are assumed for the
leg-exchange in the numerical simulation:

• The exchange between a support leg and an idling leg
can be achieved in a moment.

• Although the foot scuffing problem generally occurs
for a compass gait model when the idling leg is chang-
ing to the support leg [35], this paper regards the
slope as existing as the floating planes at the landing
points.

• The support leg contacts on the slope surface at a point
and is hinged at the contact point without friction.

• The collision of a support leg onto the slope surface is
a completely inelastic collision.

• In the simulation, the period fromwhen a leg becomes
a support leg until it exchanges to an idling leg is
defined as one cycle (one step). Cycling through the
periods, the system achieves the passive gait.
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Figure 1. Compass model with joint stiffness adjustment for a
passive gait.

Based on the above assumptions, the motion equation
of the target system can be written as

M(θ)θ̈ + h(θ , θ̇) + g(θ) = τ + K(θ), (1)

where θ1 is the angle between the support leg and the hor-
izontal plane; θ2 is the hip joint angle; θ is defined as the
joint angular vector θ = (θ1, θ2)T . The matrixM(θ) rep-
resents the inertia matrix; h(θ , θ̇) is the nonlinear term;
g(θ) denotes the gravity term. The vector τ is the joint
torque vector that is τ = 0 in this passive gait case. The
term K(θ) denotes the joint stiffness term, which can
be adjusted by using the after-mentioned controller in
Section 4.

The details of Equation (1) arementioned inAppendix
1. Meanwhile, the collision equation for the leg-exchange
is mentioned in Appendix 2 [2].

3.2. Assumptions for adjusting joint stiffness

This subsection explains the stiffness adjustment term
K(θ) in Equation (1). In the previous research on robots
with the joint stiffness adjustment, the studies verified the
usefulness by using actual hardware [13,14,16,17]. Those
stiffness adjustment systems consisted of a mechanical
spring and a small actuator with much less power. Con-
trolling the small actuator in response to the jointmotion,
those systems could adjust the joint stiffness actively.

In this paper, the following analysis is conducted based
on the numerical simulation, but not on actual hardware.
The following assumptions aremade for the joint stiffness
adjustment in the simulation.

• Only the stiffness in the hip joint can be adjusted.
• The motion equation of the actuator for adjusting the

joint stiffness is negligible because of the very small
size and much less power consumption.

• During the passive gait, the angle and angular veloc-
ity of the hip joint in the previous one-cycle can be
memorized by some sort of subsystem.

4. Stiffness adjustment of the hip joint

4.1. Adjusting controller

Based on the above assumptions, this section explains
the adjusting controller for the joint stiffness. This paper
extends Uemura’s method [15] to update the joint stiff-
ness during a gait motion as described in Equations (2)
and (3) below. It is expected that thismethodworks effec-
tively also to the parameter variation in a passive gait.
This paper proposes to give the termK(θ) in Equation (1)
as follows:

K(θ) =
(

0
kC(θeq − θ2(t)) + kvry(t)(θeq − θ2(t))

)
(2)

where the lower element denotes the entire stiffness of
the hip joint that consists of the constant stiffness and the
variable stiffness; kC represents the spring constant, and
kvry(t) denotes the variable stiffness adjusted by the after-
mentioned Equation (3); θeq is the equilibrium angle of
the hip joint that is set as θeq = π [rad] in this paper.

In Equation (2), note that the renewal of kvry(t) in
real-time enables the adjustment of the hip joint stiff-
ness during a passive gait. Refereeing the previous studies
[13–17], this paper employs the following renewal law:

k̇vry = γ (θ2(t) − θeq)

×
(
(θ̇2(t) − θ̇d2(t)) + α(θ2(t) − θd2(t))

)
, (3)

where γ is the renewal gain; θd2(t) is the referenced angu-
lar motion of the hip joint; α is a small value coefficient.
The time-integration of k̇vry(t) yields kvry(t) in real-time.
It should be noted that the proposedmethod enables vari-
ations in the stiffness of the hip joint, but is not able to
actively control the generated torque in the joints.

In reference [13], the stability was analyzed to adjust
the joint stiffness of themultiple-linkage structure for the
reference cyclic motion with a number of frequencies.
Although this paper is not concerned with the stability
analysis for the proposed method due to limitations of
space, it is likely that the analysis of [13] will be a key
approach.

4.2. Acquisition of referencedmotion θd2(t)

In the previous cases in [13–17], the referenced motion,
corresponding to θd2(t) in Equation (3), was given to the
controller as a time-function in advance.
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However, in Equation (3), the entire time-function of
the referenced motion (θ̇d2(t), θd2(t)) is unobtainable for
all the steps before the all gait operation is finished. That
result is obtained because the gait motion results from a
limit cycle of its nonlinear motion equation, and the vari-
ation in the joint stiffness changes the eigen frequency of
the system; consequently, the resultant gaitmotion can be
passively varied in a motion. This point is considerably
different from the findings of previous studies.

As a result, this paper employs the manner that the
resultant joint motion of one step before is input into
Equation (3) as a reference motion of the current step,
and the reference motion is renewed on every step.
Namely, after memorizing the angular motion during the
N−1th step, the proposed manner inputs these data into
Equation (3) as θ̇d2(t) and θd2(t) for the Nth step. The
proposed method is similar to the delayed feedback con-
trol [26–28], which was proposed to stabilize a passive
walk, in that they refer to the previous one-cycle. How-
ever, the proposed method is different from the one in
that this method can adjust the joint stiffness, but cannot
control the joint torque actively.

This method does not require the entire referred
motion θd2 of all steps before the gait operation. How-
ever, the first step cannot have the referred motion, and
furthermore, the passive gait during an initial few steps is
generally expected to be unsettled. Therefore, this paper
regards the initial four steps as a preliminary action not
to adjust the joint stiffness, and then the joint stiffness is
adjusted from the fifth step as follows:

- For N < 5: k̇vry = kvry = 0.
- For N ≥ 5: θ̇Nd2(t) = θ̇N−1

2 (t), θNd2(t) = θN−1
2 (t).

where N is the step number, θ̇Nd2 and θNd2 are the refer-
ence motions for the Nth step, and θ̇N−1

2 (t) and θN−1
2 (t)

represent the resultant motion during the N−1th step.

4.3. Pilot simulation

Apilot simulation of the passive gait examined the useful-
ness of the joint stiffness adjustment described in Equa-
tions (2) and (3). Table 1 lists the specifications of the
target passive compass-gait model. In this simulation, the
gain coefficients, γ and α, were heuristically determined.
Unlike the after-mentioned simulations, the mass of the
hip joint and the slope angle were fixed as m3 = 10 [kg]
and φ = 1.2 [deg]. Figures 2–4 show the example result
of 50 steps. Figure 2 shows the referred angular velocity
θ̇d2 and the resultant θ̇2 against the time; Figure 3 depicts
the phase plane of hip joint θ2(t); Figure 4 shows the
time-variation in the adjusted joint stiffness kvry(t) and
the combined stiffness kC + kvry(t) that converge at the
constant values.

Table 1. Parameters of the compass system.

Link length (L1, L2) 1 [m]
Link mass (m1,m2) 5 [kg]
Link inertia moment at CG (I1, I2) 0.417 [kgm2]
Initial joint angle θ1 1.571 [rad]
Initial joint angle θ2 3.142 [rad]
Initial joint angular velocity θ̇1 0 [rad/sec]
Initial joint angular velocity θ̇2 2.339 [rad/sec]
kC 5 [Nm/rad]
γ −50
α 0.001
Initial value of Kvry(t) (Kvry(0)) 0
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Figure 2. Pilot simulation result of the passive gait with stiffness
adjustment: the angular motion of the hip joint θ2(t) (m3 = 10
[kg], φ = 1.2 [deg]).
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Figure 3. Pilot simulation result of the passive gait with stiffness
adjustment: the phase plane of the hip joint θ2(t) (m3 = 10 [kg],
φ = 1.2 [deg]).

These results demonstrate that the proposed method
successfully achieves the passive gait with the joint stiff-
ness adjustment when the mass of the hip joint and the
slope angle are constant.

5. Robustness for the variation of slope angle

Next, the robustness of the proposed method is verified
against the variation in physical parameters; this section
focuses on the slope angle φ and the next section focuses
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Figure 4. Pilot simulation result of the passive gait with stiffness
adjustment: the variation in the renewed joint stiffness kvry and
total joint stiffness kC + kvry(t) (m3 = 10 [kg], φ = 1.2 [deg]).

Table 2. Preliminary simulation results (ambulatory slope angle).

Slope angle φ [deg]

0.2 0.7 1.2 1.7 2.2

System (A) (with no
stiffness)

× × � � ×
System (B) (with
stiffness adjustment)

× � � × ×
System (C) (with
constant stiffness)

× � � × ×

on themass of the hip jointm3. Sections 5 and 6 compare
the following three systems for the parameter variation:

- System (A): Normal compass-gait system with no joint
stiffness (kC = γ = 0)
- System (B): Proposed compass-gait system equipped
with the joint stiffness adjustment
- System (C): Normal compass-gait systemwith constant
joint stiffness (kC = 5, γ = 0)

5.1. Preliminary study for the variation of slope
angle

First, fixing the slope angle during a gait, a preliminary
simulation clarified the angle range at which each of the
systems (A) - (C) can achieve a passive gait. The follow-
ing defines ‘ambulatory’ as a 10-step gait without falling.
As mentioned above, all the systems had the preliminary
action as the initial four steps; counting the steps for the
ambulation began from the fifth step.

The slope angle φ changed from 0.2 to 2.2 [deg] by
the interval angle 0.5 [deg]: φ = 0.2 → 0.7 → 1.2 →
1.7 → 2.2 [deg]. Note that this pilot simulation did not
change the angle φ during a passive gait. The same phys-
ical parameters in Table 1 were used except for the slope
angle.

Table 2 denotes the simulation result for ambulatory
slope angles. Thewalkable angular range isφ = 1.2 − 1.7
[deg] for System (A) and φ = 0.7 − 1.2 for System (B)
and (C); all of the angular ranges have the same width.

5.2. Variation in slope angle during a gait

Next, this subsection examines the robustness of the three
systems against the slope-angle-verification during a pas-
sive gait. In the simulation, the slope angle φ increased by
the interval angle 0.5 [deg] every 30 steps: 1.2 ≤ φ(N) ≤
5.7. The slope angle φ(N) was changed along with the
step number N as follows:

φ(N) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

φ0

(N = 1, . . . , 4)

φ0 + �φ × max
{
m ∈ N|m ≤ N − 5

NT

}

(N ≥ 5)
(4)

where φ0 is the initial angle, �φ is the interval angle
(�φ = 0.5), N is a natural number as N = {0, 1, 2, . . .},
and NT is the interval steps for the renewal (NT = 30).
The maximum step number is N=304. From the result
of the pilot simulation in Section 5.1, φ0 = 1.2 [deg] was
set as the initial angle at which all the systems can achieve
a passive gait. The slope angle was changed at the time
when the idling leg and the support leg were exchanged.
The numerical simulation was stopped when the system
fell down.

The comparative result between the three systems is
shown in Table 3. Figure 5 shows the time-variation of
the slope angle φ and the joint angular velocity θ̇2 dur-
ing a passive gait with a comparison between the three;
Figure 6 depicts the comparison of the phase planes;
Figure 7 demonstrates the adjusted value of the stiffness
kvry in System (B).

From these results, System (A) falls down at φ =
3.2 [deg] and System (C) does so at φ = 3.7 [deg]

Table 3. Ambulatory slope angle for the slope-angle-variation during a passive gait.

Slope angle φ [deg]

1.2 1.7 2.2 2.7 3.2 3.7 4.2 4.7 5,2 5.7

System (A) (with no stiffness) � � � � × – – – – –
System (B) (with stiffness adjustment) � � � � � � � � � �
System (C) (with constant stiffness) � � � � � × – – – –
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Figure 5. Simulation result: comparison of the verification in the slope angle and joint angular velocity θ̇2(t) during a passive gait. (a)
System (A) (with no stiffness), (b) System (B) (with stiffness adjustment) and (c) System (C) (with constant stiffness).
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Figure 6. Simulation result: comparison of the phase planes against the slope-angular-variation during a passive gait. (a) System (A)
(with no stiffness), (b) System (B) (with stiffness adjustment) and (c) System (C) (with constant stiffness).
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Figure 7. Simulation result: variation in the joint stiffness kvry and
slope angle φ(N) during a passive gait.

for the increase of the slope angle; meanwhile, System
(B), equipped with the stiffness adjustment, achieves a
passive gait until the maximum angle φ = 5.7 without
falling. The behavior of System (B) resultantly becomes
a limit cycle, and the stiffness of the hip joint is effec-
tively adjusted against the slope-angle-variation. In this
instance, note that each required time to renew the slope
angle φ is not the same for Systems (A) - (C) in Figure 5
because of the difference in step lengths and cycles.

The result demonstrates that the proposed System (B)
has the strongest robustness against an increase in the
slope angle in real-time.

In the simulation, it was observed that System (A) and
(C) without the stiffness adjustment had the bifurcation
phenomenon; meanwhile, the proposed System (B) did
not have the bifurcation.

5.3. Case of a random slope-angle-variation during
a gait

Expanding the above validation, the next simulation was
conducted to investigate the robustness in the case of a
random slope-angle-variation during a gait. The renewed
slope angle φnew was randomly-changed ±1 [deg] every
30 steps as follows:

φnew = φ′ + 2 × rand − 1 (5)

where φ′ is the angle before every renewal. ‘rand’ means
the function that outputs a random number within the
range (0,1). The initial angle is set as φ0 = 1.2 [deg].
Because the first four steps were set up for the prelimi-
nary action as mentioned above, the angle was renewed
every 30 steps from the fifth step. The angle was changed
at the time when the idling leg and the support leg were
exchanged.

For the comparative verification under an identi-
cal condition, after the same slope-angle-verification is
determined off-line beforehand based on Equation (5),
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Figure 8. Simulation result: comparison of the angular velocity of hip joint θ̇2(t) against the random-slope-angle. (a) System (A) (with
no stiffness), (b) System (B) (with stiffness adjustment) and (c) System (C) (with constant stiffness).
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Table 4. Classification of gait performance.

CASE 1 2 3 4 5 6 7 8

System (A) (with no stiffness) � × × � × � � ×
System (B) (with stiffness adjustment) � � × × � � × ×
System (C) (with constant stiffness) � � � × × × � ×

the simulation examined the passive gait using the same
slope-angle-verification for Systems (A) - (C). For the
simulation, the slope-angle-verifications that every angle
was positive,φ > 0, were employed; the numerical calcu-
lation stopped when the system fell down; the maximum
step was 304, and the physical parameters except for
the slope angle were the same as used in the previous
subsection.

When the gait performance in Systems (A) - (C) was
classified into CASE 1-8 shown in Table 4, the simulation
results were summarized into the following four cases
after multiple examinations.

CASE 1: All the systems (A) - (C) successfully completed
the passive gait without any falling.

CASE 2: Only System (A) fell down in the half-gait, but
(B) and (C) successfully completed the gait.
CASE 5: Systems (A) and (C) fell down in a half-gait, but
only (B) successfully completed the gait.
CASE 8: All the systems (A) - (C) fell down in a half-gait.

However, the other cases were unobservable. For an
example of CASE 5, Figure 8 shows the time-verifications
of the slope angle φ and the joint angular velocity θ̇2;
Figure 9 depicts the phase planes; Figure 10 indicates the
variation of stiffness kvry in System (B). From the result,
it can be concluded that the proposed System (B) has
the most robustness even in the case of a random-slope-
angle.

From the result in Figure 10, it is observed that the
joint stiffness kvry globally tends to increase against the
random slope-angle-variation; namely, the increase and
decrease of stiffness is not simply in tandemwith those of
the angle. Although it is inferable that this phenomenon
relates to the initial state and length of stride of every
step, the detailed analysis will be important in future
work.
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Figure 9. Simulation result: comparison of phase planes against the random-slope-angle. (a) System (A) (with no stiffness), (b) System
(B) (with stiffness adjustment) and (c) System (C) (with constant stiffness).
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Figure 10. Simulation result: variation in the stiffness kvry for the
random-slope-angle during a passive gait.

6. Robustness for the variation of mass

6.1. Preliminary study for the variation ofmass

Next, this section verifies the robustness against themass-
variation of the hip joint,m3. The target systems were (A)
- (C), and their physical parameters excludingm3 were as
same as in the previous section in Table 1; the slope angle
was fixed as φ = 1.2 [deg].

At first, the preliminary simulation clarified the mass
range in which each of the target systems can achieve a
passive gait. The detailed conditions were as same as in
the previous Section 5. The mass was changed from 2 to

Table 5. Preliminary simulation results (ambulatory mass).

Massm3 [kg]

2 6 10 14 18

System (A) (with no stiffness) × × � � ×
System (B) (with stiffness adjustment) × � � × ×
System (C) (with constant stiffness) × � � × ×

18 [kg] by a 4 [kg] interval:m3 = 2 → 6 → 10 → 14 →
18 [deg]. Note that this preliminary simulation did not
change the mass during a passive gait.

As the simulation result, Table 5 shows the success
and failure of the passive gait; the walkable mass range
is m3 = 10 − 14 [kg] for System (A), and m3 = 6 − 10
[kg] for Systems (B) and (C). All of the range widths are
the same.

6.2. Variation ofmass during a gait

Next, this subsection examines the comparative verifica-
tion of robustness between the three systems against the
verification of mass m3 during a passive gait. This simu-
lation increased the mass m3 by a 10 [kg] interval every
30 steps after the preliminary action (four steps): from
the 10 [kg] at which all the systems can achieve a passive
gait to 100 [kg] (10 ≤ m3(N) ≤ 100) by using a similar
method as in Equation (4).
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Figure 11. Simulation result: comparison of verification of mass and joint angular velocity θ̇2(t) against the mass variation during a
passive gait. (a) System (A) (with no stiffness), (b) System (B) (with stiffness adjustment) and (c) System (C) (with constant stiffness).
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Table 6. Ambulatory mass for the mass-variation during a passive gait.

Massm3 [kg]

10 20 30 40 50 60 70 80 90 100

System (A) (with no stiffness) � × – – – – – – – –
System (B) (with stiffness adjustment) � � � � � � � � � �
System (C) (with constant stiffness) � � � � � � � � � �
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Figure 12. Simulation result: comparison of phase planes against the mass variation during a passive gait. (a) System (A) (with no
stiffness), (b) System (B) (with stiffness adjustment) and (c) System (C) (with constant stiffness).

In general, itmight be unrealistic to increasemass dur-
ing a gait; conversely decreasing mass is more realistic,
for example in the case that a walking robot throws off
the burden in a gait motion. However, the variable range
is much too small to decrease the mass (0 < m3 ≤ 10).
Therefore, this simulation employed an increasing mass
even though it is slightly less realistic. As the simula-
tion result, the ambulatory values of m3 are shown in
Table 6.

Figure 11 shows the time-variations of mass m3 and
joint angular velocity θ̇2; Figure 12 depicts the compar-
ison of the phase planes; Figure 13 demonstrates the
adjusted value of the stiffness kvry in System (B).

These results demonstrate that System (B) and (C)
complete a passive gait until the maximum mass (m3 =

100 [kg]) in Figure 11, even though System (A) falls
downwhenm3 = 20. The behavior of System (B) and (C)
resultantly becomes a limit cycle as shown in Figure 12;
Figure 13 shows that the stiffness of the hip joint is
effectively adjusted against the mass-variation. However,
no difference is observed in the results between the pro-
posed System (B) and System (C) with the constant joint
stiffness in this case.

6.3. In the case of randommass-variation during a
gait

The next simulation investigated the robustness in the
case of a random mass-variation during a gait. The mass
m3 was randomly changed±5 [kg] every 30 steps, similar
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Figure 13. Variation in the joint stiffness kvry and mass during a
passive gait.

in Subsection 5.3, as follows:

m3new = m′
3 + 10 × rand − 5 (6)

where m3new is the renewed mass, and m′
3 is the mass

before the renewal. The mass was changed at the time
when the idling leg and the support leg were exchanged.

As for a comparative verification under an iden-
tical condition, after the same mass-verification was

determined off-line beforehand based on Equation (6),
the simulation examined the passive gait using the same
mass-verification for Systems (A) - (C). The physical
parameters except for the massm3 were the same as used
in the previous simulations. In this simulation, the mass-
verification in which every angle was positive (m3 > 0)
was employed.

An examination of some random-mass-verifications
demonstrated the same results as in Subsection 6.2;
the proposed System (B) was more effective than Sys-
tem (A) but no difference was observed in the results
between System (B) and System (C). Namely CASEs 1-
2 and 8 were observed; however the other cases were
unobservable.

For a reference of CASE 2, the example of the com-
parative results for the random-mass is demonstrated in
Figures 14–16 which show that System (A) fell down in
the half-gait, but (B) and (C) successfully completed the
gait. Figure 14 shows the time-variations of the mass m3
and hip joint angular velocity θ̇2; Figure 15 compares the
resultant phase planes; Figure 10 indicates the variation
of stiffness kvry in System (B).
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Figure 14. Simulation result: comparison of the angular velocity of the hip joint θ̇2(t) against the random-mass. (a) System (A) (with no
stiffness), (b) System (B) (with stiffness adjustment) and (c) System (C) (with constant stiffness).
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Figure 15. Simulation result: comparison of phase planes against the random-mass-variation. (a) System (A) (with no stiffness), (b)
System (B) (with stiffness adjustment) and (c) System (C) (with constant stiffness).
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Figure 16. Simulation result: variation in stiffness kvry for the
random-mass verification during a passive gait.

7. Conclusion

This paper proposed the passive gait with a joint stiff-
ness adjustment, and verified the effectiveness by using
the simple compass model as the basic study.

Compared with the system with no stiffness and the
one with constant stiffness at each hip joint, the simula-
tion demonstrated that the proposed method is the most
robust against the variation in the slope angle; on the
other hand, the proposed system has the same perfor-
mance as to the constant stiffness system for the mass
variation, but more effective than the non-stiffness sys-
tem. From the simulation, it was shown that the pro-
posed method works very effectively for passive gait with
certain parameter variations.

The proposed passive gait system equipped with the
joint stiffness adjustment is expected to be expanded not
only to the effective gait of a humanoid robot but also
to the development of a walking assist device in welfare
engineering.

This paper dealt with the simplest compass system that
had only a hip joint as the initial phase. Therefore, it
is beyond the scope of this paper to analyze the stabil-
ity of the proposed method. However, the final goal of
this research is to develop a real passive gait system with
multiple joints andmultiple degrees of freedom, that pos-
sesses the strong robustness against parameter variation.
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For this purpose, it will be important to analyze math-
ematical conditions from the viewpoint of stability as
future work and to clarify the stability conditions. For
example, the influence of a completely inelastic collision
in leg-exchange on the stability of the proposed method
can be one of important points to be clarified mathemat-
ically. To clarify the gait stability condition in the future
works, some approaches, such as Poincare return map,
or linearized analytical solution from the viewpoint of
hybrid zero dynamics (HZD) [2], can be useful.
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Appendices

Appendix 1. Dynamics of the compass model

In Figure 1, the relationship between the tip position of the
idling leg and joint angles is given as the following:

xf = L1 cos θ1 + L2 cos(θ1 + θ2) + x0

yf = L1 sin θ1 + L2 sin(θ1 + θ2) + y0
(A1)

where (xf , yf ) is the tip position, L1 and L2 are the link lengths,
and the fixed point of the supporting leg on the slope is (x0, y0).
The time-differentiating Equation (A1) yields

ẋf = J(θ)θ̇ . (A2)

where J ∈ �2×2 means Jacobian matrix that relates the joint
angular velocity vector, θ̇ = (θ̇1, θ̇2)T , to the velocity vector of
idling-leg-tip, ẋf = (ẋf , ẏf )T .

The matrix, M(θ), and vectors, h(θ , θ̇ ) and g(θ), in
Equation (1) are described as

M(θ) =
(
M11 M12
M21 M22

)
,

M11 = m1Lg12 + I1 + m2(L12 + Lg22 + 2L1Lg2 cos θ2)

+ I2 + m3L12,

M12 = M21 = m2(Lg22 + L1Lg2 cos θ2) + I2,

M22 = m2Lg22 + I2,

h(θ , θ̇ ) =
⎛
⎝−2m2L1Lg2θ̇1θ̇2 sin θ2

−m2L1Lg2θ̇2
2 sin θ2

m2L1Lg2θ̇21 sin θ2

⎞
⎠ ,

g(θ) =
(
g1
g2

)
,

g1 = m1gLg1 cos θ1 + m2g(L1 cos θ1 + Lg2 cos(θ1 + θ2))

+ m3L1g cos θ1,

g2 = m2gLg2 cos(θ1 + θ2),

wheremi, Ii, Lgi mean the ith link-mass, inertia moment at CG
(center of gravity), length from the rotational center to CG;m3
is themass of the hip joint, and gmeans the gravity acceleration.

Appendix 2. Leg-exchange Equation

Defining xg = (xg , yg)T as the CG position vector of the com-
pass model system, the vector is given as

xg = 1
ma

[(m1Lg1 + m2L1 + m3L1) cos θ1

+ m2Lg2 cos(θ1 + θ2)] + x0,

yg = 1
ma

[(m1Lg1 + m2L1 + m3L1) sin θ1

+ m2Lg2 sin(θ1 + θ2)] + y0,

(A3)

wherema = m1 + m2 + m3.Differentiating the above equation
by time yields

ẋg = JG(θ)θ̇ , (A4)
where JG ∈ �2×2 is the Jacobian matrix that relates the
joint angular velocity vector, θ̇ , to the CG velocity vec-
tor, ẋg . Herein, the vector q = (θT , xgT)T is newly defined.
From Equations (A2) and (A4), the following equation is
obtainable:

ẋf = [
J(θ) − JG(θ), I2

] (
θ̇

ẋg

)
, (A5)

where I2 ∈ �2×2 is a unit matrix. By defining the matrix JA ∈
�2×4, Equation (A5) is rewritten as

ẋf = JA(θ)q̇, (A6)

where
JA(θ) = [

J(θ) − JG(θ), I2
]
. (A7)

Hereinafter, q− = (θ−
1 , θ−

2 , x−
g , y−

g )T means the state at the
moment when the idling leg contacts on the slope. On the other
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hand, q+ = (θ+
1 , θ+

2 , x+
G , y

+
G )T represents the state immediately

after the leg-exchange. Note that the aim of this Appendix 2 is
to derive q̇+ from q̇−.

From the geometric relation, θ+
1 and θ+

2 are satisfied with

θ+
1 = θ−

1 + θ−
2 − 2π ,

θ+
2 = 2π − θ−

2 .

As described in Subsection 3.1, the collision of a support
leg on the slope surface is regarded as completely-inelastic
collision.

By defining F as the impulse vector generated by the reac-
tion force from the slope surface to the leg at the collision,
the following equation is obtainable based on the momentum
conservation law [2]:

MA(θ)q̇+ − MA(θ)q̇− = JA(θ)TF, (A8)

whereMA ∈ �4×4 is defined as

MA(θ) =
(
M(θ) − maJG(θ)TJG(θ) 0

0 maI2

)
. (A9)

From the assumptions, the supporting leg is regarded as
hinged at the slope surface. Therefore, the leg-tip velocity
becomes ẋf = 0 at themoment of the leg-exchange; the follow-
ing equation is obtainable from Equation (A6):

JA(θ)q̇+ = 0. (A10)

Consequently, Equations (A8) and (A10) yield(
MA(θ) −JA(θ)T

−JA(θ)T 0

)(
q̇+
F

)
=

(
MA(θ)q̇−

0

)
. (A11)

The inverse relation of the above equation is written as
(
q̇+
F

)
=

(
MA(θ) −JA(θ)T

−JA(θ)T 0

)−1 (
MA(θ)q̇−

0

)
. (A12)

Note that the evaluation of impulse F is unnecessary for the
calculation of leg-exchange. From Equation (A12), the state
immediately after the leg-exchange, q̇+, can be calculated as

q̇+ = (MA
−1 − MA

−1JATA−1JAMA
−1)MAq̇−, (A13)

where A = (JAMA
−1JAT).
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