On crosscap numbers of alternating knots
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crosscap humber C(K)

C(K) =min {1- x(Z) |Z : non-ori. surface in R3, 3(2)= K.}

(7=7=L x(2): A1 >—%%)
HA Xy T (non-orientable genus) &LV,

B4 EIIZ unknot U & C(U)=0&ERTET 5.
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Definition
P : knot projection
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Definition (u (D))
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Definition (u (D))
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Definition (u (D))

alternating diag. D & S-, RI- M 4T
KX EDO%E L curve O 1295181
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EDFFRD—D: (Takimura-l., 2018, 1JM)

C(K) =

u(K)= min u(D).

D of K



Definition (B(D))
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Definition(B(D))

alternating diag. D Z B, RI- M3l T
RN eurve O (2T 5161
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XHEFEUVEIZE = B(KDEA
K : alternating knot
Z(K) : the set of alt. knot diag. of K

B(K) := ming <5 B (D).

-  B(K) = C(K) =u(K).

using [Adams-Kindred 2013], [Takimura-l. 2018].
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Theorem 1 (Takimura-l., JKTR, 2019)

C(K): crosscap number of alt. knot K
(1) C(K)=B(K) & C(K) #2g(K) + 1.
(2) C(K) = B(K) +1 < C(K) = 2g(K) + 1.

(3) B(K#K’) = B(K) + B(K’).



Sketch of Proof: Case 1: C(K) # 2g(K)+1

C(K)

:m-..- >

= min {# necessary bands to obtain a disk}
= min {# necessary bands to obtain a disk
from “a” state non-ori. surface of D}

= B(K).



Sketch of Proof: Case 2: C(K) = 2g(K)+1

2g(K

=b1( @/@ @)

= min {# necessary bands to obtain a disk}
= min {# necessary bands to obtain a disk
from “a” state ori. surface of D}

= B(K).
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surfaceMIEFEE S (AGT, 2013)
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C(K) (K: alt. knot)\DETH A%
[Takimura-I. 2019]
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Case: C(K) #2g(K)+1
29K)+1=7 >4 %%

T(K) or span/2 = 4 from Jones poly.
B: 4 times

K) founded in Adams-Kindred

@ < B 4 times

B: 4 times



Case: B(K) + 1 = C(K)= 2g(K) + 1.
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Prop. B(K)=C(K) = Tw(K) if C(K)#2g(K)+1

Proof. |S|= # state circles, V(m-gon) = # crossings of
n-gons, F(m-gon) = # faces of m-gons. Tw(K) = twist
number of K (= the sum of absolute values of the
2nd coefficients of Jones polynomial [Dasbach-Lin])

B(K)=C(K)=1—-x(2)=1- |S]| + # crossings
=1+ V(2-gon) - F(2-gon) + V(n-gon) - F(n-gon) (n#2)
= 1+Tw(K) -1 (if 2 = t)

B(K)=C(K)=1= Tw(K) (if t=1)



Prop.1 (Takimura-l., JKTR, 2019)

K: alternating knot. (A), (B), (C)IZRHE.

(A)K €T ( w

(B) B(K) =1

2]l — 1 crossings

(C) C(K) =1 (2,2l — 1)-torus knot



Prop. 2 (Takimura-l., JKTR, 2019)

K: alternating knot. (A), (B)[&[GlE.
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C(K) = min u (D).
P of K

P# S, RI-MABEIRSIT
simple closed curve 29 571=8I(Z
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