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1. Introduction
Perturbative series in quantum field theory are typically divergent.
1 The number of the Feynman diagrams grows factorially k!.
2 Amplitude of a single Feynman diagram grows factorially βk0k!.

This is known as the renormalon [’t Hooft 1979].
It is claimed that such ambiguities
disappear thanks to semi-classical objects.
1 ← Instanton [Bogomolny 1980, Zinn-Justin 1981]

2 ← Bion [Argyres–Ünsal 2012, ...]?
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(a pair of fractional instanton and fractional anti-instanton)

Semi-classical argument on Rd−1 × S1 [Radius R� (Λ scale)−1]

It is important to clarify the renormalon structure on Rd−1 × S1.

We study the 2D N = (2, 2) CPN−1 model in the large N limit.

2. Borel prescription
For the perturbative series of a quantity f (λ),

f (λ) ∼
∑∞

k=0
fk (λ/4π)k+1 ,

we define the Borel transform by

B(u) ≡
∑∞

k=0
(fk/k!)uk.

The Borel sum is given by

f (λ) ≡
∫ ∞

0

duB(u)e−4πu/λ.

If fk grows factorially fk ∼ b−kk! as k →∞,

B(u) = 1/(1− u/b).
This possesses a pole singularity at u = b.

If b > 0, the Borel sum becomes ill-defined; one
should avoid the pole by contour deformation.
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u

×
u = b

∓iπ

This induces the imaginary ambiguity proportional to ∼ e−4πb/λ.

Bion action = 4π
λ in the present system → u = positive integers.

3. 2D N = (2, 2) CPN−1 model
The system in terms of the homogeneous coordinates of CPN−1:

S =
N

λ

∫
d2x
[
∂µz̄

A∂µz
A + χ̄Aγµ(∂µ − ijµ)χA − jµjµ

−
[
(χ̄AχA)2 − (χ̄Aγ5χ

A)2 − (χ̄Aγµχ
A)2
]
/4
]
,

where jµ = (1/2i)(z̄A∂µz
A − zA∂µz̄A), γ5 = −iγxγy, A, B etc.

run over 1, . . . , N , and we impose z̄AzA = 1 and z̄AχA± = 0.
I (In)Homogeneous coordinates are given by [Cremmer–Scherk 1978]

ϕa ≡ za/zN , ψa± ≡ (1/zN)χa± − [za/(zN)2]χN± (a = 1, . . . , N − 1).

The above action can be obtained by dimensional reduction of 4D N = 1
Wess–Zumino model with the Kähler potential K = (N/λ) ln(1 + Φ̄aΦa).

ZN invariant twisted boundary condition (ma = a/NR, mN = 0):

zA(x, y + 2πR) = e2πimARzA(x, y),

χA±(x, y + 2πR) = e2πimARχA±(x, y).

We introduce auxiliary fields as [Lindström–Roček 1983],

S ′ =
N

λ

∫
d2x
[
−f + σ̄σ + z̄A(−DµDµ + f )zA

+ χ̄A( /D + σ̄P+ + σP−)χA + 2η̄z̄AχA + 2χ̄AzAη
]

where Dµ = ∂µ + iAµ, and P± = (1± γ5)/2.
I ∼ 4D theory with K = Z̄AZAe2V − 2V [U(1) gauge field V 3 (Aµ, σ, η, f )].

We impose the periodic boundary conditions for all the auxiliary
fields, and the Fourier transformation is defined by

φ(x) =

∫
dpx
2π

1

2πR

∑
py=n/R,n∈Z

eipxφ(p).

4. Effective action
Fluctuations of the auxiliary fields around the large N saddle point:

Aµ ≡ Aµ0 + δAµ, f ≡ f0 + δf, σ ≡ σ0 + δσ, η0 = 0,

where f0 = σ̄0σ0 = µ2e−4π/λR(µ) = Λ2 as N →∞.
I We apply dimensional regularization as 2→ D = 2− 2ε, and introduce

λ =
(
eγEµ2

4π

)ε
λR(µ)

[
1 + λR(µ)

4π
1
ε

]−1

→ µ2 d
dµ2λR(µ) = −β0

4πλ
2
R(µ)

The effective action to the quadratic order in the fluctuations:
Seff|quadratic

=
N

4π

∫
dpx
2π

1

2πR

∑
py

×
(

1
2(p

2δµν − pµpν)L∞(p)δAµ(p)δAν(−p)

+ 1
2Λ2L∞(p)

[
(p2 + 4Λ2)δR(p)δR(−p) + p2δI(p)δI(−p)

]
− 1

2L∞(p)δf (p)δf (−p)

− 2η̄(i/p + 2σ0P+ + 2σ̄0P−)L∞(p)η(−p)

+ εµνpµL∞(p) [δAν(p)δI(−p)− δI(p)δAν(−p)] +H
)
,

Here δR ≡ (1/2)[σ̄0δσ+σ0δσ̄], δI ≡ (1/2i)[σ̄0δσ−σ0δσ̄], |H| . e−πΛRN , and

L∞(p) ≡ 2√
p2(p2 + 4Λ2)

ln

(√
p2 + 4Λ2 +

√
p2√

p2 + 4Λ2 −
√
p2

)
=

2

p2
ln(p2/Λ2) +O(Λ2).

As NRΛ→∞, Seff|R×S1 → Seff|R2 in [D’Adda–Di Vecchia–Lüscher 1979].

Aµ propagator in the NRΛ→∞ limit is given by

〈δAµ(p)δAν(q)〉 =
4π

N

δµν + 4Λ2pµpν/(p2)2

(p2 + 4Λ2)L∞(p)
2πδ(px + qx)2πRδpy+qy,0

5. IR renormalon in gluon condensate
Gluon condensate in the large N limit

〈Fµν(x)Fµν(x)〉

=
4π

N

∫
dpx
2π

1

2πR

∑
py

2p2

(p2 + 4Λ2)L∞(p)

Positive powers of Λ2 ∼ e−4π/λR are regarded as the
non-perturbative part; 〈FF 〉 in perturbation theory is given by

〈Fµν(x)Fµν(x)〉PT =
4π

N

∫
dpx
2π

1

2πR

∑
py

p2

ln(p2/Λ2)

∣∣∣∣
expansion in λR

=
4π

N

∞∑
k=0

∫
dpx
2π

1

2πR

∑
py

p2
[
− ln(p2/µ2)

]k [λR(µ)

4π

]k+1

.

Note that ln(p2/Λ2) = ln(p2/µ2) + 4π/λR(µ).

Only the py = 0 term can be singular. Focusing on the IR region
by introducing a UV cutoff q (p2 ≤ q2),

Bpy=0(u) =
4π

N

1

2πR

∫
|px|≤q

dpx
2π
p2
x

(
µ2

p2
x

)u
= − µ2u

πRN

q3−2u

u− 3/2

The Borel singularity at u = 3/2 gives rise to the renormalon:

〈Fµν(x)Fµν(x)〉renormalon = ±πi Λ3

πRN
.

Peculiar to the compactified space R× S1!
I On the other hand, on R2 [(1/R)

∑
py
→
∫
dpy], we have

〈Fµν(x)Fµν(x)〉renormalon on R2 (at u = 2) = ±πiΛ4/N.

6. Conclusion
We find an unfamiliar renormalon singularity at u = 3/2.

Despite large N volume independence of the integrand, that is
shifted by effective reduction as

∫
dpd→

∫
dpd−1 [1909.09579].

I cf. SU(N) QCD(adj.) [Anber–Sulejmanpasic 2014; 1909.05489]

No obvious semi-classical interpretation so far...
I Bion calculations with NRΛ� 1 [Fujimori et al.]


	Introduction
	Borel prescription
	System
	Effective action
	Renormalon
	Conclusion

