
SPACE OF CHORD DIAGRAMS ON SPHERICAL CURVES

NOBORU ITO

Abstract. In this paper, we give a definition of Z-valued functions from the
ambient isotopy classes of spherical curves derived from chord diagrams, de-
noted by

P

i αixi. Then, we introduce certain elements of the free Z-module

generated by the chord diagrams with at most l chords, called relators of
Type (I) ((SII), (WII), (SIII), or (WIII), resp.), and introduce another function
P

i αix̃i derived from
P

i αixi. The main result (Theorem 1) shows that if
P

i αix̃i vanishes for the relators of Type (I) ((SII), (WII), (SIII), or (WIII),

resp.), then
P

i αixi is invariant under the Reidemeister move of type RI
(strong RII, weak RII, strong RIII, or weak RIII, resp.) that is defined in [4].

1. Introduction

A spherical curve (plane curve, resp.) is the image of a generic immersion of a
circle into a 2-sphere (plane, resp.). In this paper, we study certain equivalence
classes of spherical curves. Any two spherical/plane curves can be transformed into
each other by a finite sequence of Reidemeister moves, each of which is either one
of types RI, RII, or RIII that is a replacement of a part of the curve as Figure 1.
These moves are obtained from Reidemeister moves of types Ω1, Ω2, and Ω3 on

RI
RII RIII

Figure 1. Reidemeister moves: types RI, RII, and RIII.

knot diagrams by ignoring over/under information. It is well-known that two knot
diagrams represent the same knot if and only if one knot diagram is transformed
into the other knot diagram by a finite sequence of Reidemeister moves of types
Ω1, Ω2, and Ω3.

In 1990, Vassiliev [9] defined an infinite sequence of knot invariants that are at
least as powerful as all of the quantum group invariants of knots. After that some
researchers gave alternating definitions of Vassiliev invariants (see [1]). In 1994,
Polyak and Viro [8] introduced a formulation of Vassiliev invariants using chord
diagram, and presented explicit formulas for some Vassiliev invariants. Goussarov
[2] proved that the formulation of Polyak-Viro provides all Vassiliev invariants of
knots. In 2001, Östlund further developed the theory of Polyak and Viro by using
singularity theory of plane curves, and obtained the following result [7, Theorem 6]:
if v is a function on the set of knot diagrams that is invariant under plane isotopy,
Ω1, and Ω3 and is so-called Vassiliev-type, then v is invariant under Ω2. Motivated
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by this result, Östlund [7] posed the following question: is every plane curve trans-
formed into the simple closed curve by a finite sequence of Reidemeister moves of
types RI and RIII?

In 2008, Hagge and Yazinski [3] show that the answer to this question is negative,
i.e., they showed that the equivalence classes under RI and RIII are nontrivial. In
fact, any finite sequence of Reidemeister moves that transforms the plane curve
depicted in Figure 2 into the simple closed curve contains a Reidemeister move
of type RII. However, to the best of the author’s knowledge, the equivalence class

Figure 2. Example by Hagge and Yazinski [3].

containing the simple closed curve under RI and RIII has not to be determined yet.
In general, none of the equivalence classes under RI and RIII have been determined
yet.

Viro [10] suggested the idea that type RIII is decomposed into the following
two types: suppose that P1 is transformed into P2 by a single RIII. Note that
in RIII of Figure 1, a triangle is observed in each of the disks. We say that P1

and P2 are related by a strong RIII if the orientations on the edges of the triangle
induced by an orientation of the spherical curve are coherent. If P1 and P2 are
not related by a strong RIII, then we say that P1 and P2 are related by a weak RIII.
Analogously, for type RII, we define strong RII and weak RII as follows. Suppose
that P1 is transformed into P2 by a single RII. We say that P1 and P2 are related by a
strong RII if the orientations on the edges of the triangle induced by an orientation
of the spherical curve are coherent. If P1 and P2 are not related by a strong RII,
then we say that P1 and P2 are related by a weak RII. See Figure 3.

RI

strong RII

weak RII

strong RIII

weak RIII

Figure 3. RI, strong RII, weak RII, strong RIII, and weak RIII.

From the viewpoint of Viro, the following problems arise from the above Östlund’s
question: which spherical curve is transformed into the simple closed curve by a
finite sequence of Reidemeister moves of types RI and strong RIII (types RI and
strong RIII, resp.)? First, in 2013, a necessary and sufficient condition that a spher-
ical curve and the simple closed curve are related by a finite sequence of Reidemeis-
ter moves of types RI and weak RIII was given [4]. Second, in 2015, a necessary
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and sufficient condition that a spherical curve and the simple closed curve are re-
lated by a finite sequence of Reidemeister moves of types RI and strong RIII was
given [6]. After that, in 2015, different necessary and sufficient conditions using
invariants were given. More concretely, for a chord diagram corresponding to a
spherical curve, by counting the number of sub-chord diagrams of certain types,
integer-valued functions λ,H, and X̃ were defined, and the following was shown: a
spherical curve P and the simple closed curve are related by a finite sequence of
Reidemeister moves of types RI and strong RIII (types RI and weak RIII, resp.) if
and only if H(P ) = 0 and λ(P ) = 0 (X̃(P ) = 0, resp.).

In this paper, we further develop the idea of counting sub-chord diagrams, and
which leads to functions of all equivalence classes of spherical curves generated by
all possible combinations of Reidemeister moves of types RI, strong RII, weak RII,
strong RIII, and weak RIII. In [8], for a chord diagram A, and a chord diagram
G obtained from a knot diagram, Polyak and Viro define an integer 〈A,G〉. They
further consider a linear combination of 〈A, ·〉, that is denoted by 〈

∑
i riAi, ·〉, which

is a function on knot diagrams, and show that this type of the function induces a
non-trivial Vassiliev knot invariant. We will mimic their idea to define a function,
denoted by

∑
αixi, where xi denotes a chord diagram. Roughly speaking, xi(P )

is obtained from 〈A, G〉 by ignoring “signs and arrows”, and this means that we
ignore the over/under informations of crossings and orientations of knot diagrams.
In Section 2, we introduce certain elements of the free Z-module Z[G≤l] generated
by the chord diagrams with at most l chords, called relators of Type (I) ((SII),
(WII), (SIII), or (WIII), resp.), and introduce another function

∑
i αix̃i derived from∑

i αixi. The main result (Theorem 1) shows that if
∑

i αix̃i vanishes for the
relators of Type (I) ((SII), (WII), (SIII), or (WIII), resp.), then

∑
i αixi is invariant

under RI (strong RII, weak RII, strong RIII, or weak RIII, resp.). In Section 4,
we show that Theorem 1 produces a new function that is invariant under RI and
strong RIII and is able to distinguish some pairs which the function λ of [5] cannot
distinguish.

2. Preliminaries and main results

2.1. Definitions and notations.

Definition 1 (Gauss word). A word w of length n is a map from n̂ = {1, 2, 3, . . . , n}
to N. This word is represented by w(1)w(2)w(3) · · ·w(n). For a word w : n̂ → N,
we call each element of w(n̂) a letter. A word u of length q is a sub-word of w if
there is an integer p (q ≤ p ≤ n) such that u(j) = w(n − p + j) (1 ≤ j ≤ q). A
Gauss word of length 2n is a word w of length 2n where each letter in w(2̂n) appears
exactly twice in w(1)w(2)w(3) · · ·w(2n). Let cyc and rev be maps 2̂n → 2̂n such
that cyc(p) ≡ p + 1 (mod 2n) and rev(p) ≡ −p + 1 (mod 2n). Two Gauss words,
v and w, of length 2n are isomorphic if there exists a bijection f : v(2̂n) → w(2̂n)
satisfying the following: there exists t ∈ Z such that w ◦ (cyc)t ◦ (rev)ε = f ◦ v
(ε = 0 or 1). The isomorphisms give an equivalence relation on the Gauss words.
For a Gauss word v of length 2n, [v] denotes the equivalence class containing v. A
Gauss word v′ is a sub-Gauss word of the Gauss word v if v′ is obtained from v by
ignoring some letters of v. Then Sub(v) denotes the set of sub-Gauss words of v.

Definition 2 (chord diagram). Each configuration of n pair(s) of points on a circle
up to ambient isotopy and reflection of the circle is called a chord diagram. The
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integer n is called the length of the chord diagram. Traditionally, two points of each
pair are connected by a straight arc, called a chord.

We note that the equivalence classes of the Gauss words of length 2n have one
to one correspondence with the chord diagrams, each of which has n chords as in
Figure 4. In the rest of this paper, we identify these four expressions in Figure 4,

        [1212] 

an isomorphism class 

of Gauss words a chord diagram

1 2

12

1 2

12( )
Figure 4. Four expressions.

and freely use either one of them depending on situations.

Notation 1 (G≤d, nd, Gb,d). Let G<∞ be the set of chord diagrams, that is,
the set of isomorphism classes of the Gauss words. It is clear that G<∞ consists
of countably many elements. Hence, there exists a bijection between G<∞ and
{xi}i∈N, where xi is a variable. Take and fix a bijection f : G<∞ → {xi}i∈N
satisfying: the number of chords of f−1(xi) is less than or equal to that of f−1(xj)
if and only if i ≤ j (i, j ∈ N). For each positive integer d, let G≤d be the set of
chord diagrams consisting of at most d chords and let nd = |G≤d|. Then, it is clear
that f |G≤d

is a bijection from G≤d to {x1, x2, . . . , xnd
}. Further, for each pair of

integers b and d (2 ≤ b ≤ d), let Gb,d = G≤d \ G≤b−1. Then, f |Gb,d
is a bijection

Gb,d → {xnb−1+1, xnb−1+2, . . . , xnd
}.

In the rest of this paper, we use the notations in Notation 1 unless otherwise
denoted, and we freely use this identification between G<∞ and {xi}i∈N.

Definition 3 (a chord diagram CDP of a spherical curve P ). Let P be a spher-
ical curve, i.e. there is a generic immersion g : S1 → S2 such that g(S1) = P .
We define a chord diagram of P (e.g., Figure 5) as follows: let k be the number
of the double points of P , and m1,m2, . . . , mk mutually distinct positive integers.
Fix a base point, which is not a double point on P , and choose an orientation of

1

2 3

4

5

6

1

2

3

4

2
5

6

3

4

1

5

6

PCDP

Figure 5. A chord diagram CDP of a spherical curve P .

P . Starting from the base point, proceed along P according to the orientation of
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P . We assign m1 to the first double point that we encounter. Then we assign
m2 to the next double point that we encounter provided it is not the first double
point. Suppose that we have already assigned m1, m2, . . . , mp. Then we assign
mp+1 to the next double point that we encounter if it has not been assigned yet.
Following the same procedure, we finally label all the double points. Note that
g−1(double point assigned mi) consists of two points on S1 and we shall assign
mi to them. The chord diagram represented by g−1(double point assigned m1),
g−1(double point assigned m2), . . . , g−1(double point assigned mk) on S1 is de-
noted by CDP and is called a chord diagram of the spherical curve P .

Recall that CDP gives an equivalence class of Gauss words, say [vP ]. Then, by
the definition of the equivalence relation, it is easy to see that the map P 7→ [vP ]
is well-defined.

Notation 2 (x(CD)). Let x ∈ {xi}i∈N (hence, xi corresponds to a chord diagram).
For a given chord diagram CD, fix a Gauss word G representing CD. Let Subx(G)
= {H | H ∈ Sub(G), [H] = x}. The cardinality of this subset is denoted by x(G),
i.e., x(G) = | Subx(G)|. Let G′ be another Gauss word representing CD. By the
definition of the isomorphism of the Gauss words, it is easy to see x(G′) = x(G).
Hence, we shall denote this number by x(CD). If CD is a chord diagram of a
spherical curve P , then x(CD) can be denoted by x(P ).

Since each equivalence class of the Gauss words is identified with a chord diagram,
we can calculate the number x(CD) by using geometric observations. We explain
this philosophy in the next example.

Example 1. We consider the chord diagram CD in Figure 6 (Note that CD =
CDP in Figure 5). Then we label the chords of CD by αi (1 ≤ i ≤ 6) as in
Figure 6. Consider the subset of the power set of {α1, α2, . . . , α6}, each element of
which represents a chord diagram isomorphic to ⊗. It is elementary to see that this
subset consists of ten elements, those are, {α1, α2}, {α1, α3}, {α1, α4}, {α2, α3},
{α2, α4}, {α3, α4}, {α1, α5}, {α2, α5}, {α3, α6}, and {α4, α6}, and that fact shows
that i(CD) = 10. Similarly, we have i(CD) = 6 and i(CD) = 8.

α
α

α

α
α

α
1

2

3

4

5

6

Figure 6. CD.

Let CD be a chord diagram consisting of chords α1, α2, . . . , αk. Then the chord
diagram consisting of a subset of {α1, α2, . . . , αk} is called a sub-chord diagram of
CD.
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Definition 4 (x̃(z), x̃([z])). Let x be a chord diagram. We define the function x̃
from the set of Gauss words to {0, 1} by

x̃(F ) =

{
1 [F ] = x

0 [F ] 6= x.

By definition, it is easy to see x̃(F1) = x̃(F2) for each pair F1 and F2 with [F1] = [F2].
Hence, we shall denote this number by x̃([F1]). If [F ] corresponds to a chord
diagram of a spherical curve P , then x̃([F ]) is denoted by x̃(P ). Further, let Z[G≤l]
be the free Z-module generated by the elements of G≤l, where l is sufficiently large.
We linearly extend x̃ to the function from Z[G≤l] to Z. It is clear that for any
Gauss word with [G] = CD,

(2.1) x(CD) =
∑

z∈Sub(G)

x̃(z).

2.2. Relators and Reidemeister moves. Let Z[G≤l] be the free Z-module de-
fined in Subsection 2.1. In this subsection, first we define the elements of Z[G≤l]
called relators of types (I), (SII), (WII), (SIII), and (WIII).

Definition 5 (Relators, cf. Figure 7). • Type (I). An element r of Z[G≤l] is
called a Type (I) relator if there exist a Gauss word S and a letter i not in
S such that r = [Sii].

• Type (SII). An element r of Z[G≤l] is called a Type (SII) relator if there
exist a Gauss word ST and letters i and j not in ST such that r = [SijTji]
+ [SiT i] + [SjTj].

• Type (WII). An element r of Z[G≤l] is called a Type (WII) relator if there
exists a Gauss word ST and letters i and j not in ST such that r = [SijT ij]
+ [SiT i] + [SjTj].

• Type (SIII). An element r of Z[G≤l] is called a Type (SIII) relator if there
exists a Gauss word STU and letters i, j, k not in STU such that r =
([SijTkiUjk] + [SijT iUj] + [SiTkiUk] + [SjTkUjk]) − ([SjiT ikUkj] +
[SjiT iUj] + [SiT ikUk] + [SjTkUkj]).

• Type (WIII). An element r of Z[G≤l] is called a Type (WIII) relator if there
exists a Gauss word STU and letters i, j, k not in STU such that r =
([SijT ikUjk] + [SijT iUj] + [SiT ikUk] + [SjTkUjk]) − ([SjiTkiUkj] +
[SjiT iUj] + [SiTkiUk] + [SjTkUkj]).

We note that in Definition 5, each relator is induced by the corresponding Reide-
meister move: Type (I) relator corresponding to RI, Type (SII) relator correspond-
ing to strong RII, Type (WII) relator corresponding to weak RII, Type (SIII) relator
corresponding to strong RIII, and Type (WIII) relator corresponding to weak RIII.
For the precise statement of this note, we introduce the following setting.

We first introduce the following notations. Let P and P ′ be two spherical curves.
If P and P ′ are related by a single RI (strong RII, weak RII, strong RIII, or weak RIII
resp.), then there are Gauss words G and G′ such that (by exchanging P and P ′, if
necessary), G = Sii (SijTji, SijT ij, SijTkiUjk, or SijT ikUjk resp.) and G′ = S
(ST , ST , SjiT ikUkj, or SjiTkiUkj resp.) such that [G] = CDP and [G′] = CDP ′

(Figure 8). The subset of Sub(G) such that each element has exactly m letters of
i, j, and k is denoted by Sub(m)(G). By definition,

(2.2) Sub(G) = Sub(0)(G) q Sub(1)(G) q Sub(2)(G) q Sub(3)(G).
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Figure 7. Relators.
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Figure 8. Reidemeister moves.

Similarly, for a chord diagram x, Sub(m)
x (G) denotes the subset of Subx(G) consist-

ing of elements, each of which has exactly m letters of i, j, and k. Then,

(2.3) Subx(G) = Sub(0)
x (G) q Sub(1)

x (G) q Sub(2)
x (G) q Sub(3)

x (G).
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Let C be the set of ambient isotopy classes of the spherical curves. Next, for each
element

∑
i αixi ∈ Z[G≤l], we define a function C → Z, also denoted by

∑
i αixi,

and another function denoted by
∑

i αix̃i.

Definition 6 (
∑

i αixi,
∑

i αix̃i). Let b and d (2 ≤ b ≤ d) be integers and G≤d,
Gb,d, {xi}i∈N, and Z[G≤l] be as in Subsection 2.1. Recall that nd = |G≤d| and Gb,d

= {xi}nb−1+1≤i≤nd
and each xi represents the chord diagram f−1(xi). For each

element ∑
nb−1+1≤i≤nd

αixi ∈ Z[G≤l],

we define an integer-valued function C → Z, also denoted by
∑

nb−1+1≤i≤nd
αixi,

by

P 7→
∑

nb−1+1≤i≤nd

αixi(P ),

where xi(P ) is the integer introduced in Notation 2.
Analogously, for each

∑
nb−1+1≤i≤nd

αixi ∈ Z[G≤l], we define the function∑
nb−1+1≤i≤nd

αix̃i : Z[G≤l] → Z

by  ∑
nb−1+1≤i≤nd

αix̃i

 (P ) =
∑

nb−1+1≤i≤nd

αix̃i(P ),

where x̃i(P ) is the integer introduced in Definition 4.

Recall that a spherical curve P and another spherical curve P ′ are related by a
single RI and that there exist a letter i and an oriented Gauss word S such that
CDP = [Sii] and CDP ′ = [S]. Note that in this case in the decomposition (2.2),
Sub(2)(G) = ∅ and Sub(3)(G) = ∅, where G = Sii. Then, by (2.1) in Definition 4
and (2.2),

∑
nb−1+1≤i≤nd

αixi(P ) =
∑

nb−1+1≤i≤nd

αi

 ∑
z∈Sub(G)

x̃i(z)


=

∑
nb−1+1≤i≤nd

αi

 ∑
z0∈Sub(0)(G)

x̃i(z0) +
∑

z1∈Sub(1)(G)

x̃i(z1)

 .

Note that each element z0 ∈ Sub(0)(G) is a sub-Gauss word of S. Then it is clear
that Sub(1)(G) = {z0ii | z0 ∈ Sub(0)(G)}. Hence,

∑
nb−1+1≤i≤nd

αixi(P ) =
∑

nb−1+1≤i≤nd

αi

 ∑
z0∈Sub(0)(G)

x̃i(z0) +
∑

z0∈Sub(0)(G)

x̃i(z0ii)


=

∑
nb−1+1≤i≤nd

αi

 ∑
z0∈Sub(0)(G)

x̃i([z0]) +
∑

z0∈Sub(0)(G)

x̃i([z0ii])

 .
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On the other hand, since Sub(G′) is identified with Sub(0)(G),

∑
nb−1+1≤i≤nd

αixi(P ′) =
∑

nb−1+1≤i≤nd

αi

 ∑
z′∈Sub(G′)

x̃i(z′)

 (∵ (2.1))

=
∑

nb−1+1≤i≤nd

αi

 ∑
z0∈Sub(0)(G)

x̃i(z0)


=

∑
nb−1+1≤i≤nd

αi

 ∑
z0∈Sub(0)(G)

x̃i

(
[z0]

) .

As a conclusion, the difference of the values is calculated as follows.∑
nb−1+1≤i≤nd

αixi(P ) −
∑

nb−1+1≤i≤nd

αixi(P ′)

=
∑

nb−1+1≤i≤nd

∑
z0∈Sub(0)(G)

αix̃i ([z0ii]) .

We note that this is a linear combination of the values of Type (I) relators via x̃i.
For the cases of Type (SII), (WII), (SIII), or (WIII) relators, the arguments are

slightly more complicated than that of Type (I) relator. We will explain them in
the proof of Theorem 1 and thus, we omit them here.

Definition 7 (Rε1ε2ε3ε4ε5). For each (ε1, ε2, ε3, ε4, ε5) ∈ {0, 1}5, let Rε1ε2ε3ε4ε5 =
∪εi=1Ri (⊂ ∪l≥1Z[G≤l]), where R1 is the set of Type (I) relators, R2 is the set of
Type (SII) relators, R3 is the set of Type (WII) relators, R4 is the set of Type (SIII)
relators, and R5 is the set of Type (WIII) relators.

For integers b and d (2 ≤ b ≤ d), let Ob,d be the projection Z[G≤l] → Z[Gb,d].
Here, note that Ob,d is a linear map. By the definition, we immediately have:

Lemma 1. If nb−1 + 1 ≤ i ≤ nd, then for any r ∈ Z[G≤l],

x̃i(r) = x̃i(Ob,d(r)).

Notation 3. Let Rε1ε2ε3ε4ε5(b, d) = Ob,d(Rε1ε2ε3ε4ε5).

By using Lemma 1, we have the next proposition.

Proposition 1. For each pair of integers b and d (2 ≤ b ≤ d), let
∑

nb−1+1≤i≤nd
αix̃i

be a function as in Definition 6. For (ε1, ε2, ε3, ε4, ε5) ∈ {0, 1}5, let Rε1ε2ε3ε4ε5 be
the set as in Definition 7. The following two statements are equivalent:

(1)
∑

nb−1+1≤i≤nd
αix̃i(r) = 0 (∀r ∈ Rε1ε2ε3ε4ε5).

(2)
∑

nb−1+1≤i≤nd
αix̃i(r) = 0 (∀r ∈ Rε1ε2ε3ε4ε5(b, d)).

Proof. • (1) ⇒ (2). This is obvious.
• (1) ⇐ (2). Let r ∈ Rε1ε2ε3ε4ε5 . By Lemma 1,∑

nb−1+1≤i≤nd

αix̃i(r) =
∑

nb−1+1≤i≤nd

αix̃i(Ob,d(r)).

By the condition (2), ∑
nb−1+1≤i≤nd

αix̃i(Ob,d(r)) = 0.
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Then, ∑
nb−1+1≤i≤nd

αix̃i(r) = 0.

�
We note that it is simple task to give explicit presentation of Rε1ε2ε3ε4ε5(b, d). In

particular, if d ≤ 4, one can do it by hands. The next example shows the concrete
such process for a certain case.

Example 2 (R00010(2, 3)). R00010(2, 3) = { i+ 3 i− 3 i− i, 3 i− 2 i−i, i+ i− 2 i}. This fact is confirmed as follows.
Recall that a relator of Type (SIII) is of the form r = ([SijTkiUjk] + [SijT iUj] +

[SiTkiUk] + [SjTkUjk]) − ([SjiT ikUkj] + [SjiT iUj] + [SiT ikUk] + [SjTkUkj]).
We immediately see, from this expression, that each term of r consists of n or n+1
letters for some n. Note that O2,3(r) is obtained from r by removing the terms of
length < 2, or > 3. Hence it is enough to suppose that each term of r consists
of two or three letters (Case 1) or each term of r consists of three or four letters
(Case 2).
• Case 1. Each term of r consists of two or three letters.

In this case, we have STU = ∅ (i.e., S = ∅, T = ∅, and U = ∅), and, hence,

O2,3(r) = r = [ijkijk] + [ijij] + [ikik] + [jkjk] − [jiikkj] − [jiij] − [iikk] − [jkkj]

= [ijkijk] + 3[ijij] − 3[iijj] − [iijjkk].

• Case 2. Each term of r consists of three or four letters.
In this case, STU = σσ for some letter σ (6= i, j, k).
Case 2.1. Both σ’s are contained in one of the sub-words S, T , and U .
Suppose that both σ’s are contained in S. Then,

r = [σσijkijk] + [σσijij] + [σσikik] + [σσjkjk] − [σσjiikkj] − [σσjiij]

− [σσiikk] − [σσjkkj]

= [σσijkijk] − [σσjiikkj] + 3[ijijkk] − 2[ijkkji] − [iijjkk].

Hence,
O2,3(r) = 3[ijijkk] − 2[ijkkji] − [iijjkk].

By using similar arguments, we can show that we obtain the same element as above
in other cases. Details of the calculations are left to the reader.

Case 2.2. The two σ’s are contained in mutually different sub-words S, T , U .
Suppose that one σ is contained in S and the other σ is contained in T . Then

r = [σijσkijk] + [σijσij] + [σiσkik] + [σjσkjk] − [σjiσikkj] − [σjiσij]

− [σiσikk] − [σjσkkj].

Here, we note that
[σiσikk] = [σjσkkj] = [ijijkk]

and
[σiσkik] = [σjσkjk] = [σjiσij] = [ijkikj].

These show that

r = [σijσkijk] − [σjiσikkj] + [ijkijk] + [ijkikj] − 2[ijijkk].

Hence,
O2,3(r) = [ijkijk] + [ijkikj] − 2[ijijkk].
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By using similar arguments, we can show that we obtain the same element as above
in other cases. Details of the calculations are left to the reader.

As a conclusion, R00010(2, 3) = {[ijkijk] + 3[ijij]− 3[iijj]− [jiikkj], 3[ijijkk]−
2[ijkkji]− [iijjkk], [ijkijk]+ [ijkikj]−2[ijijkk]} = { i+3 i−3 i− i, 3 i−
2 i− i, i+ i− 2 i}.
Example 3 (R00010(2, 4)). By using the arguments in Example 2, we can show:
R00010(2, 4) = { i+ 3 i− 3 i− i, i+ 3 i− i− 2 i− i, i+ i+i− i− 2 i, 2 i− i− i, i+ i− i− 2 i, i+ 2 i− i− 2 i,
2 i+ i− 2 i− i, i+ 2 i− i− 2 i, 3 i− 2 i− i, i− 2 i− i,i− 2 i− i, i+ i− i− 2 i}. Details of the proof are left to the reader.

Example 4 (R00001(2, 3)). By using the arguments in Example 2, we can show:

R00001(2, 3) = { i+ i− i− i, i− i, 3 i− i−2 i, i−2 i+ i, i− i}.
Details of the proof are left to the reader.

2.3. Main result and corollaries.

Theorem 1. Let b and d (2 ≤ b ≤ d) be integers and G≤d, {xi}i∈N, Z[G≤l], nd =
|G≤d|, and Gb,d = {xi}nb−1+1≤i≤nd

be as in Subsection 2.1. Let
∑

nb−1+1≤i≤nd
αixi

and
∑

nb−1+1≤i≤nd
αix̃i be functions as in Definition 6. For (ε1, ε2, ε3, ε4, ε5) ∈

{0, 1}5, let Rε1ε2ε3ε4ε5(b, d) be as in Subsection 2.2. Suppose the following conditions
are satisfied:
• If ε1 = 1,

∑
nb−1+1≤i≤nd

αix̃i(r) = 0 for each r ∈ R10000(b, d).

• If ε2 = 1,
∑

nb−1+1≤i≤nd

αix̃i(r) = 0 for each r ∈ R01000(b, d).

• If ε3 = 1,
∑

nb−1+1≤i≤nd

αix̃i(r) = 0 for each r ∈ R00100(b, d).

• If ε4 = 1,
∑

nb−1+1≤i≤nd

αix̃i(r) = 0 for each r ∈ R00010(b, d).

• If ε5 = 1,
∑

nb−1+1≤i≤nd

αix̃i(r) = 0 for each r ∈ R00001(b, d).

Then, the function
∑

nb−1+1≤i≤nd

αixi on the set of ambient isotopy classes of

spherical curves is invariant under the Reidemeister moves corresponding to εj = 1.

Definition 8 (irreducible chord diagram). Let x be a chord diagram. A chord α
in x is said to be an isolated chord if α does not intersect any other chord. If x has
an isolated chord, x is called reducible and otherwise, x is called irreducible. The
set of the irreducible chord diagrams is denoted by Irr. Let I

(Irr)
b,d = {i | nb−1 + 1 ≤

i ≤ nd, xi ∈ Irr}.

If we consider the function of the form
∑

i∈I
(Irr)
b,d

αixi for
∑

nb−1+1≤i≤nd
αixi in

Theorem 1, we obtain:

Corollary 1. Let b and d (2 ≤ b ≤ d) be integers and G≤d, {xi}i∈N, Z[G≤l], nd

= |G≤d|, and Gb,d = {xi}nb−1+1≤i≤nd
be as in Subsection 2.1. Let

∑
i∈I

(Irr)
b,d

αixi

and
∑

i∈I
(Irr)
b,d

αix̃i be functions as in Definition 6. For (ε1, ε2, ε3, ε4, ε5) ∈ {0, 1}5,
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let Rε1ε2ε3ε4ε5(b, d) be as in Subsection 2.2. Suppose the following conditions are
satisfied:
• If ε2 = 1,

∑
i∈I

(Irr)
b,d

αix̃i(r) = 0 for each r ∈ R01000(b, d).

• If ε3 = 1,
∑

i∈I
(Irr)
b,d

αix̃i(r) = 0 for each r ∈ R00100(b, d).

• If ε4 = 1,
∑

i∈I
(Irr)
b,d

αix̃i(r) = 0 for each r ∈ R00010(b, d).

• If ε5 = 1,
∑

i∈I
(Irr)
b,d

αix̃i(r) = 0 for each r ∈ R00001(b, d).

Then, the function
∑

i∈I
(Irr)
b,d

αixi on the set of ambient isotopy classes of spherical

curves is invariant under RI and the Reidemeister moves corresponding to εj = 1.

Proof of Corollary 1 from Theorem 1. By Theorem 1, it is enough to show

(2.4)
∑

i∈I
(Irr)
b,d

αix̃i(r) = 0 (∀r ∈ R10000(b, d))

for a proof of Corollary 1. We first note that if xi ∈ Irr, then xi has no isolated
chords. On the other hand, let r ∈ R10000(b, d), that is, there exist a Gauss word S
and a letter j such that r = [Sjj]. Then, the chord corresponding to j is isolated.
These show that x̃i(r) = 0. This shows that (2.4) holds. �

Example 5. It is easy to see that {xi}i∈I
(Irr)
2,3

consists of three elements, y1 = i,

y2 = i, and y3 = i. The fact together with Corollary 1 implies that if there exist
α1, α2, and α3 such that (α1ỹ1 + α2ỹ2 + α3ỹ3)(r) = 0 (∀r ∈ R00010(2, 3)), then
α1y1 + α2y2 + α3y3 is invariant under RI and strong RIII. Recall that R00010(2, 3)
consists of the following three elements r1, r2, and r3 (Example 2):

r1 = i+ 3 i− 3 i− i,

r2 = 3 i− 2 i− i, and

r3 = i+ i− 2 i.

We can find such α1, α2, and α3 by solving the linear equation xM = 0, where
M = (ỹi(rj)) (Figure 9). It is elementary to show that the set of solutions is {x =

3

1

0

   0

0

0

0

1

1

~

~

~

Figure 9. Matrix (ỹi(rj))1≤i,j≤3.
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γ(1,−3, 3) | γ ∈ Z}. Particularly, y1 − 3y2 + 3y3 is invariant under RI and strong
RIII. We note that 1

4 (y1 − 3y2 + 3y3) is the function λ introduced in [5] from a
different view point.

Example 6. In contrast to Example 5, we will note that there does not ex-
ist a nonzero (α1, α2, α3) such that (α1ỹ1 + α2ỹ2 + α3ỹ3)(r) = 0 for each r ∈
R00001(2, 3), i.e., there does not exist α1ỹ1 + α2ỹ2 + α3ỹ3 satisfying the condition
of Corollary 1 with ε5 = 1. In fact, we take yi(i = 1, 2, 3) as in Example 5, and
name the elements of R00001(2, 3) (see Example 4) as:

r′1 = i+ i− i− i,

r′2 = i− i,

r′3 = 3 i− i− 2 i,

r′4 = i− 2 i+ i, and

r′5 = i− i.

Let M = (ỹi(r′j))1≤i≤3,1≤j≤5 (Figure 10). Then it is easy to see that the linear
equation xM = 0 admits the trivial solution x = (0, 0, 0) only.

1

0

1

    0

1

-1

0

-1                                    0                           0

3                                    0                           0
~

~

~

                0                           0

Figure 10. Matrix (ỹi(r′j))1≤i≤3,1≤j≤5.

Definition 9 (connected chord diagram). Let v be a Gauss word of length 2m

and w a Gauss word of length 2n where v( ˆ2m) ∩ w(2̂n) = ∅. Then we define the
Gauss word of length 2(m + n), denoted by vw, by vw(i) = v(i) (1 ≤ i ≤ 2m) and
vw(2m+i) = w(i) (1 ≤ i ≤ 2n). The chord diagram [vw] is called a product of chord
diagrams [v] and [w]. If a chord diagram is not a product of two non-empty chord
diagrams, then the chord diagram is called a connected chord diagram. The set of
the connected chord diagrams is denoted by Conn. Let I

(Conn)
b,d = {i | nb−1 + 1 ≤

i ≤ nd, xi ∈ Conn}.

It is easy to see that if a connected chord diagram has at least two chords,
it is irreducible. Note that the chord diagram consisting of exactly one chord is
connected but not irreducible.

Recall that C is the set of ambient isotopy classes of the spherical curves.

Definition 10 (connected sum). Let P1, P2 ∈ C. We suppose that the ambient
2-spheres are oriented. Let pi be a point on Pi such that pi is not a double point
(i = 1, 2). Let di be a sufficiently small disk with center pi (i = 1, 2) such that di∩Pi

consists of an arc properly embedded in di. Let d̂i = cl(S2 \ di) and P̂i = Pi ∩ d̂i;
let h : ∂d̂1 → ∂d̂2 be an orientation reversing homeomorphism such that h(∂P̂1)
= ∂P̂2. Then, P̂1 ∪h P̂2 gives a spherical curve in the oriented 2-sphere d̂1 ∪h d̂2.
The spherical curve P̂1 ∪h P̂2 in the oriented 2-sphere, denoted by P1](p1, p2),hP2,
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is called a connected sum of the spherical curves P1 and P2 at the pair of points p1

and p2 (see Figure 11).

P P1 2

P♯         P1 2

P P1 2

identifying

p p
1 2

× ×

(p ,  p  ), h
1 2

Figure 11. Connected sum P1](p1, p2),hP2 of two spherical curves
P1 and P2.

Definition 11 (additivity). Let I be a function on C. We say that I is additive if
I(P1](p1,p2),hP2) = I(P1) + I(P2) for any spherical curves P1 and P2 and for any
P1](p1,p2),hP2 in Definition 10.

Definition 12 (prime). A spherical curve P is trivial if P is a simple closed curve.
A spherical curve P is prime if P cannot be a connected sum of two nontrivial
spherical curves.

If we consider the function of the form
∑

i∈I
(Conn)
b,d

αixi for
∑

nb−1+1≤i≤nd
αixi in

Theorem 1, we obtain:

Corollary 2. Let b and d (2 ≤ b ≤ d) be integers and G≤d, {xi}i∈N, Z[G≤l], nd

= |G≤d|, and Gb,d = {xi}nb−1+1≤i≤nd
be as in Subsection 2.1. Let

∑
i∈I

(Conn)
b,d

αixi

and
∑

i∈I
(Conn)
b,d

αix̃i be functions as in Definition 6. For (ε1, ε2, ε3, ε4, ε5) ∈ {0, 1}5,

let Rε1ε2ε3ε4ε5(b, d) be as in Subsection 2.2. Suppose the following conditions are
satisfied:
• If ε2 = 1,

∑
i∈I

(Conn)
b,d

αix̃i(r) = 0 for each r ∈ R01000(b, d).

• If ε3 = 1,
∑

i∈I
(Conn)
b,d

αix̃i(r) = 0 for each r ∈ R00100(b, d).

• If ε4 = 1,
∑

i∈I
(Conn)
b,d

αix̃i(r) = 0 for each r ∈ R00010(b, d).

• If ε5 = 1,
∑

i∈I
(Conn)
b,d

αix̃i(r) = 0 for each r ∈ R00001(b, d).

Then, the function
∑

i∈I
(Conn)
b,d

αixi on the set of ambient isotopy classes of spherical

curves is additive and invariant under RI and the Reidemeister moves corresponding
to εj = 1.

Proof of Corollary 2 from Theorem 1. Since b ≥ 2 and i ≥ nb−1 + 1, each xi

consists of more than one chords, i.e., xi ∈ Irr (see the note preceding Definition 10).
By Theorem 1, it is enough to show

(2.5)
∑

i∈I
(Conn)
b,d

αix̃i(r) = 0 (∀r ∈ R10000(b, d))

for a proof of Corollary 2. We first note that if xi ∈ Irr, then xi has no isolated
chords. On the other hand, let r ∈ R10000(b, d), that is, there exist a Gauss word S
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and a letter j such that r = [Sjj]. Then, the chord corresponding to j is isolated.
These show that x̃i(r) = 0. This shows that (2.5) holds.

Further, by using geometric observations as in Example 1 it is clear that if
xi ∈ Conn, then

(2.6) xi(P1](p1, p2),hP2) = xi(P1) + xi(P2)

for any P1](p1,p2),hP2. This fact implies
∑

i∈I
(Conn)
b,d

αixi is additive. �

3. Proof of Theorem 1

• (Proof of the case ε1 = 1.) Let P and P ′ be two spherical curves where P and
P ′ are related by a single RI, hence, there exist a letter i and two Gauss words
G = Sii and G′ = S corresponding to P and P ′, respectively, i.e., CDP = [Sii]
and CDP ′ = [S]. As we observed in a paragraph proceeding of Definition 7 of
Subsection 2.2, we have∑
nb−1+1≤i≤nd

αixi(P )−
∑

nb−1+1≤i≤nd

αixi(P ′) =
∑

nb−1+1≤i≤nd

∑
z0∈Sub(0)(G)

αix̃i ([z0ii]) .

By the assumption of this case, for each z0 ∈ Sub(0)(G),∑
nb−1+1≤i≤nd

αix̃i ([z0ii]) = 0

and this shows that ∑
nb−1+1≤i≤nd

αixi(P ) =
∑

nb−1+1≤i≤nd

αixi(P ′).

Hence,
∑

nb−1+1≤i≤nd
αixi is invariant under RI.

• (Proof of the case ε2 = 1.) Let P and P ′ be two spherical curves where P and
P ′ are related by a single strong RII, hence, there exist two Gauss words G = SijTji
and G′ = ST corresponding to P and P ′, respectively, i.e., CDP = [SijTji] and
CDP ′ = [ST ].

By (2.1) in Subsection 2.1 and (2.2) in Subsection 2.2, we obtain (note that
Sub(3)(G) = ∅):

∑
nb−1+1≤i≤nd

αixi(P ) =
∑

nb−1+1≤i≤nd

αi

 ∑
z∈Sub(G)

x̃i(z)


=

∑
nb−1+1≤i≤nd

αi

 ∑
z0∈Sub(0)(G)

x̃i(z0)

 +
∑

nb−1+1≤i≤nd

∑
z12∈Sub(1)(G)∪Sub(2)(G)

αix̃i(z12)

=
∑

nb−1+1≤i≤nd

αi

 ∑
z′∈Sub(G′)

x̃i(z′)

 +
∑

nb−1+1≤i≤nd

∑
z12∈Sub(1)(G)∪Sub(2)(G)

αix̃i(z12)

(∵ Sub(0)(G) is identified with Sub(G′)).
Let z0 ∈ Sub(0)(G). We note that since G is an oriented Gauss word z0 uniquely

admits a decomposition into two sub-words, which are sub-words on S and T . Let
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σ(z0) be the sub-word of S and τ(z0) the sub-word of T satisfying z0 = σ(z0)τ(z0).
Under these notations, we define maps

z2 : Sub(0)(G) → Sub(2)(G); z2(z0) = σ(z0)ijτ(z0)ji,

z1 : Sub(0)(G) → Sub(1)(G); z1(z0) = σ(z0)iτ(z0)i, and

z′1 : Sub(0)(G) → Sub(1)(G); z′1(z0) = σ(z0)jτ(z0)j.

Then, it is easy to see that Sub(1)(G) ∪ Sub(2)(G) admits a decomposition

Sub(1)(G) ∪ Sub(2)(G)

= {z1(z0) | z0 ∈ Sub(0)(G)} q {z′1(z0) | z0 ∈ Sub(0)(G)} q {z2(z0) | z0 ∈ Sub(0)(G)}.

These notations together with the above give:∑
nb−1+1≤i≤nd

αixi(P ) =
∑

nb−1+1≤i≤nd

αixi(P ′)

+
∑

nb−1+1≤i≤nd

∑
z0∈Sub(0)(G)

αix̃i(z1(z0) + z′1(z0) + z2(z0))

=
∑

nb−1+1≤i≤nd

αixi(P ′)

+
∑

nb−1+1≤i≤nd

∑
z0∈Sub(0)(G)

αix̃i([z1(z0)] + [z′1(z0)] + [z2(z0)]).

By Proposition 1 and by the condition for the case ε2 = 1, for any z0 ∈ Sub(0)(G),∑
nb−1+1≤i≤nd

αix̃i([z1(z0)] + [z′1(z0)] + [z2(z0)]) = 0.

Thus, ∑
nb−1+1≤i≤nd

αixi(P ) =
∑

nb−1+1≤i≤nd

αixi(P ′).

Hence,
∑

nb−1+1≤i≤nd
αixi is invariant under strong RII.

• (Proof of the case ε3 = 1.) Since the arguments are essentially the same as
that of the case ε2 = 1, we omit this proof.

• (Proof of the case ε4 = 1.) Let P and P ′ be two spherical curves where
P and P ′ are related by a single strong RIII, hence, there exist two Gauss words
G = SijTkiUjk and G′ = SjiT ikUkj corresponding to P and P ′, respectively,
i.e., CDP = [SijTkiUjk] and CDP ′ = [SjiT ikUkj].

By (2.1) in Subsection 2.1 and (2.2) in Subsection 2.2, we obtain:

∑
nb−1+1≤i≤nd

αixi(P ) =
∑

nb−1+1≤i≤nd

αi

 ∑
z∈Sub(G)

x̃i(z)


=

∑
nb−1+1≤i≤nd

αi

 ∑
z01∈Sub(0)(G)∪Sub(1)(G)

x̃i(z01) +
∑

z23∈Sub(2)(G)∪Sub(3)(G)

x̃i(z23)

 .
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and ∑
nb−1+1≤i≤nd

αixi(P ′) =
∑

nb−1+1≤i≤nd

αi

 ∑
z′∈Sub(G′)

x̃i(z′)


=

∑
nb−1+1≤i≤nd

αi

 ∑
z′
01∈Sub(0)(G′)∪Sub(1)(G′)

x̃i(z′01) +
∑

z′
23∈Sub(2)(G′)∪Sub(3)(G′)

x̃i(z′23)

 .

Since Sub(0)(G) (Sub(1)(G) resp.) is naturally identified with Sub(0)(G′) (Sub(1)(G′)
resp.), the above equations show:∑

nb−1+1≤i≤nd

αixi(P ) −
∑

nb−1+1≤i≤nd

αixi(P ′)

=
∑

nb−1+1≤i≤nd

∑
z23∈Sub(2)(G)∪Sub(3)(G)

αix̃i(z23)

−
∑

nb−1+1≤i≤nd

∑
z′
23∈Sub(2)(G′)∪Sub(3)(G′)

αix̃i(z′23).

Let z0 ∈ Sub(0)(G), which is identified with Sub(0)(G′). We note that since G is
an oriented Gauss word z0 uniquely admits a decomposition into three sub-words,
which are sub-words on S, T , and U . Let σ(z0) be the sub-word of S, τ(z0) the
sub-word of T , and µ(z0) the sub-word of U satisfying z0 = σ(z0)τ(z0)µ(z0). We
define maps

z3 : Sub(0)(G) → Sub(3)(G); z3(z0) = σ(z0)ijτ(z0)kiµ(z0)jk,

z2a : Sub(0)(G) → Sub(2)(G); z2a(z0) = σ(z0)ijτ(z0)iµ(z0)j,

z2b : Sub(0)(G) → Sub(2)(G); z2b(z0) = σ(z0)iτ(z0)kiµ(z0)k, and

z2c : Sub(0)(G) → Sub(2)(G); z2c(z0) = σ(z0)jτ(z0)kµ(z0)jk.

Similarly, let

z′3 : Sub(0)(G′) → Sub(3)(G′); z′3(z0) = σ(z0)jiτ(z0)ikµ(z0)kj,

z′2a : Sub(0)(G′) → Sub(2)(G′); z′2a(z0) = σ(z0)jiτ(z0)iµ(z0)j,

z′2b : Sub(0)(G′) → Sub(2)(G′); z′2b(z0) = σ(z0)iτ(z0)ikµ(z0)k, and

z′2c : Sub(0)(G′) → Sub(2)(G′); z′2c(z0) = σ(z0)jτ(z0)kµ(z0)kj.

Then, it is easy to see that Sub(2)(G) ∪ Sub(3)(G) admits decompositions

Sub(2)(G) ∪ Sub(3)(G)

= {z3(z0) | z0 ∈ Sub(0)(G)} q {z2a(z0) | z0 ∈ Sub(0)(G)} q {z2b(z0) | z0 ∈ Sub(0)(G)}

q {z2c(z0) | z0 ∈ Sub(0)(G)}

and

Sub(2)(G′) ∪ Sub(3)(G′)

= {z′3(z0) | z0 ∈ Sub(0)(G)} q {z′2a(z0) | z0 ∈ Sub(0)(G)} q {z′2b(z0) | z0 ∈ Sub(0)(G)}

q {z′2c(z0) | z0 ∈ Sub(0)(G)}.
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By using these notations, we obtain:

∑
nb−1+1≤i≤nd

αixi(P ) −
∑

nb−1+1≤i≤nd

αixi(P ′)

=
∑

z0∈Sub(0)(G)

∑
nb−1+1≤i≤nd

αix̃i

(
(z3(z0) + z2a(z0) + z2b(z0) + z2c(z0))

− (z′3(z0) + z′2a(z0) + z′2b(z0) + z′2c(z0))
)

=
∑

z0∈Sub(0)(G)

∑
nb−1+1≤i≤nd

αix̃i

(
([z3(z0)] + [z2a(z0)] + [z2b(z0)] + [z2c(z0)])

− ([z′3(z0)] + [z′2a(z0)] + [z′2b(z0)] + [z′2c(z0)])
)
.

Here, we note that

([z3(z0)]+[z2a(z0)]+[z2b(z0)]+[z2c(z0)])−([z′3(z0)]+[z′2a(z0)]+[z′2b(z0)]+[z′2c(z0)]) ∈ R00010.

Hence, by the assumption of Case ε4 = 1 and by Proposition 1, for each z0,

∑
nb−1+1≤i≤nd

αix̃i

(
([z3(z0)] + [z2a(z0)] + [z2b(z0)] + [z2c(z0)])

− ([z′3(z0)] + [z′2a(z0)] + [z′2b(z0)] + [z′2c(z0)])
)

= 0.

These show that ∑
nb−1+1≤i≤nd

αixi(P ) =
∑

nb−1+1≤i≤nd

αixi(P ′).

Hence,
∑

nb−1+1≤i≤nd
αixi is invariant under storng RIII.

• (Proof of the case ε5 = 1.) Since the arguments are essentially the same as
that of the case ε4 = 1, we omit this proof.

�

4. Complete analysis of invariants obtained from G2,4 and R00010(2, 4)

In this section, by using Corollary 2, we completely analyze invariants obtained
from G2,4∩Conn and R00010(2, 4). First, it is easy to see that {xi}i∈I

(Conn)
2,4

consists

of nine elements, y1 = i, y2 = i, y3 = i, y4 = i, y5 = i, y6 = i, y7

= i, y8 = i, and y9 = i. The fact together with Corollary 2 implies that if
there exist αi (1 ≤ i ≤ 9) such that (

∑9
i=1 αiỹi)(r) = 0 (∀r ∈ R00010(2, 4)), then∑9

i=1 αiyi is invariant under RI and strong RIII. Second, recall that R00010(2, 4)
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consists of twelve elements rj (1 ≤ j ≤ 12) as follows (see Example 3):

r1 = i+ 3 i− 3 i− i,

r2 = i+ 3 i− i− 2 i− i,

r3 = i+ i+ i− i− 2 i,

r4 = 2 i− i− i,

r5 = i+ 2 i− i− 2 i,

r6 = i+ 2 i− i− 2 i,

r7 = 2 i+ i− 2 i− i,

r8 = i+ 2 i− i− 2 i,

r9 = 3 i− 2 i− i,

r10 = 3 i− 2 i− i,

r11 = 3 i− 2 i− i, and

r12 = i+ 2 i− i− 2 i.

We can find αi (1 ≤ i ≤ 9) satisfying (
∑9

i=1 αiỹi)(r) = 0 (∀r ∈ R00010(2, 4))
by solving the linear equation xM = 0, where M = (ỹi(rj)) (Figure 12). It
is elementary to show that the set of solutions is {x = γ1(1,−3, 3, 0, 0, 0, 0, 0, 0),
γ2(0, 0, 2, 8, 5, 1,−4, 2,−2) | γ1, γ2 ∈ Z}. Particularly, y1 −3y2 + 3y3 (= i−3 i
+3 i) and 2y3 + 8y4 + 5y5 + y6 − 4y7 + 2y8 − 2y9 (= 2 i+ 8 i+ 5 i+ i
−4 i+ 2 i−2 i) are invariant under RI and strong RIII.

Let λ(3) = y1 −3y2 + 3y3 and let λ(4) = 2y3 + 8y4 + 5y5 + y6 − 4y7 + 2y8 −
2y9. Note that λ(3) is the function obtained in Example 5, hence λ(3) = 4λ where
λ is the function that appears in Theorem 1 of [5]. We further note that in [5], it
is shown that λ (hence, 1

4λ(3)) is a complete invariant of prime spherical curves up
to seven double points (Table 1). We note that λ(4) is also a complete invariant

~

~

~

~

~

~

~

~

    0            0           0           0         -1          0           1          0           0          0          0           0             

0            0           0           0          2           0           0          -1         0           0         0            0  

0            0           0           2          0           2           -2         1          0           0         0            0  

0           0            0          -1         0           0           -1          2          0           0         0            0

0            0           0            0         0           1            0          0          0           0         0            0

0            0           1            0         1          -1            2          0          0           0         0            0       

3            0           0            0          0          0             0          0          0           0         0           0

1            0           1            0          0          0             0          0          0           0         0          0 

0            0           1            0          0          0             0          0          0          0          0          0

~

     r  
1 

r8r7r6r5r4r3r2 r9 r10 r11 r12

Figure 12. Matrix (ỹi(rj))1≤i≤9,1≤j≤12.
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of prime spherical curves up to seven double points. We further note that λ(4) is
stronger than λ(3) in some sense. In fact, λ(41) = λ(89) = 4 and λ(4)(41) (= 16)
6= λ(4)(89) (= 40). Similarly, we have λ(51) = λ(82) = −5 and λ(4)(51) (= −20)
6= λ(4)(82) (= −28), and λ(85) = λ(817) = 12 and λ(4)(85) (= 128) 6= λ(4)(817)
(= 116).

Acknowledgements

The author would like to thank Professors Tsuyoshi Kobayashi and Kouki Taniyama
for helpful discussions. The author also would like to thank Mr. Yusuke Takimura
for creating and providing many figures of spherical curves with indices (Table 1)
and for useful discussions. Further, the author would like to thank Professor Yukari
Funakoshi and Ms. Megumi Hashizume for their comments on an earlier version
of this paper. The author was a project researcher of Grant-in-Aid for Scientific
Research (S) 24224002 (April 2016–March 2017).

References

[1] R. Bott and C. Taubes, On the self-linking of knots, Topology and physics, J. Math. Phys.
35 (1994), 5247–5287.

[2] M. Goussarov, M. Polyak, and O. Viro, Finite-type invariants of classical and virtual knots,

Topology 39 (2000), 1-45–1068.
[3] T. Hagge and J. Yazinski, On the necessity of Reidemeister move 2 for simplifying immersed

planar curves, Banach Center Publ. 103 (2014), 101–110.

[4] N. Ito and Y. Takimura, (1, 2) and weak (1, 3) homotopies on knot projections, J. Knot
Theory and Ramifications 22 (2013), 1350085, 14pp.

[5] N. Ito and Y. Takimura, Sub-chord diagrams of knot projections, Houston J. Math. 41 (2015),
701–725.

[6] N. Ito, Y. Takimura, and K. Taniyama, Strong and weak (1, 3) homotopies on knot projec-
tions, Osaka J. Math. 52 (2015), 617–646.
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Table 1. Values of 1
4λ(3) (= λ) and λ(4) for prime spherical curves

at most seven double points. Any pair of prime spherical curves
in the same box in the leftmost column are related by a finite
sequence of Reidemeister moves of types RI and strong RIII.

-21              -140

-5                -20

-3                -44

0                   0

4                 16

5                 36

12               128                     

-5                -28

4                 40

12               116

14               120

15               148

λ(P) λ (P)                   P
(3) (4)1

4


