SPACE OF CHORD DIAGRAMS ON SPHERICAL CURVES

NOBORU ITO

ABSTRACT. In this paper, we give a definition of Z-valued functions from the
ambient isotopy classes of spherical curves derived from chord diagrams, de-
noted by Y. a;xz;. Then, we introduce certain elements of the free Z-module
generated by the chord diagrams with at most [ chords, called relators of
Type (I) ((SI), (WI), (SII), or (WII), resp.), and introduce another function
>, a;&; derived from ), a;x;. The main result (Theorem 1) shows that if
>, «;&; vanishes for the relators of Type (I) ((SI), (WI), (SI), or (WII),
resp.), then Y. o;x; is invariant under the Reidemeister move of type RI
(strong RI, weak RII, strong RII, or weak RII, resp.) that is defined in [4].

1. INTRODUCTION

A spherical curve (plane curve, resp.) is the image of a generic immersion of a
circle into a 2-sphere (plane, resp.). In this paper, we study certain equivalence
classes of spherical curves. Any two spherical/plane curves can be transformed into
each other by a finite sequence of Reidemeister moves, each of which is either one
of types RI, RIl, or RII that is a replacement of a part of the curve as Figure 1.
These moves are obtained from Reidemeister moves of types €y, 25, and Q3 on
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FiGURE 1. Reidemeister moves: types RI, RI, and RII.

knot diagrams by ignoring over/under information. It is well-known that two knot
diagrams represent the same knot if and only if one knot diagram is transformed
into the other knot diagram by a finite sequence of Reidemeister moves of types
Ql, 927 and Qg.

In 1990, Vassiliev [9] defined an infinite sequence of knot invariants that are at
least as powerful as all of the quantum group invariants of knots. After that some
researchers gave alternating definitions of Vassiliev invariants (see [1]). In 1994,
Polyak and Viro [8] introduced a formulation of Vassiliev invariants using chord
diagram, and presented explicit formulas for some Vassiliev invariants. Goussarov
[2] proved that the formulation of Polyak-Viro provides all Vassiliev invariants of
knots. In 2001, Ostlund further developed the theory of Polyak and Viro by using
singularity theory of plane curves, and obtained the following result [7, Theorem 6]:
if v is a function on the set of knot diagrams that is invariant under plane isotopy,
Qq, and 23 and is so-called Vassiliev-type, then v is invariant under €25. Motivated
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2 NOBORU ITO

by this result, Ostlund [7] posed the following question: is every plane curve trans-
formed into the simple closed curve by a finite sequence of Reidemeister moves of
types RI and RII?

In 2008, Hagge and Yazinski [3] show that the answer to this question is negative,
i.e., they showed that the equivalence classes under RI and RII are nontrivial. In
fact, any finite sequence of Reidemeister moves that transforms the plane curve
depicted in Figure 2 into the simple closed curve contains a Reidemeister move
of type RIl. However, to the best of the author’s knowledge, the equivalence class

FIGURE 2. Example by Hagge and Yazinski [3].

containing the simple closed curve under RI and RII has not to be determined yet.
In general, none of the equivalence classes under RI and RII have been determined
yet.

Viro [10] suggested the idea that type RII is decomposed into the following
two types: suppose that P; is transformed into P, by a single RII. Note that
in RII of Figure 1, a triangle is observed in each of the disks. We say that P;
and P» are related by a strong RII if the orientations on the edges of the triangle
induced by an orientation of the spherical curve are coherent. If P; and P, are
not related by a strong RII, then we say that P, and P, are related by a weak RII.
Analogously, for type RIl, we define strong RIl and weak RI as follows. Suppose
that Pj is transformed into P by a single RII. We say that P, and P» are related by a
strong RII if the orientations on the edges of the triangle induced by an orientation
of the spherical curve are coherent. If P, and P» are not related by a strong RI,
then we say that P; and P» are related by a weak RII. See Figure 3.

strong RIll
strong RIl .
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Ficure 3. RI, strong RIl, weak RIl, strong RII, and weak RIIL.

From the viewpoint of Viro, the following problems arise from the above Ostlund’s
question: which spherical curve is transformed into the simple closed curve by a
finite sequence of Reidemeister moves of types RI and strong RII (types RI and
strong RII, resp.)? First, in 2013, a necessary and sufficient condition that a spher-
ical curve and the simple closed curve are related by a finite sequence of Reidemeis-
ter moves of types RI and weak RII was given [4]. Second, in 2015, a necessary



SPACE OF CHORD DIAGRAMS ON SPHERICAL CURVES 3

and sufficient condition that a spherical curve and the simple closed curve are re-
lated by a finite sequence of Reidemeister moves of types RI and strong RII was
given [6]. After that, in 2015, different necessary and sufficient conditions using
invariants were given. More concretely, for a chord diagram corresponding to a
spherical curve, by counting the number of sub-chord diagrams of certain types,
integer-valued functions A\, H, and X were defined, and the following was shown: a
spherical curve P and the simple closed curve are related by a finite sequence of
Reidemeister moves of types RI and strong RII (types RI and weak RII, resp.) if
and only if H(P) = 0 and A(P) = 0 (X(P) = 0, resp.).

In this paper, we further develop the idea of counting sub-chord diagrams, and
which leads to functions of all equivalence classes of spherical curves generated by
all possible combinations of Reidemeister moves of types RI, strong RI, weak RII,
strong RII, and weak RIL. In [8], for a chord diagram A, and a chord diagram
G obtained from a knot diagram, Polyak and Viro define an integer (A, G). They
further consider a linear combination of (A, -), that is denoted by (>, 7;A;, -), which
is a function on knot diagrams, and show that this type of the function induces a
non-trivial Vassiliev knot invariant. We will mimic their idea to define a function,
denoted by > a;x;, where x; denotes a chord diagram. Roughly speaking, x;(P)
is obtained from (A4, G) by ignoring “signs and arrows”, and this means that we
ignore the over/under informations of crossings and orientations of knot diagrams.
In Section 2, we introduce certain elements of the free Z-module Z[G<;] generated
by the chord diagrams with at most [ chords, called relators of Type (I) ((SI),
(WD), (SII), or (WII), resp.), and introduce another function ), o;#; derived from
> ; @;xi. The main result (Theorem 1) shows that if ) o;#; vanishes for the
relators of Type (I) ((SI), (W), (SII), or (WII), resp.), then ), a;; is invariant
under RI (strong RI, weak RI, strong RII, or weak RII, resp.). In Section 4,
we show that Theorem 1 produces a new function that is invariant under RI and
strong RII and is able to distinguish some pairs which the function A of [5] cannot
distinguish.

2. PRELIMINARIES AND MAIN RESULTS
2.1. Definitions and notations.

Definition 1 (Gauss word). A word w of length n is a map from 7 = {1,2,3,...,n}
to N. This word is represented by w(1)w(2)w(3)---w(n). For a word w : i — N,
we call each element of w(n) a letter. A word u of length ¢ is a sub-word of w if
there is an integer p (¢ < p < n) such that u(j) = wn—p+j) (1 <j<gq). A
Gauss word of length 2n is a word w of length 2n where each letter in w(2h) appears
exactly twice in w(1)w(2)w(3)---w(2n). Let cyc and rev be maps 2n — 2n such
that cyc(p) = p+ 1 (mod 2n) and rev(p) = —p + 1 (mod 2n). Two Gauss words,
v and w, of length 2n are isomorphic if there exists a bijection f : v(2n) — w(2n)
satisfying the following: there exists ¢ € Z such that w o (cyc)t o (rev)¢ = fow
(e = 0 or 1). The isomorphisms give an equivalence relation on the Gauss words.
For a Gauss word v of length 2n, [v] denotes the equivalence class containing v. A
Gauss word v’ is a sub-Gauss word of the Gauss word v if v/ is obtained from v by
ignoring some letters of v. Then Sub(v) denotes the set of sub-Gauss words of v.

Definition 2 (chord diagram). Each configuration of n pair(s) of points on a circle
up to ambient isotopy and reflection of the circle is called a chord diagram. The
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integer n is called the length of the chord diagram. Traditionally, two points of each
pair are connected by a straight arc, called a chord.

We note that the equivalence classes of the Gauss words of length 2n have one
to one correspondence with the chord diagrams, each of which has n chords as in
Figure 4. In the rest of this paper, we identify these four expressions in Figure 4,

[1212] <~
an isomorphism class

of Gauss words a chord diagram

FIGURE 4. Four expressions.

and freely use either one of them depending on situations.

Notation 1 (G<4, ng, Gpa). Let Geoo be the set of chord diagrams, that is,
the set of isomorphism classes of the Gauss words. It is clear that G, consists
of countably many elements. Hence, there exists a bijection between G .., and
{z;}ien, where z; is a variable. Take and fix a bijection f : Geoo — {T;}ien
satisfying: the number of chords of f~!(z;) is less than or equal to that of f~*(z;)
if and only if i < j (4,5 € N). For each positive integer d, let G<4 be the set of
chord diagrams consisting of at most d chords and let ng = |G<4|. Then, it is clear
that f|g., is a bijection from G<q4 to {x1,z2,...,2,,}. Further, for each pair of
integers b and d (2 < b < d), let Gy g = G<4\ G<p—1. Then, f|g,, is a bijection
Gb,d - {xnb,1+17 Tnpy_1425- -+ a'rnd}~

In the rest of this paper, we use the notations in Notation 1 unless otherwise
denoted, and we freely use this identification between G, and {z;};en.

Definition 3 (a chord diagram CDp of a spherical curve P). Let P be a spher-
ical curve, i.e. there is a generic immersion g : S — S? such that g(S') = P.
We define a chord diagram of P (e.g., Figure 5) as follows: let k be the number
of the double points of P, and mq,mao, ..., m; mutually distinct positive integers.
Fix a base point, which is not a double point on P, and choose an orientation of

CDp P

FI1GURE 5. A chord diagram CDp of a spherical curve P.

P. Starting from the base point, proceed along P according to the orientation of
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P. We assign mj to the first double point that we encounter. Then we assign
mg to the next double point that we encounter provided it is not the first double
point. Suppose that we have already assigned mi, ma,...,m,. Then we assign
mp41 to the next double point that we encounter if it has not been assigned yet.
Following the same procedure, we finally label all the double points. Note that
g~ (double point assigned m;) consists of two points on S! and we shall assign
m; to them. The chord diagram represented by g~!(double point assigned my),
g~ (double point assigned myz), ..., g~!(double point assigned my;) on S! is de-
noted by CDp and is called a chord diagram of the spherical curve P.

Recall that CDp gives an equivalence class of Gauss words, say [vp]|. Then, by
the definition of the equivalence relation, it is easy to see that the map P +— [vp]
is well-defined.

Notation 2 (2(CD)). Let z € {z;}ien (hence, z; corresponds to a chord diagram).
For a given chord diagram CD, fix a Gauss word G representing CD. Let Sub,(G)
= {H | H € Sub(G), [H] = z}. The cardinality of this subset is denoted by z(G),
ie., z(G) = |Sub,(G)|. Let G’ be another Gauss word representing C'D. By the
definition of the isomorphism of the Gauss words, it is easy to see 2(G’) = z(G).
Hence, we shall denote this number by x(CD). If CD is a chord diagram of a
spherical curve P, then x(CD) can be denoted by z(P).

Since each equivalence class of the Gauss words is identified with a chord diagram,
we can calculate the number z(C'D) by using geometric observations. We explain
this philosophy in the next example.

Example 1. We consider the chord diagram C'D in Figure 6 (Note that CD =
CDp in Figure 5). Then we label the chords of CD by «; (1 < i < 6) as in
Figure 6. Consider the subset of the power set of {1, as,...,as}, each element of
which represents a chord diagram isomorphic to ®. It is elementary to see that this
subset consists of ten elements, those are, {a1,as}, {a1,a3}, {a1, a4}, {02, as},
{ag, s}, {as,as}, {a1, a5}, {ag, a5}, {as, a6}, and {a4, ag}, and that fact shows
that Q) (CD) = 10. Similarly, we have ) (CD) =6 and §&(CD) = 8.

<

FIGURE 6. CD.

JA)

Let C'D be a chord diagram consisting of chords ay, ag, ..., ai. Then the chord
diagram consisting of a subset of {a1, s, ..., ax} is called a sub-chord diagram of
CD.



6 NOBORU ITO

Definition 4 (Z(z),Z([z])). Let = be a chord diagram. We define the function &
from the set of Gauss words to {0, 1} by

H(F) = {1 [F] =z
By definition, it is easy to see (Fy) = Z(F3) for each pair F} and F» with [F}] = [Fy].
Hence, we shall denote this number by Z([F1]). If [F] corresponds to a chord
diagram of a spherical curve P, then Z([F]) is denoted by #(P). Further, let Z[G <]
be the free Z-module generated by the elements of G<;, where [ is sufficiently large.
We linearly extend Z to the function from Z[G<;] to Z. It is clear that for any
Gauss word with [G] = CD,

(2.1) 2(CD)= Y i(2).

z€Sub(G)

2.2. Relators and Reidemeister moves. Let Z[G<;] be the free Z-module de-
fined in Subsection 2.1. In this subsection, first we define the elements of Z[G <]
called relators of types (I), (SII), (W), (SII), and (WII).

Definition 5 (Relators, cf. Figure 7). e Type (I). An element r of Z[G<] is
called a Type (I) relator if there exist a Gauss word S and a letter ¢ not in
S such that r = [Sii].

e Type (SII). An element r of Z[G<;] is called a Type (SI) relator if there
exist a Gauss word ST and letters 7 and j not in ST such that r = [SijTji]
+ [SiTi] + [SjT5).

e Type (WI). An element r of Z[G<] is called a Type (WI) relator if there
exists a Gauss word ST and letters ¢ and j not in ST such that r = [SijTij]
+ [SiTi) + [S5T7).

e Type (SII). An element r of Z[G<] is called a Type (SII) relator if there
exists a Gauss word STU and letters i, j, k not in STU such that r =
([SigTkiUjk] + [SijTiUj] + [SiTkiUk] + [SjTkUjk]) — ([SjiTikUkj] +
[SjiTiUj] + [SiTikUk] + [SjTkUKj)).

e Type (WII). An element r of Z[G<;] is called a Type (WII) relator if there
exists a Gauss word STU and letters ¢, j, k not in STU such that r =
([SijTikUjk)] + [SifTiUj)] + [SiTikUk] + [SjTkUjk]) — ([S7iTkiUkj] +
[SjiTiUj] + [SiTkiUk] + [SjTkUKj]).

We note that in Definition 5, each relator is induced by the corresponding Reide-
meister move: Type (I) relator corresponding to RI, Type (SI) relator correspond-
ing to strong RI, Type (WI) relator corresponding to weak RI, Type (SII) relator
corresponding to strong RII, and Type (WII) relator corresponding to weak RII.
For the precise statement of this note, we introduce the following setting.

We first introduce the following notations. Let P and P’ be two spherical curves.
If P and P’ are related by a single RI (strong RII, weak RIl, strong RII, or weak RII
resp.), then there are Gauss words G and G’ such that (by exchanging P and P’ if
necessary), G = Sii (SijTji, SijTij, SijTkiUjk, or SijTikUjk resp.) and G' = S
(ST, ST, SjiTikUkj, or SjiTkiUkj resp.) such that [G] = CDp and [G'] = CDp
(Figure 8). The subset of Sub(G) such that each element has exactly m letters of
i, 7, and k is denoted by Sub(m)(G). By definition,

(2.2) Sub(G) = Sub®(@) 11 Sub™ (@) 11 Sub® (@) 1 Sub™®(@).
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1y [Sii] «— [S] e )

s [StjTji] «— [ST] &=y

o [SijTij] «— [ST)| ey e e OO e
(SI) [SiTRiU K] — [SHTRURT] AP s ’@k >§§H >
\k" g i k/ 0K j‘
i R i N2 AN
Wi [SijTikUjk] — [SjiTkiUkj] Jév&] - J@¢ () <—> {

FIGURE 8. Reidemeister moves.

Similarly, for a chord diagram z, Sub{™ (@) denotes the subset of Sub, (@) consist-
ing of elements, each of which has exactly m letters of ¢, j, and k. Then,

(2.3) Sub, (G) = Sub® (G) 11 Sub) (@) 11 Sub® (@) 11 Sub{¥ (G).
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Let C be the set of ambient isotopy classes of the spherical curves. Next, for each
element ). o;x; € Z[G<], we define a function C — Z, also denoted by >, oz,
and another function denoted by ZZ ;T

Definition 6 (3, auz;, Y, o;%;). Let b and d (2 < b < d) be integers and G<g,
G4, {x:i}ien, and Z[G<,] be as in Subsection 2.1. Recall that ng = |G<q4| and Gy 4
= {Zi}n,_,+1<i<n, and each z; represents the chord diagram f~!(z;). For each
element

Z ;T € Z[GS[],

np—1+1<i<ng

we define an integer-valued function C — Z, also denoted by >
by

np—14+1<i<ng ¥iLis

P — Z ai$¢(P),

np—1+1<i<ng

where z;(P) is the integer introduced in Notation 2.
Analogously, for each }_ . ;o air; € Z[G<], we define the function

Z Oéii‘i : Z[Ggl] — 7
np_1+1<i<ng
by
Yo aEm | (P)= > aid(P),
np—1+1<i<ng np—1+1<i<ng

where Z;(P) is the integer introduced in Definition 4.

Recall that a spherical curve P and another spherical curve P’ are related by a
single RI and that there exist a letter ¢« and an oriented Gauss word S such that
CDp = [Sii] and CDpr = [S]. Note that in this case in the decomposition (2.2),
Sub® (@) = 0 and Sub®(G) = 0, where G = Sii. Then, by (2.1) in Definition 4
and (2.2),

Z Oéil‘i(P) = Z Q5 Z il(z)

np—1+1<i<ng np—1+1<i<ng 2€Sub(G)
- E a; E Zi(20) + g Zi(21)
np—1+1<i<ng 20€Sub(® (@) z1€SubM (G)

Note that each element zy € Sub(® (@) is a sub-Gauss word of S. Then it is clear
that Sub® (G) = {zpii | zo € Sub®(@)}. Hence,

Z azxZ(P) = Z o Z .i'z(Zo) + Z i‘i(ZOii)

np—1+1<i<ng np_1+1<i<ng 20€Sub(®)(G) 20€Sub(®)(G)

= > a| Y @D+ Y Fal(zid)

np—1+1<i<ng 20€Sub® (@) 20€Sub(® (@)
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On the other hand, since Sub(G’) is identified with Sub(® (@),

Z Oéil'i(Pl) = Z Qg Z jz(zl) ( (21))
np—1+1<i<ng np—1+1<i<ng 2’ €Sub(G’)
R ST B S
ny—1+1<i<ng 20€Sub(®) (@)
= > al > a0
ny_1+1<i<ng ZOESub(O>(G)

As a conclusion, the difference of the values is calculated as follows.

Z Otliﬂl(P) — Z OéiZL'i(P/)

np—1+1<i<ng np—1+1<i<ng
np—1+1<i<ng z;€Sub(®) (GQ)

We note that this is a linear combination of the values of Type (I) relators via Z;.
For the cases of Type (SI), (W), (SII), or (WII) relators, the arguments are
slightly more complicated than that of Type (I) relator. We will explain them in
the proof of Theorem 1 and thus, we omit them here.
Definition 7 (R cye;e,e:)- For each (e, €2, €3,€4,€5) € {0,1}° let Re cpesenes =
Ue,=1Ri (C U;>1Z[G<;]), where R; is the set of Type (I) relators, Ry is the set of
Type (SI) relators, R3 is the set of Type (W) relators, Ry is the set of Type (SII)
relators, and Rs is the set of Type (WII) relators.

For integers b and d (2 < b < d), let Op 4 be the projection Z|G<;] — Z[Gp.q).
Here, note that Oy 4 is a linear map. By the definition, we immediately have:

Lemma 1. Ifny_1 + 1 <i < mng, then for any r € Z[G<],
Z;(r) = 2;(0p a(r)).
Notation 3. Let Re,cyeqeses (b, d) = Opa(Reyepeseqes)-
By using Lemma 1, we have the next proposition.
Proposition 1. For each pair of integersb and d (2 < b < d), let an71+1§i§nd ;T

be a function as in Definition 6. For (€1, €2, €3,€4,€5) € {0,1}5, let Re,cpegeses b
the set as in Definition 7. The following two statements are equivalent:

(1) an_lJrlgignd iZi(r) =0 (Vr € Reycpezeqes)-
(2) an,l.f_lgignd ;Zi(r) =0 (Vr € Re,eseqe4e5 (b, d)).
Proof. e (1) = (2). This is obvious.
o (1) <= (2). Let 7 € Re,cyezeqes- By Lemma 1,

S ()= Y aidi(Opa(r).
np—1+1<i<ng np—1+1<i<ng
By the condition (2),
> #i(Opalr) =0.

np—1+1<i<ng
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Then,
Z Oéi.f?i (’I“) =0.
np—1+1<i<ng

O

We note that it is simple task to give explicit presentation of R, cyese,es (0, d). In
particular, if d < 4, one can do it by hands. The next example shows the concrete
such process for a certain case.

Example 2 (Roo010(2,3)). Rooo10(2,3) = {® +3Q -30 - 0,3 — 20 —
O, B+ —2}. This fact is confirmed as follows.

Recall that a relator of Type (SII) is of the form r = ([SijTkiUjk] + [SijTiUj] +
[SiTkiUk] + [S§TkUjE)) — ([SjiTikUkj] + [S7iTiUj] + [SiTikUk] + [SjTkUKj]).
We immediately see, from this expression, that each term of r consists of n or n+1
letters for some n. Note that Os 3(r) is obtained from r by removing the terms of
length < 2, or > 3. Hence it is enough to suppose that each term of r consists
of two or three letters (Case 1) or each term of r consists of three or four letters
(Case 2).

e Case 1. Each term of r consists of two or three letters.

In this case, we have STU = ) (i.e., S =0, T =0, and U = 0), and, hence,

O23(r) = = lijkijk] + [ijij] + [ikik] + [jkjk] — [jiikkj] — [jiij] — [iikk] — [jkkj]
= [ijkijk] + 3[ijij] — 3[iijj] — [ii5jkE].
e Case 2. Each term of r consists of three or four letters.

In this case, STU = oo for some letter o (#£ i,7, k).

Case 2.1. Both ¢’s are contained in one of the sub-words S, T', and U.

Suppose that both ¢’s are contained in S. Then,

r = [ooijkijk] + [ooijij] + [ooikik] + [oojkjk] — [oojiikkj] — [oojiij]
— [ooiikk] — [oojkkj]
= [ooijkijk] — [oojiikkj] + 3[ijijkk] — 2[ijkkji] — [iijjkkK].
Hence,
O2,3(r) = 3[igijkk] — 2[ijkkji] — [iijikE].
By using similar arguments, we can show that we obtain the same element as above
in other cases. Details of the calculations are left to the reader.
Case 2.2. The two o¢’s are contained in mutually different sub-words S, T, U.
Suppose that one o is contained in S and the other o is contained in 7. Then
r = [oijokijk] + [oijoij] + [oiokik] + [ojokjk] — [ojiocikkj] — [ojioij)
— [oioikk] — [ojokkj].
Here, we note that
[cioikk] = [ojokkj| = [ijijkk]
and
[cickik] = [ojokjk] = [ojicij] = [ijkikj].
These show that
r = [oijokijk] — [ojicikkj] + [ijkijk] + [ijkikj) — 2[ijijkk].
Hence,
O 3(r) = [ijkijk] + [ijkikj] — 2[ijijkk].
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By using similar arguments, we can show that we obtain the same element as above
in other cases. Details of the calculations are left to the reader.

As a conclusion, Rooo10(2,3) = {[igkijk] + 3[ijij] — 3[éigj] — [jitkks], 3[ijijkk] —
2lijkkji] — [iijikk], [ijkijk] + [ijkikj] — 2[ijijkk]} = {®+3Q -3 - O,3&K —
2D- 0. ®+ 6 -2}

Example 3 (Rppo10(2,4)). By using the arguments in Example 2, we can show:
Rooo10(2,4) = {® +30 -30 -0, @+30 - 20-C,. ®+® +
B0-0-220-@-©.@®+B -8 -2, ®+20 - B - 26,
2p+8 -20-0, +20-B-20.30-286-0C. €-286-C,
C-2-0,8+&K - -2} Details of the proof are left to the reader.

Example 4 (Roooo1(2,3)). By using the arguments in Example 2, we can show:

Roooo1(2,3) = {8+ Q- 0-Q, ®-0.30-0-28. 920+ 0. - O}

Details of the proof are left to the reader.
2.3. Main result and corollaries.

Theorem 1. Let b and d (2 < b < d) be integers and G<gq, {x;}ien, Z[G<i], ng =
|G<al, and Gy.q = {®; }n,_, +1<i<n, be as in Subsection 2.1. Let an71+1gignd 0T
and an_lﬂgignd o;T; be functions as in Definition 6. For (€1,€2,€3,€4,€5) €
{0,1}5, let Re, cyeseqes (b, d) be as in Subsection 2.2. Suppose the following conditions
are satisfied:
o Ifeg =1, Z a;Z;(r) = 0 for each r € Rigooo(b, d).
np—1+1<i<ng
o [feg =1, Z a;x;(r) =0 for each r € Ro1000(b, d).
np_1+1<i<ng
o Ife3 =1, Z a;x;(r) =0 for each r € Rop100(b, d).
np—1+1<i<ng
o Ifeg=1, Z a;Z;(r) = 0 for each r € Rooo10(b, d).
np—1+1<i<ng
o Ifes =1, Z a;x;(r) =0 for each r € Roppo1(b, d).
np—1+1<i<ng
Then, the function Z a;x; on the set of ambient isotopy classes of
np_1+1<i<ng
spherical curves is invariant under the Reidemeister moves corresponding to €; = 1.

Definition 8 (irreducible chord diagram). Let x be a chord diagram. A chord «
in z is said to be an isolated chord if o does not intersect any other chord. If x has
an isolated chord, x is called reducible and otherwise, x is called irreducible. The
set of the irreducible chord diagrams is denoted by Irr. Let I S;r) ={i|np-1+1<
i <mng,x; € Irr}.

If we consider the function of the form Zie[élff) o, x; for an_1+1§i§nd o;r; in

Theorem 1, we obtain:

Corollary 1. Let b and d (2 < b < d) be integers and G<a, {x;}ien, Z|G<i], 1
= |G<ql, and Gp g = {Zi}ny_1+1<i<ny be as in Subsection 2.1. Let Z'el(l”) ;T
- - 1edy a

and Ziejélgr) a;Z; be functions as in Definition 6. For (1, €2, €3,€4,¢€5) € {0,1}5,
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let Rejeyesescs (b, d) be as in Subsection 2.2. Suppose the following conditions are
satisfied:
o [feg =1, Z a;Z;(r) =0 for each r € Rp1000(b, d).
iejgfj’
o Ife3 =1, Z a;Z;(r) =0 for each r € Rgp100(b, d).
ier{"y
o [feg =1, Z a;Z;(r) =0 for each r € Ropp10(b, d).
ier"?
o Ifes =1, Z a;Z;(r) = 0 for each r € Rgppo1 (b, d).
ier{"y
Then, the function Z a;x; on the set of ambient isotopy classes of spherical
ier("?
curves is invariant under RI and the Reidemeister moves corresponding to e; = 1.

Proof of Corollary 1 from Theorem 1. By Theorem 1, it is enough to show
(2.4) > i#i(r) =0 (Yr € Rigooo(b,d))
ier{"
for a proof of Corollary 1. We first note that if x; € Irr, then z; has no isolated
chords. On the other hand, let r € Rypo00(b, d), that is, there exist a Gauss word S
and a letter j such that r = [Sjj]. Then, the chord corresponding to j is isolated.
These show that Z;(r) = 0. This shows that (2.4) holds. O
Example 5. It is easy to see that {xi}iel(n-r) consists of three elements, y; = ®,
2,3

yo = B, and y3 = . The fact together with Corollary 1 implies that if there exist
a1, (9, and ag such that (04151 + 042232 + Olggg)(T) =0 (V’I‘ S R00010(2,3)), then
a1y1 + aoys + aszys is invariant under RI and strong RII. Recall that Rooo10(2, 3)
consists of the following three elements r1, ro, and r3 (Example 2):

n=®+38-30 -0,
ro =3 —2() — O, and
T3:®+@—2®.

We can find such a4, as, and ag by solving the linear equation xM = 0, where
M = (gi(r;)) (Figure 9). It is elementary to show that the set of solutions is {x =

®+30-30-0 3@-20-0C ®+0O-2Q

@ 3 0 0
® : 0 :
& 0 0 1

FIGURE 9. Matrix (gi(rj))lgl'_’jgg.
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v(1,-3,3) | v € Z}. Particularly, y; — 3ys + 3ys is invariant under RI and strong
RII. We note that +(y1 — 3y» + 3ys) is the function A introduced in [5] from a
different view point.

Example 6. In contrast to Example 5, we will note that there does not ex-
ist a nonzero (aq,as,as) such that (o191 + @292 + asys)(r) = 0 for each r €
Roo0001(2,3), i.e., there does not exist a1y; + a2z + asys satisfying the condition
of Corollary 1 with €5 = 1. In fact, we take y;(i = 1,2,3) as in Example 5, and
name the elements of Rgppo1(2,3) (see Example 4) as

Let M = (i(7}))1<i<s1<j<s (Figure 10). Then it is easy to see that the linear

equation xM = 0 admits the trivial solution x = (0,0, 0) only.

0+80-0-® ®-6 39-®-280 ®-20+0 ®-0
0 0

R 1 0 0
® 0 1 1 0 0
e 1 -1 3 0 0

FI1GUureE 10. Matrix (gi("é))lgig&lgjgf)-

Definition 9 (connected chord diagram). Let v be a Gauss word of length 2m
and w a Gauss word of length 2n where v(2m) N w(2n) = §. Then we define the
Gauss word of length 2(m + n), denoted by vw, by vw(i) = v(i) (1 <4 < 2m) and
vw(2m~+i) = w(i) (1 <4 < 2n). The chord diagram [vw] is called a product of chord
diagrams [v] and [w]. If a chord diagram is not a product of two non-empty chord
diagrams, then the chord diagram is called a connected chord diagram. The set of
the connected chord diagrams is denoted by Conn. Let I, ézonn) ={i|np1+1<
i < ng,z; € Conn}.

It is easy to see that if a connected chord diagram has at least two chords,
it is irreducible. Note that the chord diagram consisting of exactly one chord is
connected but not irreducible.

Recall that C is the set of ambient isotopy classes of the spherical curves.

Definition 10 (connected sum). Let Py, P, € C. We suppose that the ambient
2-spheres are oriented. Let p; be a point on P; such that p; is not a double point
(1 =1,2). Let d; be a sufficiently small disk with center p; (i = 1, 2) such that d;NP;
consists of an arc properly embedded in d;. Let d; = = cl(S?\ d;) and P,=Pn dl,
let h : 8dy — 8d2 be an orientation reversing homeomorphism such that h(aPl)
= OP,. Then, Pu, P2 glves a spherical curve in the oriented 2-sphere di Up, do.
The spherical curve Py Uy, Py in the oriented 2- sphere, denoted by Pif(p,, p.),n P2,



14 NOBORU ITO

is called a connected sum of the spherical curves P, and P» at the pair of points p;
and po (see Figure 11).

_— —_— N\
P }"1 p2< P P )\J( P 7a\

identifying R #(p, Pz),h P2
1

F1GURE 11. Connected sum P1f(,,  p,),n P2 of two spherical curves
P, and Ps.

Definition 11 (additivity). Let I be a function on C. We say that I is additive if
I(Pif(p, ps),nP2) = I(P1) + I(Py) for any spherical curves P; and P» and for any
Pi(p, po),n P2 in Definition 10.
Definition 12 (prime). A spherical curve P is trivial if P is a simple closed curve.
A spherical curve P is prime if P cannot be a connected sum of two nontrivial
spherical curves.
If we consider the function of the form Zz‘elﬁo"“) o;; for Enb_1+1§i§nd o in
Theorem 1, we obtain:
Corollary 2. Let b and d (2 < b < d) be integers and G<q, {x;}ien, Z|G<i], ng
= |G<d|, and Gy g = {i}n, 1 +1<i<n, be as in Subsection 2.1. Let Zielﬁom,) ;T;
and Ziel(conn) a;¥; be functions as in Definition 6. For (e1, o, €3,¢€4,€5) € {0,1}5,
b,d

let Rejcoesescs(byd) be as in Subsection 2.2. Suppose the following conditions are
satisfied:
o Ifea =1, Z a;x;(r) =0 for each r € Ro1000(b, d).

ieIé%onn)
o [fez=1, Z a;Z;(r) =0 for each r € Rop100(b, d).

iery
o Ifeg =1, Z a;x;(r) =0 for each r € Rogo10(b, d).

ieIé%onn)
o Ifes =1, Z a;Z;(r) = 0 for each r € Roooo1(b, d).

ierf

Then, the function Z a;x; on the set of ambient isotopy classes of spherical
. _ (Conn)
ielyy

curves is additive and invariant under RI and the Reidemeister moves corresponding
to €; = 1.

Proof of Corollary 2 from Theorem 1. Since b > 2 and 7 > n,_1 + 1, each x;
consists of more than one chords, i.e., z; € Irr (see the note preceding Definition 10).
By Theorem 1, it is enough to show

(2.5) Z 0a;Z;(r) =0 (Vr € Rigooo(b,d))
iery

for a proof of Corollary 2. We first note that if z; € Irr, then x; has no isolated
chords. On the other hand, let r € Ryp000(b, d), that is, there exist a Gauss word S
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and a letter j such that r = [Sjj]. Then, the chord corresponding to j is isolated.
These show that Z;(r) = 0. This shows that (2.5) holds.

Further, by using geometric observations as in Example 1 it is clear that if
x; € Conn, then

(2.6) Ti(Pif(p,, po),nP2) = 2i(P1) + 24(P2)

for any Pifi(,, ps),nP2. This fact implies Zieﬂcmn) o;r; is additive. ]
b,d

3. PROOF OF THEOREM 1

o (Proof of the case € = 1.) Let P and P’ be two spherical curves where P and
P’ are related by a single RI, hence, there exist a letter ¢ and two Gauss words
G = Sii and G’ = S corresponding to P and P’, respectively, i.e., CDp = [Sii]
and CDp, = [S]. As we observed in a paragraph proceeding of Definition 7 of
Subsection 2.2, we have

Yoo am(P)- > am(P)= > S i ([zodi]) -

np—1+1<i<ng np—1+1<i<ng np_1+1<i<ng ZoGSub(O)(G)

By the assumption of this case, for each zy € Sub(o)(G),

> i ([z0ii]) =0

np—1+1<i<ng

and this shows that

Z CYZZZ?Z(P) = Z Ozil‘i(P/).
np—1+1<i<ng np—1+1<i<ng
Hence, an,l-s-lgignd «a;x; is invariant under RI.

e (Proof of the case e = 1.) Let P and P’ be two spherical curves where P and
P’ are related by a single strong RII, hence, there exist two Gauss words G = SijTji
and G’ = ST corresponding to P and P’, respectively, i.e., CDp = [SijTji] and
CDp: = [ST].

By (2.1) in Subsection 2.1 and (2.2) in Subsection 2.2, we obtain (note that
Sub® (@) = 0):

np—1+1<i<ng np—1+1<i<ng 2€Sub(G)
= E (% E Zi(z0) | + E g a;Zi(z12)
ny—1+1<i<ng 20€Sub(®(Q) np—1+1<i<ng z;,€Sub(M (G)USUb® (G)
o -
= E Q5 E ZEi(Z ) + E E aixi(zlg)
np—1+1<i<ng z'€Sub(G’) np—1+1<i<ng z;,eSub™ (G)USub(® (@)

(.- Sub® (@) is identified with Sub(G)).
Let zo € Sub®)(G). We note that since G is an oriented Gauss word z uniquely
admits a decomposition into two sub-words, which are sub-words on S and T'. Let
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o(zp) be the sub-word of S and 7(zp) the sub-word of T satisfying zo = o(20)7(20)-
Under these notations, we define maps

2z :Sub?(G) — Sub@(@); 22 (20)
21 :Sub?(G) — Sub™M(@); 21 (20)
2, :Sub@(G) — SubM(@); 2! (20)

o (20)ij7(20)Ji,

o(20)iT(20)i, and

(20)57(20)3-
Then, it is easy to see that Sub® (@) U Sub® (@) admits a decomposition
Sub®(G) U Sub? (@)
= {z1(20) | 20 € SUb@ (@)} 11 {2} (20) | 20 € Sub®(G)} 1 {z3(20) | 20 € Sub®(G)}.
These notations together with the above give:

Z a;z(P) = Z a;z;(P)
np_1+1<i<ng np_1+1<i<ng

+ Z Z ;i (z1(20) + 21(20) + 22(20))

ny—1+1<i<ng 25eSub(® (G)

Z Oéz'l‘i(P,)

np—1+1<i<ng

+ Y Y aifi(z(z0)] + [#1(20)] + [22(20)])-

ny—1+1<i<ng z5€Sub(® (G)

By Proposition 1 and by the condition for the case e = 1, for any 2o € Sub(o)(G),

Z a;ii([21(20)] + [#1(20)] + [22(20)]) = 0.

np—1+1<i<ng

Thus,

Z ozlarz(P) = Z aiaji(P’).

np—1+1<i<ng np_1+1<i<ng

Hence, > ., 11<i<,, @i%i is invariant under strong RIL.

o (Proof of the case e = 1.) Since the arguments are essentially the same as
that of the case e = 1, we omit this proof.

o (Proof of the case ¢4 = 1.) Let P and P’ be two spherical curves where
P and P’ are related by a single strong RII, hence, there exist two Gauss words
G = SijTkiUjk and G' = SjiTikUkj corresponding to P and P’, respectively,
ie., CDp = [SijTkiUjk] and CDp: = [SjiTikUkj].

By (2.1) in Subsection 2.1 and (2.2) in Subsection 2.2, we obtain:

Z ;i (P) = Z a; Z Z;(2)

np—1+1<i<ng np—1+1<i<ng z€Sub(G)

— Z «; Z JNUi(Z(n) + Z i‘i(z23)

np—1+1<i<ng 201 €Sub(® (G)USub™M (G) 223€Sub®) (G)USUb®) (G)
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and

Z a;z;(P') = Z Q; Z z(2")

np_1+1<i<ng np_1+1<i<ng 2z’ €Sub(G’)
~ / ~ !
= g Q; § Ti(201) + § Ti(z33) | -
ny—1+1<i<nqg 2}, €Sub(® (G")USubM (G") 2h,€Sub® (G")USub®) (G")

Since Sub'® (@) (Sub™ (@) resp.) is naturally identified with Sub(®)(G") (Sub™(G”)
resp.), the above equations show:

Z OéiLEZ‘(P) — Z Ozi.Z‘i(Pl)
np—1+1<i<ng np—1+1<i<ng

= Z Z ;i Zi(223)

np—1+1<i<ngd 2,5€Sub(® (G)USUb®) (G)

- > i i(253)-

nb—1+1<i<na 25, €Sub(®) (G7)USub®) (G7)

Let z € Sub?)(@), which is identified with Sub(® (G’). We note that since G is
an oriented Gauss word zy uniquely admits a decomposition into three sub-words,
which are sub-words on S, T, and U. Let o(zp) be the sub-word of S, 7(z) the
sub-word of T, and p(zg) the sub-word of U satisfying zg = o(z0)7(20)pt(20). We
define maps

23 :Sub (@) — Sub'® (G); 23(20) = 0(20)ij7(20)kips(20) 5k,
220 :Sub?(G) — Sub®(G); 204 (20) = 0(20)ij7 (20 )ip(20)5,

29 - Sub (G) — Sub®(@); 228 (20) = o (20)i7(20)kip(20)k, and
z9¢ :Sub(G) — Sub®(@); 220 (20) = 0(20)j7(20)kp(z0) k-

Similarly, let

Sub®(G") — Sub™ (G'); 24(20) = 0 (20) i (20) k(20
250 :Sub(G") — Sub®(G); 24, (20) = 0 (20) i (20)ips(20)
by :SubO(G') — Sub® (G"); 25, (20) = o(20)iT(20)ikp(z0)k, and
25 :Sub®) (G') = Subt®) (G"); 24, (20) = 7(20) 7 (20) kpa(20) k.
Then, it is easy to see that Sub® (@) U Sub® (@) admits decompositions

Sub@ (@) U Sub® (@)

= {23(20) | 20 € Sub®?(G)} I {224 (20) | 20 € Sub®(G)} 1 {225(20) | 20 € Sub® (@)}
T {z¢(20) | 20 € Sub”(G)}

and

Sub@(G") U Sub® (@)

= {#4(20) | 20 € Sub®(G)} I {2}, (20) | 20 € Sub”(G)} T {z4;(20) | 20 € Sub®(G)}
11 {z.(20) | 20 € Sub®(G)}.
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By using these notations, we obtain:

Z Oéll'l(P) — Z aixi(P')

np—1+1<i<ng np—1+1<i<ng

- Z Z T ((23(20) + 224 (20) + 226(20) + 22¢(20))

20€Sub(®) (G) np—1+1<i<ng
— ((20) + 254 (20) + 235(20) + he(x0)) )

> Yo i (([2’3(20)] + [22a(20)] + [226(20)] + [22¢(20)])

20€Sub(®) (G) np—1+1<i<ng

— ([ (20)] + [#ha (20)] + [280(20)] + [28c(20)]))-
Here, we note that

([23(20)]+[22a (20)]+[226 (20) ]+ [22¢ (20)]) — ([25 (20) |+ 254 (20)]+[255 (20)1+-[25.(20)]) € Roooio-

Hence, by the assumption of Case €4 = 1 and by Proposition 1, for each z,

> aiii(([zz’»(%)} + [22a(20)] + [226(20)] + [22¢(20)])
np—1+1<i<ng
= ([z5(20)] + [224(20)] + [25(20)] + [Zéc(20)1)>
=0.

These show that

Z OzZZZ?z(P) = Z Ozil‘i(P/).

np—1+1<i<ng np—1+1<i<ng

Hence, >, 11<ij<p, @i is invariant under storng RIL
e (Proof of the case e5 = 1.) Since the arguments are essentially the same as
that of the case ¢4 = 1, we omit this proof.

O

4. COMPLETE ANALYSIS OF INVARIANTS OBTAINED FROM G4 AND Rogo10(2,4)

In this section, by using Corollary 2, we completely analyze invariants obtained
from G4 N Conn and Rooo10(2,4). First, it is easy to see that {xi}ieléionn) consists
of nine elementsa Yy = ®a Y2 = @7 Ys = @7 Ya = @7 Ys = @a Ys = ®v Yr
=P,y = &, and yg = . The fact together with Corollary 2 implies that if
there exist a; (1 < ¢ <9) such that (Z?:l a;7:)(r) = 0 (Vr € Rooo10(2,4)), then
Z?zl a;y; is invariant under RI and strong RII. Second, recall that Rggo10(2,4)
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consists of twelve elements r; (1 < j < 12) as follows (see Example 3):
rn=®+380-30-0,
rn=0+380-S-20-0,
n=P+&+0-0-28,
r1=20-8 -8,
rs=@& +2 - © - 20,
re=® +2 - @ - 26,
rm=2P+8 -2 -,
rs =@ +2 - D 20,
7”9:3@—2@—@7
ro =38 -28 - O,
r1 =30 -28 - (O, and
re=94+200 -8 -258.

We can find «o; (1 < i < 9) satisfying (Z?:l a;9;)(r) = 0 (¥r € Rooo10(2,4))
by solving the linear equation xM = 0, where M = (g;(r;)) (Figure 12). It
is elementary to show that the set of solutions is {x = 7;(1,-3,3,0,0,0,0,0,0),
72(03();2,8757 13 74727 72) | V1,72 € Z} Particularly, Y1 *3112 + 3y3 (: ® 73@
+30)) and 2y3 + 8ys + Sys + vy — dyr + 2ys — 2yo (=20 + 88 + 5@ + @
—4® + 2 —2@®) are invariant under RI and strong RIL.

Let A®) =y —3ys + 3ys and let A\ = 2ys + Sys + bys + v — 4yr + 2ys —
2y9. Note that A(®) is the function obtained in Example 5, hence A®) = 4\ where
A is the function that appears in Theorem 1 of [5]. We further note that in [5], it
is shown that A (hence, %)\(3)) is a complete invariant of prime spherical curves up

to seven double points (Table 1). We note that A% is also a complete invariant

ry Iy I3 Ty s Tg 1, Tg Tg Tyg Ty Ty
@ o o o 0o 1 0 1 0 o0 0 0 0
GEB o o o 0 2 0 0 -1 0 0 0 0
Dlo o o 2 0o 2 2 1 0 0o 0 o0
& o o o 1 0 0 -1 2 0 0 0 0
® o o o 0o 0o 1 0o 0 0 0 0 0
S o o 1 o 1 1 2 0 0 0 0 0
Q| 3 o 0 0 0 0 o 0 0 0 0 0
®| 1 0 1 0o 0 o0 0o 0 0 0 0 0
@ o o 1 0 0 o0 o 0 0 0 0 0

P
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of prime spherical curves up to seven double points. We further note that A* is
stronger than A\®) in some sense. In fact, A(41) = A(8¢9) = 4 and \*)(4;) (= 16)
# A\4(8y) (= 40). Similarly, we have A(5;) = A(82) = —5 and A*)(5;) (= —20)
# A0 (8;) (= —28), and A(85) = A(817) = 12 and AW (85) (= 128) # AW (8y7)
(= 116).
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TABLE 1. Values of %)\(3) (= ) and \® for prime spherical curves
at most seven double points. Any pair of prime spherical curves
in the same box in the leftmost column are related by a finite
sequence of Reidemeister moves of types RI and strong RIL.
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