On crosscap numbers of alternating knots
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1. EREER/R
E&E 1 (C(K), B(K) [7]) OK), B(K) % T TE&HT 5.

o C(K). #50'H K 1% L T crosscap number (¥ 7z % non-orientable genus & FEIE
N3)C(K)ZXTED . C(K) := min{l — x(X) | X : non-orientable surface,
I(X) = K }, 7272 L unknot {Z 2 W TUIHIFZHIIZ C(unknot) = 0 EED 5.

e Bi(K). knot K O alternating knot diagram D IZXf LT B;, RI™ & Z #1.Z #{n[[H]
DAV TE R D 7\ knot diagram O ICEET 5512 TOH T, B D/hNFE%
Bi(D) £ 9%. ZDE ZE K D alternating knot diagrams 240372 T A% Z(K)
L, B(K)ZRXRTEHRT 5.

B(K) = Drenzl(r}{) By(D).

9*Q D RO
1: BRI, S™. B3 B=EZ5%. —H, ST aEEEZ v, MBRIEE

Wk Z 2HiHZRL, HBENADOSFRIZHTRO DR D HZ2RT. M, TN6 DX TIE
D ETOEHRITEL T\W5.

EE 1 (SEIDEHFER) K % alternating knot & L, g(K) %Z 3 XJt knot genus, C(K)
EB(K)RZEFRITEZS2bDET S, KiK' % 22O0f0H K, K' @i E 75,
KDL 3L

(1) O(K) = Bi(K) & O(K) # 2g(K) + 1.
(2) O(K) = Bi(K) + 1 & C(K) = 2g(K) + 1.

(3) BI(K$K') = B(K) + B/(K").

Lo TEDELVLHBIZOLTEHZFLHICEHEHLTHD 7.



2. EFR—Y 3>

knot genus (3 O'H Dix b AR R RMN L AZED—DTT. Lo LHIZIL alternat-
ing knot diagram IZE6Z > TH n LD alternating knot diagram 1 22> & Seifert
surface 23T % Kauffman state (X 1@ ) T, fthiod 27 — 1@ D @ Kauffman states 2> & 1%
non-orientable surfaces Z i L £ 9. Z DFEIRIZE > Tnon-orientable knot genus (cross-
cap number) DEEEDMF VAN E . F 72 knot genus DEE IR TIEDI ML I 1
TE D, alternating knot IZBJ L Tld Alexander £\ [10, 4], —#% 12 1% Heegaard Floer
homology [11] TIRE A Z LDBHSENTWVWET. 05 & HHKT % & crosscap number
BTFEBRELELBOENTED, orientable DFFD & 5 RFEE N H 500, H2 LT
R ED LI ICERMINE DD, brSRVwEF ELR>TVET 2,

3. C(K) 0TS O
EZE 2 (spanning surface, state surface [11]) ZDI N TEET 5.

o fiUNH K 25 £ 3 2 il % spanning surface & \» 9 . ARWFZETIX il 1% 3 KXot
ZERINOHE & T 5.

o 525N HKAD, H % Kauffman state 2> 5 Mz MIET % L 9 1200
D band Z I 2 T Seifert algorithm D 751k & [FAFR I 5 415 spanning surface %
state surface & W9 (state surface & \» 9 D& Seifert surface D HAZ—MILTH
D, Ozawa [11]12 & D AR B EDMR £ > 72 [1, 6]).
Adams-Kindred [1] DFFRIC K D RPMRFES N 5.

Fact 1 (Adams-Kindred [1]) alternating knot K IZXf L, fE&® alternating knot
diagram D 2> 54 541 5 state surface TH A 7 —B2wmKIZT 2D DB N5, 7272
L, 22T TRy DEEIL state/non-state, orientable/non-orientable IZBd# & 9742
T D spanning surface DHTHRK, &) EKRTH 5.

fIELIFEBICKD .

WRE 1 1D (e Seifert, & %1k S~ HID splice) % 1 [1]?D band Fii B; & RI™
TREons (X2) .
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2: 1Dk & band Fii B, & DB,

Fact 12> 56 KA A 7 —#(D spanning surface 2% Kauffman state 22656405 Z &
DMRGE S 4, DOl 12K D LD DT, B(K) DEED S

B(K) < min{C/(K), 29(K)}. (1)

24| 218 orientable O & FIIFEHUI 7 L 7 ¥ v ¥ —LIAD M D L (F1Z [10], Crowell [4] D ZHZ N
FRAZ72HER) TH 5.



4. C(K) D Eh 5 DT
4.1. C(K) < 29(K) D&

C(K) = by ® (‘)/(@ f@ 2)
NZASY

= the number of band surgeries to obtain a disk by cutting b; generators (3)

= the number of necessary band surgeries to obtain a disk from X,,,0ri (4)
< min{# band surgeries to obtain a disk from a non-orientable state

surface which is homeomorphic to X;on0ri } (5)
= Bi(K). (6)

RESICHBLIX Y b

(2) by(surface) I & D surface D 1st Betti number 259 & § 5. C(K) DEFED HHE
9. 1, K& 1st Betti number & D H 52 OMFE N2 DT 72 b D (LAKE,
NZ Yonor EB L 2 EITT 5). FERIE Hy D generators Z & { 7, D generators &
%9

(3) (2) DEUZ disk 2142 72D H DAEBILZE TH Y by §2DICEREL.

(4) (3) DEZTAZTA D &, UL T ponon 2O disk 2 5-2 5 DIZAFE % band surgeries
DL

(5) (4) DEZ, fEIE D non-orientable state surface % disk (23 % band surgeries Dl
BLLRTdH 5D T, (4) DEZ, alternating knot diagram IZ¥ ) % state surface IZ
B 2/MEUL T TH 5.

(6) BI(K)DEEDNPS (5) DEE B(K) DWW ELWI bbb,



4.2. C(K) > 29(K) D&BS.

- BOS-B|

= the number of band surgeries to obtain a disk by cutting b; generators (8)

= the number of necessary band surgeries to obtain a disk from 3, (9)

< min{#band surgeries to obtain a disk from an orientable state surface
which is homeomorphic to ¥ } (10)

= B|(K). (11)

RESICHBULIX Y b

(7) by(surface) IZ & D surface D 1st Betti number 259 & § 5. C(K) DEFED HHE
9. M, XI& 1st Betti number x 1 D ~ — 7 2 DHEFERNZ % & F 7 b D (DLKE,
IN% Yoy EFHS 2 EITT 3). KREkE Hy D generators %3 { 7, D generators &
%9,

(8) (7) DU disk 2145 72D H DAEBILZE "TH Y by §2DICEREL.

(9) R) DEAEFAZA D L, 2L Ty D26 disk 2 52 5 DIZHAF 72 band surgeries
DI

(10) (9) DEL, fEEED orientable state surface %z disk 129" % band surgeries DEEL LA
TTHAHDT, (9) DEZ, alternating knot diagram (2 ¥ 1) % state surface 121
5i/MEML T TH 5.

(11) B(K) DEHED S (10) DB E B(K)DB3HFEL W I L3095,

PLEICXD,
min{C(K),2g(K)} < B(K). (12)

5. EE 1(E#R) DA
Section 3® (1) & Section 4D (12) 72 5, fEE D alternating knot K 1K L,

By(K) = min{C(K), 29(K)}. (13)

LUN, G302 LG9 5.



(1) C(K) # 29(K) + 1 D55,
ZDEE AMERDFUH KIZEWTH D 32D Clark [3, Proposition 2.6] DA

O(K) < 29(K) +1
ZRGIT E, C(K) < 29(K) DIRD 7. L7ns5T (13) 55 By(K) = C(K).

(2) C(K) =2¢9(K) + 1 D54,
ZDEEIFC(K) >29(K). £5T, Bi(K) =29(K) = C(K) — 1.

DLEDSEI 1D ER (1), (2) K20 TIEmRE 7. DN, EH1OFER (3) IK20»T
Y

% 7", alternating knot IZfR & 9 Fact 2236 T3 2 &2 B0HT (Bl 2 1F Clark
3] Tl Fox [5] DEEHZHIH L T 3).

Fact 2 f5O'H KiK' Z#50'H K, K' D5 E 5.
min{C(KtK'), 29(K§K")} = min{C(K), 29(K)} + min{C(K"), 29(K")}.
T2L(13) kD, X2f5.
B(KtK') = B/(K) + Bi(K').
CNTEMIDFIR (3) bRt . O

6. EFHNGHEOKRDHAFICDOWVNT
e C(K)<29(K)D L &.

ZDEZIERRAA 7 —8EFBLT 5 splice & HD 1) 551555 Adams-Kindred D 7
NTY XL ELTHIS I, 20184F TREOVH OBy 4L Icd# L 72 [1).

e C(K)=29(K)+1D L ¥.

FEDREIITIZ C(K) = 29(K) + 1 2 BARRYIZ non-orientable “state” surface & L T
band surgeries THEK L T 7\ DS, ARG &G [7) TIE BRI 2Rk z2 5dd L 72 0
THET 5.

(BRI 72 /51E) Seifert surface IZ X E7 AN R & -—D21F 72 b D % state surface
THBLL TAEIUL, DT 1-29(K) & B(K) % [FARHIZFEBLY % surface DHERTE 5.

Seifert D 7V Y X L% BOHRIX, [ Z 121> 72 splice 1%, disk 28] D 19 (split &
B 50, nest LT3 E Zidstack ¥ 5) Hlllsplice LT3, L7e>T1 DD
REZERIGEATAY F2AHIZF2 T L W (K3). 2o "™y FoMNIEZ) 1344
7 —8 % —D T} % (alternating knot diagram LT splice ® /i %Z —D2% 2 % Z LI
HHET 3).

7. BEEHG C(K) DEEICDWT
o WL DD X L HIS L5l %2 {5 > T Section 61Z5C#, L 72 Adams-Kindred @ 7 )L 2

VRALZERNTE B, A D (WIRID 2 W IZIEHHRINIC) - 7231l 2 U A T 13D
T . 772 L n(K) 1345 O'H D minimum crossing number,

(1) O(K) < 2g(K) + 1 (Clark [3)).



Seifert

splice { > <

band % /g

30 NV FOMHFEA. BHRESST (band) ISHEH T 5. A TId splice IZX L 22D
component % #fE 9 % half-twisted band % 217 T\ T, HXTIEMIE X L TFHiH
BT E 122> THER %2 % § X ) I half-twisted band 2213 T\ %

><°f

(2) C(K) < [n(K)/2] (H. Murakami-Yasuhara [9]).
(3) [T(K)/3] < C(K) <T(K)+ 1 (Kalfagianni-Lee [8]).

Remark 1 EFdY A b D9 L5 GHEH A 7 4 FTld Kalfagianni-Lee (3) D _EfRIZD
WTOYGEIZO Wl E L2 :::@iﬁb&(f%f%%@fzzviﬁ%ti
T COWEPIMRICILOGED HIE T3 g L Zds, XFEE L T2 80 THT
f’\/)&/u\b)ij—.

Remark 2 20184F TH{OVH OB, HELICKDBMENISH D £ L7z, T IITBFEUL
RlIEZ W72 L £9. [FTIERET] Definition 5: () “4T®D” — (Ik) “alternating knot
diagram DL KD LN DIFRZEH L TRons2TD.

8. HEE

AW, 20184 THEOH 0% 1B 1) 2 FAEDFRHICNTT 2 R =540 a X
Y EHRMHEZ RS TbN L DTT. IR L £9. F AFHENK A
w%ﬁﬁ@%%ﬁ*i%%i% 2] DAFIZOWTIRES IV E L7z, T Dfth,
crosscap DIRE MEIZH D fHEEFE T, % < DA TTIZ email RHFEESETT FNA
AZHEZF L HODPE)ITIVE L.
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