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Factorial growth of perturbation series

e In QM/QFT, perturbative expansions are divergent series
o Typically, F(A) = D02, ckA¥, cx ~ k!
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@ A source of k! in QFT: renormalon ['t Hooft 1979]

» Amplitude of a single Feynman
diagram ~ Bokk!

(Bo: one-loop coefficient of the y @

beta function)
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Borel resummation and perturbative ambiguity

@ Borel resummation: summing divergent asymptotic series
, - e k41 . .
fg®)~> , f (@> with i ~ B5k!
|l Borel transform
e, 1

B(u) = =T o (Pole singularity at u = 1//).
k=0

Im
@ The Borel sum is given by A | u
Fir

f(g2)E/ duB(u)e‘lﬁ’Tz”/g2.
0

/ Re
@ (9 > 0 — ill-defined due to the pole 0 ( )
\' u = 1/50

= Imaginary ambiguity ~ £e 107"/ (%g")
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Resurgence theory and renormalon puzzle

@ Consistency of quantum theories — Resurgence structure

c i .
~ e~ 167/(fog?) LN N o serturbative effect

such as instanton

5renorma|on

» Resurgence theory for ODE and QM
@ But, it is not clear what cancels renormalon. .
» S=5;/0 (instanton S; = 87r2/g )? If exists, onp ~ € —251/bo
@ A possible candidate [Argyres-Unsal '12, .. .]:
Bion [Unsal '07] (fractional mstanton/antl instanton  pair)

'

on R971 x S with Zy-twisted boundary conditions (BC)

A/N for A#N

Ax, xg + 27R) = e MR A(x, x4), maR =
o (x, x4+ 27R) o), maR =4 ST

@ Sg = 5;/N < similar N dependence (8o = N for SU(N) GT)
@ Renormalon on S! compactified spacetime?

HINBA (LKE) Renormalon on compactified spacetime 2020/9/16 BAYEE S 4/8



Renormalon analysis on R3 x S!
@ Renormalon analysis for 4D SU(N) QCD(adj.) on R? x S!
(N = 2, 3 [Anber-Sulejmanpasic '14], YN [Ashie-O.M.-Suzuki-Takaura '20])
@ (Usually) Renormalon can appear from

£07) [ G2 Bl )~ g g s 0

» Logarithmic factor in vacuum polarization is crucial
» Coupling expansion: g2(k+1) fp(Pz)a(ln p2)k — g2(k+1)

@ 1-loop analysis on R3 x S? zwnﬂe)\‘

2 2y+In(8)
L(p2 N 0) — _ ’Z;c + const. 2yein(2718) [N

T(p®> — 0) = const.

2y+In(4) |

@ No factorial growth occurs
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— No renormalons 02R?
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Subtlety of large N limit on R® x S*
@ Naive (apparent) 1/N expansion
2 1 2 P30
In p~ + Nfﬁnite(P ) — const.
————’
—Inp?>+...asp—0

@ Does there exist renormalons in N — oo?

p—0
N(p?) > const.
N — oo lVN
reRorrTaion
Inp? — 5 lrenormalon|
p

» Large N — volume independence of integrand

Incompatible?
—

@ Definition of renormalon 1/N expansion
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“Renormalon precursor” and decompactification

J— _ —16 2 2
° 5renorma|on|]R3><51 = 0 for VR, but 5renorma|on|]R4 = e o7 /(Bog?)
@ Can renormalon on R* emerge under R — oo?

@ Reconsider
d3 2)a
2/ 2
g(“)/( 427TR 1—ﬂ(p)

— Pole singularity at 1 — I1(p? )|u2 = ﬂ(p )uz=p2 =0

1.0 Y T
osf N — RA=0.3
e For P33 <A, " RA=0.2
3 . RN — RA=01
ambiguities of [ d>p can arise _ s
(“Renormalon precursor”) "o —ee ]
@ R — o0, pole|psy s — pole|gs
=20 4
then, 0|gs emerge! ]
) 5 10 15 20
p2IA?

» On R* ambiguity of S d*p = ambiguity in Borel sum
2020/9/16 BAMEEE  7/8



Summary

@ (Our) Current understanding on resurgence structure in QFT

PT Semi-classical object
R4 6PFD ~ e—]_67r2/g2 5instanton ~ e—ZS[
R4 5renorma|on ~ e—167r2/(60g2) ?
R3 x ST | 0prp ~ e 167/ (V&) [14pSA-2] S ~ € 25171
R3 X Sl 5renorma|on =0 No

» PFD: Proliferation of Feynman Diagrams
> 5/ = 87T2/g2

@ There remains renormalon puzzle (renormalon precursor also)
@ Helpful in giving a unified understanding on resurgence
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