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Factorial growth of perturbation series

@ Perturbation theory (PT) of QM/QFT is a quite successful tool.
@ But, perturbative series are typically divergent as

F(\) = Z e\, ¢, ~ n! at large n.
n=0
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@ Accuracy of perturbative predictions is limited. ..
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Factorial growth of perturbation series

e E.g., ground state energy in QM (Rayleigh-Schrédinger PT):

Perturbative coefficients

Zeeman effect ~ (=1)"(2n)!
Stark effect ~ (2n)!
Anharmonic oscillator
V(6) ~ & ~T(n+1/2)
V(6) ~ ¢ ~ (~1)(n + 1/2)
Double well ~ n!
periodic cosine well ~ n!

@ These are due to the factorial growth of # of Feynman diagrams.

Okuto Morikawa (Kyushu U.) T VO AL 2020/1/23 WS on CPV @Keio 5/22



Borel resummation

@ The Borel (re)summation is useful for summing divergent
asymptotic series.

@ For the perturbative series of a quantity (),

. A n+1
f()\) ~ anof;] (E) )

we define the Borel transform by

@ The Borel sum is given by

f(\) = /000 du B(u)e™* /2,
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Borel resummation
o If f,~b""nlas n — oo,

1

B(u) = 1——u/b

— Pole singularity at v = b (Finite radius of convergence!)

@ The integral is convergent for b < 0 (alternating series).

Im
o If b > 0, the Borel sum becomes A | u
ill-defined. = non-Borel summable Tim

@ Then, one should avoid the pole by

contour deformation. / Re
@ This induces the imaginary ambiguity ¢ \'

proportional to ~ e~ *7b/A,
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Resurgence theory and semi-classical picture

e f()\) is not analytic at A = 0, but an asymptotic series.
@ Asymptotic nature of perturbative series is related to

@ possible instability of quantum theories,
[Dyson '52, Hurst '52, Thirring '53, ...]
@ nonperturbative effects such as quantum tunneling.
[Vainshtein '64, Bender-Wu '73, Lipatov '77, ...]

@ Ambiguity oc a nonperturbative factor e~<°"st/

ICanceIIation (Resurgence structure)

Ambiguity associated with nonperturbative effects
» Instanton calculus [Bogomolny 1980, Zinn-Justin 1981]

@ Reading out nonperturbative effects from PT: Resurgence theory
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Renormalon and bion

@ Another source of n-factorial: renormalon ['t Hooft 1979]
@ Amplitude of a single Feynman diagram ~ Sgnl.

(Bo: one-loop coefficient of the beta function)

£

@ It is conjectured that renormalon ambiguities disappear thanks
to the so-called bion [Argyres—Unsal '12, Dunne-Unsal '12, .. .].

@ Bion: a pair of fractional instanton/anti-instanton

-~

on RY~1 x S1 with twisted boundary conditions (BC)
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Studies on CPY~1 model

@ Bion calculus in 2D SUSY CPN=1 model with SUSY breaking
term [Fujimori-Kamata—Misumi-Nitta—Sakai '18]
e Vacuum energy:
ambiguity from bion <> renormalon on R? at u =1
» CPN-1 QM [Fujimori-Kamata—Misumi-Nitta-Sakai '16, '17]
@ Renormalon in 2D (SUSY) CPN~! model in the large N limit
[Ishikawa—O.M.-Nakayama—Shibata—Suzuki-Takaura '19]
o (FF): Borel singularity at u =2 (R?) — u=3/2 (R x S?)
» cf. 4D SU(N) QCD(adj.) [Anber-Sulejmanpasic '14;
Ashie-O.M.-Suzuki—-Takaura—Takeuchi '19]
@ No obvious semi-classical interpretation so far. ..

@ Renormalon ambiguity for vacuum energy in the large N limit?
@ Our answer:
purely nonperturbative, no well-defined weak coupling expansion
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2D SUSY CP"~! model

e 2D NV = (2,2) CPN=! model in terms of homogeneous
coordinates (z4, x*) with A=1,2, ..., N
N

S=+ / d’x [2* (—=D,D, + 50) 2* + X} (D + 5Py + oP_)X"]

where X is the 't Hooft coupling, D, = 0, + iA,, 75 = —ivxYy,
Py = (1++5)/2, and we impose
A =1 and 724 =0.
e Lagrange multiplier fields f and (n, 7);
N
=5+ 5y / d’x [f(2°2" — 1) + 272" + 2% 2"] .
» Auxiliary fields (A, 0,7, f) € U(1) supermultiplet
@ Large N solution in R? by [D'Adda—Di Vecchia—Liischer '79]
» Large N saddle point (subscript 0): fy = 0, Goo9 = A?, 19 = 0.

» Auo undetermined — “vacuum moduli”
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Zy invariant twisted BC

@ Spacetime is R x S; x € R and y € S! with S radius R.
e Kaluza—Klein momentum along S* is given by p, = n/R.

@ We assume the following BC

ZA(x,y +27R) = &R zA(x, y),
XA(X,y + 27TR) — e2m’mARXA(X7y)’

where

A/NR forA=1,2 ...,N-1
ma =
0 for A= N.

@ We impose periodic BC for all auxiliary fields A,, f, o, n.
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Twisted BC, Large N and volume (in)dependence

@ When a loop momentum is associated with the twisted BC,
ZGQWImARn W (n c Z)
A

e If --- =1, noting that

2mimaRn N: for n = 0 mod N,
> 1
a 0, forn#0modN,

the effective radius becomes NR.
@ Assume “large N limit” as NRA — oo (Decompactification!)
@ Large N volume independence
> Seff|rx st — Seff|rz [D'Adda—Di Vecchia—Liischer] (twisted for z)
» (FF) in large-N SU(N) QCD(adj.): u=2 — 2 (twisted for A,)
@ Volume dependent cases
> (FF) in large-N CPN=1: y =2 — 3/2 (periodic for A,)
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SUSY breaking term

@ Vacuum energy in the large N < that by bion calculus
@ Let’s introduce the SUSY breaking term as [Fujimori et al]

N
0S = /dzxé—;ZmA (ZAZA — %)
™o

@ We have the vacuum energy as a function of J¢, and

E(de) = E +EWde + ECoe® + .
g
@ Bion contribution [Fujimori et al]

Ebion 2N\ Z

X {56 + [—27,:- — 2In(47b/AR) F i) d* + ... }

)2b 1

» b=1 term ox A% + Expected order of the renormalon on R?
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Vacuum bubble diagrams
@ We need to compute the vacuum energy to NLO of 1/N:

D= QZ ma <2A2A — 1/N>56:0
A

1 _ —
£ = [ xS mame (F02 025 0)

» 2-loop vacuum bubble diagrams (bubble chain!)

SHHEH I OO0

@ Now, in E® and E®, we have
Z {ma or m3}e™™R"£0  for n# 0 mod N.
A

We cannot expect large N volume independence of those.

Okuto Morikawa (Kyushu U.) S VS A LR T I2020//1 /23 WS on CPV @Keio 17 /22




Renormalizability

@ For example,

(1)
£ ‘l—loop

A 1) —
<1 - N) > " 4cos(Ayo2m RNm) Ko (2 RNmA)

" 4nR
m=1
)\ 1 e*l‘Ay027TRn fl(A ORN)
n#0 mod N

@ We find that, to the 2-loop order,
EWge = Ade x (finite),  E® e = (A\de)® x (finite).
@ Renormalized parameters as (D = 2 — 2¢)

e\ € 1\ ¢
Ade = Ardep  where A = <e4 “) AR (1 + ﬁ—) .
T

4 €

Then, the vacuum energy to the 2-loop order is UV finite.
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Results of EY) and E(?)

o Finally, we obtain

EMse=0-N°+0- Nt +O(N2)

and
RE®)SE?| oy = N7 (Arder)*(AR) *F(AR)
RE<2)562\O(N_2) = N72(Arder)?(AR) 3G (AR)
F(AR) G(AR)
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Discussion

o E(de) is a well-defined quantity to 2-loop order.
» This still depends on the nonperturbative factor A ~ e=27/*
@ How to observe the renormalon?

© Extract the perturbative part of E(de) (weak coupling
limit RA — 0),
@ Expand E(d¢)|pT in Ag(n),
© By the Borel prescription, obtain the renormalon ambiguity.

@ Since F and G is finite at RA = 0,
RE®)(5€) ~ (RN) 3 — o

for RA smalll

@ E(d¢) is purely nonperturbative, and has no well-defined weak
coupling expansion.

@ We cannot discuss the renormalon problem.
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Summary

@ Resurgence program in 2D SUSY CPVN~1 model

@ We computed E(de) to NLO in 1/N, and found E(d¢€) has no
well-defined weak coupling expansion.

@ On the other hand,

Evion ~ (£71)2N (RA)? 8¢

» In our result with NRA > 1, E@)§e2 = O(N*l)!?
» NRA < 1 [Fujimori el al]

@ What cancels the ambiguity from the bion?
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Backup: Effective action in N — oo
@ We consider NRA — oo where A is a dynamical scale.
o Effective action S for fluctuations of the auxiliary fields
AL = A +0A, f=fh+0f, o0=o0¢+d0,
around the large N saddle point fy = 0, Goog = A2, 19 = 0.
o Selrxst = Selrz in [D'Adda-Di Vecchia-Liischer '79].
e E.g., A, propagator is given by

4 b, + 4N?pup. [ (P?)?
N (p? + 4N Loo(p)

(57, (P)3A(a)) = 278(pe + )27 R0p, 100

where

£alp) = it (VR VE ).

- \/pz(p2+4/\2 \/p2+4/\2

@ Such propagators give rise to bubble chain di-
agrams giving renormalon E%
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Backup: Computation of EMde| j00p
E(l)de’

1-loop

= 2562 ma (<ZAZA>1-Ioop o 1/N>
A

dp, 1 1
pL; = -1
Z mA /\/ 27 271'R (pu + Auo + madyy ) + N ]

2 \ eipy27ar 1
=2— m -
S Y [

L nN=—o0
d2p el(py Ayo—ma)2mRn
_z_zmA )\HZOO/ 1
)\R(SER
=55 (1- N Z4cos(Ayo27rRNm)Ko(27rRNm/\)
m=1
Arber 1 Z e~ #Avo27Rn S5 (AyoRN)(vacuum moduli)
- L Ko(27R|n|A)
—2mni/N _
AwR Nn#OmodN € " 1
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Backup: F(AR) and G(AR)

2 wen
F() = +e@], @)= Jim > 3 €K (2men)

12 12r2 oo N n>0,n#0 mod N tan(7rn/N)
. €Ky (2rén)
G = { SE+ Jim [6 ">Om§m0d  Tan(mn/N) Nc(g):| }

3 4= 28 +28)Loo(£,€)
_ 75 /Oodfx Z( (2(€2+4£2)2£00(Z7§)

LyEL
+ fim 01 dx o n;:mod N [% % - 6Sin(x€y27rn):| m
{ N iﬂ:)); 5 Ki(2)x(1 - x) — ﬁ}ﬁ(z)(l _X)
g V% Ka(2)x(1L = %) + 2mnko(z) 5 } }>
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Backup: IR renormalon in gluon condensate

@ We compute the gluon (photon) condensate in N — oo, and

study Borel singularities associated with it.
@ Gluon condensate in the large N limit

<F,UV(X)FMV(X)>
47 [ dp, 1 2p?

N J 27 27R . (p? + 4N Lo (p)
Y

o Positive powers of A2 = ;2e~47/2=(1") are regarded as the
non-perturbative part; (FF) in PT is given by

47 [ dp, 1 p?
F F. =— [ —
( uv(X) w (X)>PT N o iR . In(p2/2)

expansion in Ag(u?)
Note that Lo(p) = 2 In(p?/A?) + O(A?).
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Backup: Renormalon ambiguity in RY

e Noting Ag(p?) = 47/ In(p?/A?), (FF)pt is a typical form from
which a renormalon appears. Generally, on R?, we have

ddp ( 2)a )\R(pz) :/ ZI nfH_ )\R( ) m
2m)? 7 (4m)?2 4myie]
Note that In(p?/A?) = In(p?/1?) + 47/ Ar(1?).

@ Focusing on the IR region by introducing a cutoff g (p? < ¢°),

ddp ) ,U/Q u M2u q2oc+d 2u
B = [ b (%) = ot —
p?<q? (2m) P (4m)2T(d/2) v +d /2 — u
@ The Borel singularity at u = o+ d/2 = 2 gives rise to
<FF“/(X) FNV(X»renormalon on R? (at u=2) = :EWIA4/N
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Backup: Renormalon ambiguity in R9~! x S?

@ On the other hand, on R91 x S1,

d dd-1 1
P, / p_L 3
(2m)d (2m)d-127R

pd:n/R, nez

@ Now, only the py = 0 term can be singular; the dimension of the
momentum integration is effectively reduced:

TR et
u=a+—- —sa+——
2 2

@ The Borel singularity at u = 3/2 gives rise to the renormalon:

N
<F,LW(X)FIW(X)>renorma|0n - :l:T”T('RN'

Peculiar to the compactified space R x S!!
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Backup: Discussion

@ The Borel singularity is generally shifted by —1/2
under the S! compactification and the following assumptions:

© volume independence of a loop integrand of a renormalon
diagram

@ loop momentum variable along S* associated with the
periodic BC (not twisted!)

@ Then, in the large-N (SUSY) CPN=1 model, we find an
unfamiliar renormalon singularity at v = 3/2.

@ But bion calculus — u = 2 [Fujimori et al].

Thus, no obvious semi-classical interpretation so far.
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