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Symmetry and 't Hooft anomaly matching

@ Symmetry: fundamental tool in physics
» Universal applications to high energy physics, condensed matter
physics and mathematics
@ Noether theorem and conservation law

Sym: ¢ ¢’ 5(¢) = S(¢), O =0
Charge Q = /jodD_lx

@ 't Hooft anomaly matching for strongly coupled theories |79
» Assume global symmetry G in system
» Introduce background gauge field A assoc. G (by gauging G)

Z[A] = /D{¢} e~ S{erA) L Z[AE] = --- = eMAEl Z[4]
ed #£1 AnOmalous 14 Hooft anomaly which is invariant at any
energy scale (renormalization group inv.)

» Restriction on low-energy dynamics: SSB, phase structure, SPT
HIEA (BRKAE) BFHERICH 1T D —BIEFRE 18/3/2023 EFEmE oEFR 2/16



https://doi.org/10.1007/978-1-4684-7571-5_9

Recent generalization of symmetry

@ Generalized global symmetry [Gaiotto-Kapustin—Seiberg-Willet '14]
» Coupled with topological field theory
* Changing topological structure without changing local dynamics
[Kapustin—Seiberg '14]:
* Nontrivial information by using generalized 't Hooft anomaly
matching [E.g., [OM-Wada—Yamaguchi 23]
@ Basic property: fractionality of topological charge
» Usually, topo. charge Q ~ [ FF € Z under topo. sectors
* 6 term: 0Q (strong CP problem, axion physics, sign problem)

» Discrete higher-form sym — background gauge field B:

Q ~ [ BB € £Z, 't Hooft anomaly Zg.,2.[B] = e 7@ Z,[B]
[Kapustin—Thorngren '13| |Gaiotto—Kapustin—Komargodski=Seiberg "17|

't Hooft twisted boundary condition @ ~ [ FF € 7

|[van Baal ’82l] cf. 'Edwards—HelIer—Narayananl Ide Forcrand—_lahnl
|Fodor-Holland-Kuti-Négradi-Schroeder} |[Kitano-Suyama-Yamada o]

lobal desc.
& =
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Generalization: higher-form symmetry

o (0-form) Symmetry
t=Xxp » Charge (codim 1)
Q= Jodxi A - Adxp_1

1p 201
» Symmetry operator

Ua(Zp_1) = @

1D Topological under deformation of Xp_;

@ Higher-form symmetry |Gaiotto—Kapustin—Seiberg—Willet "14]

» p-form symmetry GIPl (codim p + 1)

Ypp1 QF P, Un(T) = &9

—~— e~ Xp_p-1

» Transforming a “loop” operator W(C)
W(C)— U(X)W(C)
(p+1)D = #ZAOW(C) w/ linking #
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Center symmetry in YM theory

e Lattice SU(N) YM theory
» link variable Uy, € SU(N)
i \

\ 7
N

/
4

o Center symmetry: Z
2mi
Ug — eTk#(Z’K) Ug

enk e Zy C SUN);
/>

Intersection # of X & link ¢; U, — U,
e Gauging the center symmetry
B,: 2-form gauge field assoc. Zg\l,]

S~ Tre Wy,
invariant under U, — e % MUy, B, — B, + (d)\),

» Recall 't Hooft twisted b.c. \\ Uni oy = gn—j Un s v
_1 71 @ LV
gn+Lﬁ,Mgn,ygn,Mgn+Lﬁ7,, — e N ¢ Zn

't Hooft fluxz,, = > B, mod N
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Aiming at transparent understanding

@ Wise but not transparent understanding

» Topological objects from lattice viewpoint as center sym
» Formal discussion in continuum theory
* 7} gauge field: U(1) field B
with constraint NB(9) = dB(9=1) from charge-N Higgs
Swapping A w/
> Q~ % [BAB? ZE L [ Po(B) ~ —Cureziurzon
Q Nf cohomology op Nf 2( ) 8N

* Global nature described by Cech cohomology (discrete group!)
» Indicating mixed 't Hooft anomaly with chiral sym/6-periodicity

Z912:[Bp] = €2 24[B,] not 27 periodic

e Fully regularized framework: Lattice regularization

» Lattice construction of fiber bundle and Q [Lischer '84|

» Coupled with higher-form lattice gauge fields

@ Application to higher-group symmetry
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Principal fiber bundle

@ Recall Dirac’s discussion

» Gauge fields cannot be defined globally in spacetime

» Defined on each subspace: northern/southern hemisphere
@ Manifold (spacetime) X; open covering (patches) {U;}

» Gauge group G, gauge field a; on U;

» Relation between a; and a;7

U U Gauge transformation:
! —_ —
aj = g 1a,-g,-j+g,-j1dg,~j at U,'j

U . " .
» Consistency condition for transition function gj;:

gi = id, gi = g; '
Cocycle condition:  gjigikgki =1  at Ujjk
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Bundle structure on lattice?
@ No continuity for lattice fields?

» Any configuration can be deformed continuously to others
» We can observe topological structure even on lattice by Liischer
@ Setup/strategy: Lattice A divides X into 4D hypercubes

© Regard {c(n)} as patches

4D cell ¢(n)

3D face f(n, )

2D plaquette p(n, u, )
1D link £(n, p)

@ Define transition function v, ,(x) at f(n, ;1) from data as U,

» Difficult to define it at x # n s.t.
cocycle condition is kept intact

j\z v1v2v§1v;1 =1
4\11/ at x € p(n)
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Lattice 2D U(1) gauge theory

o v, ,u(x) = w A (x)w"(x) [Liischer '98, |Fujiwara et al. '00]
? (X) W"(X) — Un’1Y1
n w2 (x) = [U, 5, U, 5.0, U, 5,17
Unfé 2
=x-—n
Unfﬁ,l Unf§+i,2 Y
n—2 n—2+1

@ Explicit expression of v:
Vai(x) = Un—i,l Va2(x) = U, Qz[Un—élu

5
= U, 5, expliyiFia(n — 2)]

> Field strength: F, = InU, for -n < Fy <
» (4D) To ensure Bianchi identity dF, = 0, we should impose
sup, |Fp|l <€ 0 <e< 3 — Admissibility condition

-1
+1, 2Un,1 Ut

n—2, Z]yl
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Construction of topo. sectors on lattice [Liischer]
@ Parallel transporter for 4D SU(N): 7

S
Ug — vf(n) — Vf(X) <~ Cocycle N ug7§23 3 m S5 :
4 sy, 14
_ P X0 L
Vn,,u(n) - U(n - M?M) 7, x 52 56
n—p -1 n =n S1
Vn,lt( ) 517 7 (X) Vn,,u(n)sn,,u,(x) W’77§(S7)
va Y. X% w3 (s2)
n 4 3 ] 1
w9 = Un4Un 43Un A+y33,2 Tntydtys3+yn2,1
+y4 +y44+y3 +y44+y33+yn
o 0] = (g5 Y (g 537 Uy )" gy (s )
! n — ,,n ny—1
gy Oey) = (g Y (g ull s Y ] (g ) ‘ ul, = wiUs u(w])
i () = (b)Y (s g gy Uy 5 ) g (Uo7 Y/
iy Oy) = (7)) (g 7o, gy o g )" iy (g™ » — YXZ N T

I (x> xy) = 167, Oy ) T B LA G K (i e (3 ) ™ L () T B BT (e e, O P8

I (e X xy) = (00 YT, (B T, (xg 3 )

@ Topo. sectors on lattice so that [Q in terms of v¢(x)] € Z

1
Q:ZQ(")a q(n) = T a2 Z ewpo{?’/ d*x Tr [(Vn 10p nu) < V- Muav"n fv )]
o P, v

neA

[T (k0 (k00vi) (v 20 )] |
N,
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Cocycle condition relaxed by higher-form sym

@ Luscher's construction Coupled with higher-form gauge fields
» SU(N) YM theory coupled with Zy 2-form gauge field

S~ ZTr e W B Up Bp: 2-form gauge field assoc. ZR]
invariant under Uy — WA Ue, B — By + (d))p
» 't Hooft twisted b.c. : Untropu = g,,_l} Un,p8n+pv
-1 -1 - 2ri 4 v
gauge transf 8ntL0,u8nvEnu8ntipy = €N €Ly
0 L 't Hooft fluxz,, = » B, mod N

@ Cocycle condition can take a Zy value:

~ ~ ~ 1~ o 27i A s
s () () s () () = € B0

» Zpy blind matters: adjoint repr.

> Zg\ll] gauge inv. if 7, ,(x) — e An—ii Vi, (X)
e What is definition of 7, ,(x)?
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1 : : :
Z[ ] gauge Invariant construction
° Gauge invariant plaquette
Up = 27TIBPU

» Recall Uy — e Uy
» Admissibility tr(1 — Up) < €

@ u: product of plaquettes — i 7 Bsa(n — 3)
~n_3 27 B, 27 _3
u;523 —enN le](n 3)6 N BQ4(n)ug7523

@ Similarly, v is defined in terms of i

» Gauge covariance / 5752 575
N 2miy (po )~
Vnpu(x) — en Auln M)Vn,u(x)

o Fractional topological charge Q = 3" q(n) € —=uxezluies 4 7
» Anomaly between Zg\ll] gauge inv. and 6 periodiC|ty

ZH+27r[Bp] = e_2WiQ[Bp]ZO[Bp]
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Generalization: higher-group structure

@ In general suppose ®,-,,,G,-[p] global symmetry

o After gauging, a naive direct product of symmetry groups?
» Can each symmetry be gauged individually?

e Gauging G x HI global symmetry, then gauge transf.:

Ars A4 d\O, B B+ d\® 4+ Ad)\©

2-group symmetry (cf. superstring theory [Green—Schwarz '84])

» p-group symmetry: GéO] XX G[[f:ll]
e E.g., 4D SU(N) gauge theory with instanton number pZ
» For any p € Z, local and unitary
» Global symmetry: Zg\ll] center sym X ZE’] sym gauging 4-group

P ﬂTanizaki—UnsaI '19[]

cf. [Hidaka—Nitta—Yokokura "2

@ How to modify instanton sum & realize higher-group on lattice?
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Modified instanton-sum: Zg\l,] X ZE’] gauge sym?

@ Inserting the delta function (or introducing Lagrange multiplier)

6 (qn — pca) or [an(q—--.)] - Q=p)
K L

where Q =) g, U(1) 4-form field strength c, €z
» ¢ = dc(®): Charged object under ZE]
VO — ol aix()y(3) — B M) (3)
> 0 term, i0Q + i0 >, Cn, indicates the 27/p periodicity of 0

@ Just by counting numbers, obviously no nontrivial configurations
for B:

1 _ 1
e EnvpoZuZos = D giEuvpo Bnyuw Bripto,pe mod 1 € Z

ZW x 7B global symmetry — gauge-symmetry
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Modified instanton-sum: higher-group symmetry

@ Introducing new field Q, (2, € Rand ), Q, € Z)
» Replacement: ¢, — ¢, — Nin,,: 3-form gauge inv

gn — pcn + %Qn =0 : fractionality allowed

~ 1
» Redefine Qf as Q, = %Qn — S—NEWPUBH,WBH,;LJHZW

Agam Z” 2 eZ . fractional part of Q

gn — pcn + 2, =0 where §,: integral part of @

@ 1-form and 3-form gauge transf with QP e R:
Bo = By+(dN)p, o o+ 2dQY) (+2),
Q= Q,+dQP (+pZ) + “2B A dA+ LdA A dN' (+2)

Finally, w, = integral part of Q,
» defined by using 1-form and continuum 3-form gauge transf

» Theory possesses “mixed 1-form” X discrete ZE] gauge sym
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Summary

@ Generalized symmetries have been developed in this decade

» Through the use of 't Hooft anomaly matching, new insights
about nontrivial dynamics & classification of phases

@ Standing on a fully regularized framework: lattice gauge theory
» Generalization of Liischer's construction of topology on lattice
» Maintaining locality, SU(N) gauge inv & higher-form gauge inv
» Mixed 't Hooft anomaly between Z%] & 0 periodicity

@ Robust discussion on higher-group from lattice
» Counting integers & fractional numbers; mixture of symmetries

o Future works
» Monopole, 't Hooft line in lattice gauge theory

* Lattice construction of magnetic operators and observation of
Witten effect [See /NEF I+ E[19a52-11]]

» Other kinds of generalized symmetries and applications

* Lattice realization of non-invertible (categorical) symmetry [See

AHEKH[19252-12]]
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