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Factorial growth in QFT

@ Two sources of factorial growth of perturbative coefficients:
@ Proliferation of Feynman diagrams (PFD)

Ground state energy in QM

Zeeman effect ~ (=1)k(2k)!
Stark effect ~ (2k)!
V(g) ~ ¢ ~T(k+1/2)
V(g) ~ ¢* ~ (<L) (k + 1/2)
Double well ~ k!
Periodic cosine ~ k!

Q Renormalon 't Hooft 7

o

(Bo: one- Ioop coefficient of the beta function)
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Resurgence theory and renormalon problem

@ Perturbative ambiguities (Borel resummation)

PFD: Y k! (g2/167%)" =0~ exp(—167%/g%)
k

Renormalon : Zﬁé‘k! (g2/167r2)k = 0 ~ exp [—16#2/(/50572)]
K

@ Resurgence structure [Bogomolny '80, /Zinn-Justin '81]

OpPED ~ €xp (—167r2/g2) = exp (—25))
{ Cancellation

Oinstanton ~ €Xp (—25)) (Instanton action S; = 872/g?)

@ But, what cancels the renormalon ambiguity drenormalon?
» Non-trivial configuration with S = S;/8q (6np ~ e251/50)?
» Not known (cf. cancellation between terms of OPE [David '82])
» Higher-order perturbation theory?
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Renormalon cancellation in R9~1 x §1?

@ A possible candidate [Argyres—Unsal '12} [Dunne-Unsal '12, K

Bion [Unsal '07] = fractional instanton/anti-instanton pair

on RI71 x S with Zy-twisted boundary conditions (BC)

A/N for A#N
0 forA=N

/

O (X, xg + 27R) = >R A (x, x4), MR = {

N-component field

e Sg=5;/N < similar N dependence! (8y = %N for SU(N) GT)
@ Resurgence on S compactified spacetime?

PT Semi-classical object
N 5Renorma|on ~ e_167r2/(30g2) ?
3 T 255 _ ,—25/N
R* x 5 6Renorma|on? 5Bi0n ~ € B =¢ /

» QFT on R* =M QFT on R3 x St in R — 0
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Resurgence structure in R9~! x S!

e No renormalons in SU(2) and SU(3) QCD(adj.) on R? x S*
[Anber-Sulejmanpasic '14]

@ Questions:
© What cancels the bion ambiguity? (PFD?)
@ Are there no renormalons in other theories? (SU(YN)?)
© How does drenormalon on R* emerge in R — 00?

@ Answers [O.M.—Takaura, Ashie-O.M.-Suzuki—Takaural:
© Enhancement of PFD due to Zy twisted BC: k! — Nkk!

PT Semi-classical object
4 —1672/g? —-25
R 5PFD ~ e /g 5Instanton ~ € !
1 / —1672/(Ng? —25;/N
R3x S Shrp ~ € 6m/(Ng*) OBion ~ €21/

@ No renormalons in SU(YN) QCD(adj.) on R3 x S?
© “Renormalon precursor” R20° Renormalon on R*

@ Helpful in giving a unified understanding on resurgence in QFT
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Enhancement of PFD ambiguity

@ Enhanced PFD-type ambiguities cancel bion ambiguities
PFD: k! = N¥k!

2/,2 2 2
5PFD ~ e7167r /g - 5f3FD ~ efl67r /(Ng

) & 5bion|R3x51

@ Mechanism (~ Linde problem in finite-temperature QFT):
@ S! compactification — IR divergences

1
d o d—1 _
/dpu-—flﬂltE—)/d pﬁ Z ---=o00 at IR
P4€Z/R
@ twisted BC — twist angles as IR regulators
k
1, ! o (£) = gy

P2 p?+(pd+ ma)?  pa=0,A=1 —
Enhancement!

o Let us study the CPN model on R x S?
» Bion calculus [Fujimori-Kamata-Misumi-Nitta-Sakai '18]
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2-dimensional CP" model with twisted BC
@ 2D CPN=! model with Zy-twisted BC (A=1, 2, ..., N)
1 _ .. -
e / d°x [0,2°0,2" — juj. + f(2*2" — 1)]
where j, = (1/2)22'9 2%, f is an auxiliary field (242 = 1)
@ # of vacuum bubble diagrams, T (j, — Zz, propagator — 1)

5:

1 (/6 6\*1 K
Th=———=—) —[(z2)?] ~4r(k+1/2
“7 (2k)! (52&) i (2] (k+1/2)

e Amplitude of (k + 1)-loop connected diagram

k+1

pr=0,A=1 Vz(g2)k/ dpi1 F?*(pi1, ma)
T (2nR)y 11 2

H:?il[q?,l + m3 + fo]

(F2k: 2kth-order polynomial, g: linear combination of {p;}, fo = (f))
e IR divergence in massless limit m3 + fo — 0 ([ d’p — [ dp)
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IR structure and enhancement mechanism
e m3 + fy = 1/(NR)? + fy works as an IR regulator

> my>>
k k
Vs 1 g2\ az1 Vo 1 [ Ng?
~ WW (47r) = A Enhancement!
> my < fy
L] (maR)® (g2>k Enhancement
R2 = (foR2)(kta=1)/2 \ 47

o Dependence on NRA (A = pe=27/(%&”); dynamical scale)
» NRA < 1 (Bion calculus is valid)

2
foR ~ f:; = [m3 = 0(g%] > [fo = O(g")] Enhancement!
T

> NRA>>1 (“Large N")

2
m 1
foe N2 = A= <1 Enhancement
fn ( NF\’/\)2
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Discussions on enhancement mechanism

PT Semi-classical object
4 —1672/g? —-25
R Sprp ~ e 107/E Olnstanton ~ €~
R3 x ST | 0prp ~ o—1677/(Ng?) Sesian ~ € 251/

@ Enhancement phenomenon is consistent with bion
@ Borel singularities at maR = A/N = 1/N, 2/N, ...
~—
1-bion 2-bion
@ Disconnected diagram (n connected) is suppressed by 1/N""!
> # of connected diagrams ~ In [, Tk(g?)*]
@ Sum over flavor indices gives rise to further N factor
@ Vacuum energy of 2D SUSY CPM model (following slides)

» NRA > 1 [Ishikawa—O.M.-Shibata—-Suzuki
» NRA < 1 [Fujimori-Kamata—Misumi—Nitta—Sakai 18]
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Vacuum energy of 2D SUSY CPN~! model
@ 2D SUSY CPN=1 model with SUSY breaking term
N

s=3 / d?x [—ZADuDﬂzA +50+ YA (D+ 5Py + UP_)XA}

/d2meA <z z —L)

where D), = 0, + iA,, v5 = —ivxYy, P+ = (1%+7s)/2,
and we impose zz4 = 1, ZAy* = 0 and zy* = 0.
@ Vacuum energy as a function of de
E(6e) = E@ 1 EMge + EC)ge? + ..
=0
e Vacuum energy at NRA < 1|Fujimori-Kamata-Misumi-Nitta-Sakai|

EBion 2N\ Z

X {66 + [—275 —2In(47b/Ag) F wi]d€ + ... }
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Vacuum energy in terms of 1/N expansion

@ Vacuum energy (NRA > 1)
[Ishikawa—O.M.-Shibata—Suzuki]

oooooo

mmn//k
015

E(l)(SE = 20¢ Z ma <ZAZA - 1/N>5e=0
A

=0-N°+0-N1+O(N?)

Figure: F
RE®)§e?
d2XZ mampg
X< 7" A >5€
= N_l(/\R56R) (/\R) 2F(/\R’) o
+ N72(Arder)*(AR) >G(AR) + O(N™3) Figure: G

e RE® — 00 as A — 0; no well-defined weak coupling expansion
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N-enhancement versus 1/A (m3 vs fy)
@ Vacuum energy for NRA > 1 and NRA <« 1
Eiarge v ~ N7 (AR)25¢ = fy = A? in denominator

7  (mj vs fo)
Im Ep_pion ~ £N(AR)?5€ < enhancement of N

e cf. ground state energy of SUSY CP! QM
[Fujimori-Kamata—Misumi—Nitta—Sakai "17]

E=m Z Ai(g?/m)k

e “Large N" means NRA > 1
» "“1/N expansion” = 1/(NRA) expansion
» Higher orders in 1/N depend on negative powers of A
» fy = A% dominates the IR structure
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(Definition of) Renormalon ambiguity on R*

@ Renormalon on R* can appear from

?VQM\@W p2)k7
e Cu?
@ n(p*) = 50 167r2 p>

(a, C: constants)
@ As p — 0, logarithmic factor in vacuum polarization is crucial

I~ ore . 1
/(p2)a(|n I i (o)
p

0

. 2 2
where dynamical scale A2 = 12167/ (fog”)
» Borel transform — momentum integral

C,2\VY
B(u) = /d4p (p?)* (epéz > Y200 IR divergence
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SU(N) QCD(adj.) on R3 x S?
@ Renormalon analysis for SU(N) QCD(adj.) on R?® x S*
(N =2, 3 |Anber-Sulejmanpasic '14|, YN [Ashie-O.M.-Suzuki-Takaura '20])
@ SU(N) gauge theory with ny-flavor adjoint Weyl fermions

0

e Zy twisted BC for adjoint representation
V(x0, X1, X2, X3 + 27R) = Qu(x)Q*
A, (x0, X1, X2, X3 + 27 R) = QA (x)Q*

c N41 . o 2w 2w
where Q = e™ ' diag(e "N, e W2, ... e "W).

. (0) .-
» Equivalently, e2™*43" = Q under periodic BC
@ Cartan part of A,: “photon”, the others of A,: “W-boson”
_— —_— —_——
N-1 massless U(1) m~|p3|>1/(NR)
@ W-boson cannot give rise to renormalon; consider U(1)N=?
Okuto Morikawa (Kyushu U.) 2020/9/24 Resurgence 2020 18 /27
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1-loop effective action
@ 1-loop effective action of photon, Aﬁ (¢=1,2,...,N-1)

* / d*xd*y AL (x)A”(y) / dp 1 TR
2g2 ® v (2m)3 27R =
X [Pzpﬁu(% - Llr) + P27’,E,(51zr - TZr) + 5€r§pupu}

where projection operators, Pt along S;, P7 in R3
@ Vacuum polarization

e5/3 2
Ly, = fgg {@,l ( - ) - ﬁ)(Psz)Zr—@(Psz)eg]a

Vv
finite volume

5/3,,2
Ty = fog” dgr In 2“ + f(p*R?)sr
1672 P N——

finite volume
» Large-f approximation [Beneke—Braun '94|: Radiative
corrections of A, are included by —%nW — Bo = (L — %nW)N

3
e If M(p? — 0) ~ In p?, there exists the renormalon.
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Absence of renormalons on R3 x S*
e Asymptotic behavior of L and T in SU(YN) QCD(adj.)

2
Lo (p°R?) = =225, + const. + O(p*R? In(p*R?)),
P 2
2p2) _ 2p2 2p2 2 bog
Ti(p°R?) = const. + O(p°R* In(p*R?)), My X T

) T T T T T
\ 140 0

2y+In(16)

2y+In(8)
2y+In(2714)

2y+In(4)

A e 1/0%R)

L
0.0 0.2 0.4 06 0.8 1.0 1.2

PR p*R?

L L L L L
0.0 02 04 06 0.8 1.0 12

@ No logarithmic factor — no renormalons (no factorial growth)
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Subtlety of large N limit on R® x S*

@ Subtlety of naive (apparent) 1/N expansion: e.g.,

1 1

finite
|fo|§NW = Inp?+K(p?) "~ Inp?+ O(L/N)

N
ﬂ(p2) iy Inp renormalons Ashie—O.M.—Suzuki—Takaura—TakeuchiI]
@ Does there exist renormalons in “N — o0”7?

p—0 ’N < IR divergence‘
Nn(p?) > const.

N — ooj N 3 for VN
In p? A (volume independence) ‘
| TR

’N > IR d|vergence‘ Pd ~ &

@ Volume independence: “N > o0 and twisted loop momentum
»» Incompatible?
—

1/N expansion
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Backup: Twisted BC, volume (in)dependence

° Identity for KK sum with twisted BC:

dpd
27rR > F(p.pa+ ma) Z/ pd%RnF(P, Pd + ma)
Pa€Z/R neZ

_ Z/ dpg @i (Pa—ma)2mRn F(P, pd)

27 ———
nez

@ Noting that i
oting i J2mimaRn . _ N, for n=0mod N (leading),
" 0, forn#0modN,

the effective radius becomes NR:

sum over A dpd 2nNRn' N

NS ipa2n VR = Y F

/ o € (pa pd) R (p7 pd)
n'€z Pd€EZ/(NR)

@ Assume “large N limit" as NRA — oo = Decompactification
@ Volume dependence: other mu dependence, Twisted loop momenta

E in SUSY CPVN e.g.,U(1) gauge field
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Renormalon from momentum integration on R*

— _ 1672 2
o 5renorma|on’]R3><51 = 0 for VR, but 5renorma|on’]R4 =€ ™/ (fog”)
@ How does renormalon on R* emerge under R — o0?
@ Reconsider renormalon diagram; resumming the geometric series,

2/ 2 d4P (Pz)a
£09) | Gy
d* ( 2)a d* Na 2/.2 —C

2
p
T62 IN oche

2
e Pole singularity at p?> = e“A? g 1

— Contour deformation in p?> € C
— Renormalon ~ Fim 2 (e“A%)*+2

0 2

! eC N2 P>

» On R* ambiguity of [ d*p
= ambiguity in Borel sum

Okuto Morikawa (Kyushu U.) Perturbative ambiguities in R —~ X S 2020/9/24 Resurgence 2020 23 /27



“Renormalon precursor” and decompactification
e In SU(N) QCD(adj.) on R3® x S?,

2,2 d’p 1 (p*)"
£ | @ry2nR 2o T-N(5)

_/ d3p 1 167r ( 2)a
(2m)* 27 R pcz/R N m + finite

“ 1" 2
@ “Renormalon precursor” comes from In ﬁ ~+ finite = 0

. . RN ‘
» For p3 <A, it can exist Y — RA=03 |
(no Borel singularities) oof> \‘,\ RA=02
1
-0.51
> ffinite — 0 = -1.0F : ~~~~~~~~~~~~
' PN S ———==--o
(polelgocsi = polelse) i LRAES
and 37 — [ dps o
4 25 5I 10 15 20
Renormalon on R* emerge! pop2 (N=2,p3=0)
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Backup: toy model (large N volume independence)

@ Difficult to compute the renormalon precursor directly

@ A simplification by large N volume independence: For |ps| < €/OA,
integrand possesses a simple pole

P/ / d*p 1 > 1672 2ya e5/3N?
5D p
3 2 3A2
(2m)3 27R palcev/oA Bo p2 — e5/3\
4 5/3/\2 a+2 1 2
~ il'ﬂﬁ(e 27‘(') 5/3RA Z o ( 5/;7/-'\)/\)2
0 € |n|<e5/6RA €

@ Decompactification RA — oo

4 5/3/\2 a+2 1
— iiﬂﬁ(ez)/ dx /1 — x2 = Renormalon on R*
0 m 1

@ [L-TN(p—0)] x[L—N(p— o0) < 0]: *Renormalon precursor
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Summary

@ (Our) Current understanding on resurgence structure in QFT

PT Semi-classical object
4 ~1677/g7 gk
R Sppp ~ e 107 /g G~ e 25
2 2
R 6renorma|on ~ 67167" /(Bog®) ?
_ 2 Vi —
R3 x St ey ~ €167/ (Ng?) 5 S
3 1 —
R* x 5 5renorma|on =0 No

@ Renormalon precursor smoothly reduces renormalon in R — oo

» Not associated with Borel singularities
» Analytic continuation of geometric series

@ There remains renormalon puzzle
» What definition do you prefer? [talk by Cherman]
@ Helpful in giving a unified understanding on resurgence
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Backup: Borel resummation (notation)
@ Borel resummation: summing divergent asymptotic series

. 2 k+1
f(g?) ~ Zk:of" < ] ) with f ~ a¥k! as k — oo

1672
|l Borel transform
B(u) i ! (Pole singularity at 1/a)
u) = —u* = ingulari u=1/a).
" T T au sHianty

. . / Re
@ a < 0 (alternating series) — convergent
@ a > 0 — ill-defined due to the pole 0 \' =1/a

@ The Borel sum is given by Im
~ A u
f(g?) = / du B(u)e 67 u/&", Fim L
0

u

= Imaginary ambiguity ~ +e167"/(25")
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