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Abstract
Molecular rotational transition frequencies are useful as frequency standard in the terahertz
region. The ( ) ( ) ( )S = X J F, 0, 1 2 1, 1 21 transition frequencies of QH+ molecular ions (Q:
an even isotope of Group II element) in a linear trap are useful as measurement uncertainties are
low. An uncertainty given by the Stark and Zeeman shifts can be below 10−15 using 202HgH+

molecular ion.
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1. Introduction

Atomic transition frequencies in the optical and microwave
regions have been measured with uncertainties of 10−18 [1–4]
and 10−16 [5], respectively. The vibrational transition fre-
quencies of homonuclear diatomic molecular ions ( + +N , O2 2 )
are also expected to be measured with uncertainties of 10−18

in the infrared or optical region. These frequencies are useful
for the detection of variations in the proton-to-electron mass
ratio [6, 7].

Establishing a frequency standard in the terahertz region
(0.1—10 THz) is also useful, for example, in spectroscopic
imagining including the detection of hidden paintings [8].
Solaro and collaborators measured the -+Ca D D40 2

3 2
2

5 2

transition frequency (1.8 THz) with an uncertainty of
2.2×10−11 (dominated by the uncertainty of the Rb clock
used as a reference) [9]. The vibrational transition frequencies
of 174Yb6Li (4.17 THz) [10, 11], 88Sr6Li (5.06 THz), and
40Ca6Li (5.77 THz) [12] molecules are expected to be mea-
sured to an uncertainty of 10−16. These transitions are
observed using lasers to excite atomic Raman transitions in
the optical region. To stabilize the frequency of a terahertz-
wave source, observing a single photon electric dipole
transition (E1) in the terahertz region is preferable. The sta-
bilization of a quantum cascade laser (QCL) in the terahertz

region has been performed using CH3OH transitions to a
precision of 10−7 [13]. This experiment was performed using
CH3OH molecules in a cell at room temperature, and there-
fore, the spectrum is Doppler broadened; the quadratic Dop-
pler shift is also significant (of the order of 10−12).

This paper presents estimates of the attainable accuracies
of rotational transition frequencies of molecular ions in a
linear trap. The linear trap uses a set of quadrupole rods to
confine ions radially with an RF electric field (frequency of
Ω/2π) and a DC electrical potential on the end electrodes to
confine the ions axially. Molecular ions may be sympatheti-
cally cooled via the Coulomb interaction with atomic ions,
that are co-trapped and laser cooled. As the kinetic energy of
ions are reduced by laser cooling, the ions localize at posi-
tions where the trap force and the Coulomb force from other
ions balance. This situation produces a ‘Coulomb crystal’.
The ions exhibit micro-motions in the radial direction with
frequency Ω/2π and an amplitude proportional to the radial
displacement from the axis (center line of the linear rods). A
small number (<50) of ions form a string crystal along the
axis with a strong radial spatial confinement [14], where the
trap electric field is zero. There is no micro-motion of ions in
the string crystal, because there is no displacement from the
axis and the trap force along the axial direction is given by a
DC electric field. The amplitude of motion of the molecular
ion is below terahertz wavelengths (0.3 mm), and therefore,
the observed spectrum is free from Doppler broadening. The
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quadratic Doppler shift is less than 10−16 when the kinetic
energy is reduced to less than 1 mK by sympathetic cooling.

Molecular ions QH+ (Q: 40Ca, 24Mg, 202Hg) are advanta-
geous when measuring the rotational transition frequencies
because of the simple energy structures without electron spin,
electron orbital angular momentum, and Q nuclear spin (the
nuclear spin of H is 1/2). The X1Σ v=0 ( ) =J F,
( ) ( )0, 1 2 1, 1 2 transition (v: vibrational state, J: rotational
state, and F: hyperfine state) is electric dipole (E1) allowed and
the measured frequency is free of an electric quadrupole shift
because F=1/2 for the upper and lower states.

The outline of this paper is: section 2 estimates the attainable
systematic measurement uncertainty in the ( ) ( )= J F, 0, 1 2
( )1, 1 2 transition frequency, given by the Zeeman shift induced
by the stray magnetic field and the Stark shift induced by the trap
electric field and blackbody radiation (BBR), and section 3
describes the experimental procedure.

2. Attainable systematic uncertainty

We next present estimates of the Zeeman and Stark shifts in
the frequencies for the ( ) ( ) ( )S = =X J F, 0, 1 2 1, 1 2v

1
0

transition fc(=2B0) of molecular ions 40CaH+, 24MgH+, and
202HgH+ (Bv: rotational constant of the v vibrational state).
The values of fc are listed in table 1.

To estimate the Zeeman and Stark energy shifts, the
states X1Σv=0(J, F, MF) are obtained as couplings of states
[MJ, MI], where MP (P=F, J, I) is the component of the
angular momentum parallel to the magnetic field (see table 2).

The linear Zeeman shift for a magnetic field B is given by

( ) ( )D = +f p M p M B, 1ZL J J I I

where = -p 4.2 kHz GI
1 [18]. The value of pJ is estimated to be

−1.15kHzG−1 [19] for the molecular ion 40CaH+ in the J=1

state, and assumed to be 15% higher for molecular ions 24MgH+

and 202HgH+ molecular ions (Note, pJ is proportional to the
rotational angular velocity and proportional to B0 ). The linear
Zeeman energy shifts in the (0,1/2,±1/2) and (1,1/2,±1/2)
states of 40CaH+ are±2.1 kHzG−1 and m1.5 kHzG−1,
respectively. Therefore, the linear Zeeman shifts in the fre-
quencies of the ( ) ( ) (=  J F M, , 0, 1 2, 1 2 1, 1 2,F

)1 2 and ( ) ( ) 0, 1 2, 1 2 1, 1 2, 1 2 transitions of
40CaH+ are m3.6 kHzG−1 and m0.64 kHzG−1 (for 24MgH+

and 202HgH+ m4.2 kHzG−1 and m0.74 kHzG−1), respectively.
The linear Zeeman shift is eliminated by averaging the fre-
quencies of the = M 1 2 1 2F and = -  -M 1 2 1 2F

or =  -M 1 2 1 2F and = - M 1 2 1 2F transitions.
Therefore, the uncertainty associated with the value of pJ is not
significant in the estimation of the Zeeman shift.

The quadratic Zeeman shift ΔfZQ in the ( ) =J F,
( ) ( )0, 1 2 1, 1 2 transition frequency, induced by the
coupling between (J, F, MF)=(1, 1/2,±1/2) and
( )1, 3 2, 1 2 states, is given by

( )
( )D = -

- +
D

f
p p B2

9
, 2ZQ

J I

hf

2 2

where Δhf is the transition frequency between (1, 1/2,±1/2)
and ( )1, 3 2, 1 2 states. The values of Δhf for

40CaH+

molecular ion is estimated to be 12.4 kHz [19], and the higher
value by 15% is assumed also for 24MgH+ and 202HgH+

molecular ions (Δhf is proportional to the rotational angular
velocity and proportional to B0 ). The quadratic Zeeman
shift is estimated to be −513 Hz G−2 with 40CaH+ molecular
ion (−484 Hz G−2 for 24MgH+ and 202HgH+). With the
magnetic field maintained below 1 mG, ΔfZQ is less than
1 mHz. The magnetic field of several Gauss is required for
laser cooling, but should be turned off at the measurement
stage.

The Stark energy shift induced by the DC electric field E
in the ( ) ( ) ( ) ( )¢ = J M, 0, 0 , 1, 0 , 1, 1J states (ΔfS−DC) are
given by ( ) ( )- dE hB62

0 , ( ) ( )dE hB102
0 , and ( )- dE 2

( )hB20 0 , respectively (d: permanent electric dipole moment).
Here, ¢MP denotes the component of P parallel to the
electric field. The Stark energy shifts in the ( )¢ =J F M, , F

( )0, 1 2, 1 2 are ( ) ( )- dE hB62
0 . The (1, 1/2,±1/2) state

is a mixture of ¢ =M 0J and 1 with a ratio of 1:2 (table 1). The
DC Stark shift in the (1, 1/2,±1/2) state is negligible
because the Stark shifts in the ¢ =M 0J and 1 states cancel
each other, although not exactly because of a centrifugal
force. The (J, F, MF) state results from a coupling of
( )¢J F M, , F states. Therefore, the DC Stark shift in the
( ) ( ) ( )= J F, 0, 1 2 1, 1 2 transition frequency is
( ) ( )dE hB62

0 . Table 3 lists the values of the permanent dipole
moment d and the coefficients of fractional DC Stark
shift ( )D -f f ES DC c

2 .
The electric field of the trapped molecular ions is

required to be less than 0.01 V cm−1 to suppress the fractional
DC Stark shift below 10−14 for the 40CaH+ and 24MgH+

molecular ions. The value is lower than 10−15 for molecular
ion 202HgH+ with an electric field of 0.03 V cm−1. As shown
in section 3, the electric field of the molecular ions in a string
crystal has been reduced below 0.01 V cm−1. The DC Stark

Table 1. ( ) ( ) ( )S = = X v J F0 , 0, 1 2 1, 1 21 transition
frequencies fc.

fc(THz)

40CaH+ 0.282 [15]

24MgH+ 0.382 [16]

202HgH+ 0.390 [17]

Table 2. Description of the (J, F, MF) states as couplings of
[MJ, MI]states.

(J, F, MF) [MJ, MI]

(0, 1/2,±1/2) [ ]0, 1 2

( )1, 3 2, 3 2 [ ] 1, 1 2

( )1, 3 2, 1 2 [ ] [ ] + 0, 1 2 1, 1 22
3

1
3

(1, 1/2,±1/2) [ ] [ ] - 0, 1 2 1, 1 21
3

2
3

2
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shift is positive and cancels with the quadratic Doppler shift
when electric field of the rf-trap is applied with the frequency
(magic trap rf-frequency Wc/2π) [20] listed in table 3.

The Stark shift induced by BBR should be considered
along with shifts associated with the couplings with neigh-
boring rotational states, vibrational excited states, and elec-
tronically excited states. The frequency shift contributed by
neighboring rotational states (J=0–1 and 1–2) is given by

( )

( )
( )

( )
( )

( )

( )
[ ]

⎡
⎣⎢

⎤
⎦⎥ò n n
r n
e

n

r n
p n

n

D = -
-

+
-

=
-

-

3

f
d B

B

d B

B h
d

h

c h k T

2

3

4

4

4

3

2

2
,

8 1

exp 1
.

BBR R

B

2
0

0
2 2

2
0

0
2 2

0

3

3

The frequency for which ( )r n is a maximum is propor-
tional to the thermodynamic temperature of the surroundings
T, and is 31 THz for T=300 K. At T>50 K, ν is distributed
mostly in the region above 3 THz, which is much larger than
4B0(<1 THz) and equation (3) is approximately given by

( )

[ ( ) ]
( )

ò

ò

r n
e n

n

p
e

D =

=
-

-f
d B

h
d

d B
c

dx

x x

32

256
exp 1

. 4

BBR R

2
0
3

0
4

2
0
3

0
3

Using equation (4), ΔfBBR−R is obtained to be indepen-
dent to T, because of dν/ν=dx/dx (x=hν/kBT). The
values ofD -f fBBR R c are listed in table 4. The influence of the
centrifugal force is one order smaller than these estimated
values. The frequency shift induced by the ( ) ( )= -v J, 0, 0
( )1, 1 and ( ) ( ) ( )-0, 1 1, 0 , 1, 2 couplings is given by

( )
( )

( )
( )

( )
( )

( )

( )

⎡
⎣⎢

⎤
⎦⎥

ò n

n n
r n
e

n

D = -
+ -

+ - -

-
-

- -
+

+
+ -

´

-f
d f B B

f B B

d f B

f B

d f B

f B

h
d

2

3

6 2

6 2

1

3

2

2

2

2

,

5

BBR V
v

v

v

v

v

v

01
2

1 0

1 0
2 2

01
2

0

0
2 2

01
2

1

1
2 2

0

where fv is the vibrational transition frequency and d01 is the
v=0–1 vibrational transition dipole moment, both are listed
in table 5. With f B B,v 0 1, equation (5) is rewritten in

approximation as

( ) ( ) ( )ò
r n
e n

nD =
-

--f
h

d B B

f
d

2
. 6BBR V

v0

01
2

0 1
2 2

B1 is 3% smaller than B0 (table 5) [15]. The values of
D -f fBBR V c with T=300K are listed in table 4. The fre-
quency shift induced by couplings with state A1Σ is given by

( )
( )

( )
( )

( )
( )

( )

( )

⎡
⎣⎢

⎤
⎦⎥

ò n

n n
r n
e

n

D = -
+ -

+ - -

-
-

- -
+

+
+ -

-f
d f B B

f B B

d f B

f B

d f B

f B h
d

2

3

6 2

6 2

1

3

2

2

2

2
,

7

BBR e
e e e

e e

e e

e

e e e

e

2
0

0
2 2

2
0

0
2 2

2

1
2 2

0

where fe is the X A transition frequency, Be the rotational
constant in the A1Σ state, and de is the X A transition
dipole moment. Values of fe and Be are listed in table 5. The
value of de was estimated to be of order 2D for 40CaH+ [21]
and 202HgH+(see section 3). The same values are assumed
also for 24MgH+. With fe?ν, B0, Be, equation (7) is
rewritten in approximation as

( ) ( ) ( )òe
r n nD =

-
-f

h

d B B

f
d

2
. 8BBR e

e e

e0

2
0

2

D -fBBR e is proportional to T4. Values of ΔfBBR−e/fc with
T=300 K are listed in table 4. The total fractional shift
induced by BBR with T=300 K is estimated to be of order
2×10−16, 1.3×10−16, and 1.4×10−17 for 40CaH+,
24MgH+, and 202HgH+, respectively. As D -fBBR e is much
less dominant than ΔfBBR−R, therefore, the uncertainty in de
does not contribute to the total shift induced by BBR. The
measurement uncertainty is dominated by the quadratic Zee-
man shift and the Stark shift induced by the electric field of
the trap. To reduce the measurement uncertainty below 10−14,
the magnetic field should be suppressed below 1 mG. Sup-
pression is also required for the Stark shift induced by the
electric field of the trap, using molecular ions in a string
crystal on the axis of the linear trap (electric field
<0.03 V cm−1) or by trapping with magic trap frequencies
(table 3). Using molecular ion 202HgH+ is advantageous in
measurements desiring low measurement uncertainties.

Table 3. Values of the permanent dipole moment d, the coefficients
of fractional DC Stark shift ( )D -f f ES DC c

2 , and the magic trap rf-
frequency where the Stark shift induced by the electric field of the
trap cancels the quadratic Doppler shift Ωc/2π.

d (D) ( )D -f f ES DC c
2 (/(V/cm)2)

Ωc/2π
(kHz)

40CaH+ 5.31 [15] 5.78×10−11 11.6

24MgH+ 3.20 [15] 1.16×10−11 42.2

202HgH+ 0.90 [15] 8.82×10−13 19.1

Table 4. Fractional Stark shift induced by BBR when the
temperature of the surroundings T is 300 K. The Stark shift is
induced through coupling of neighboring rotational state ΔfBBR−R,
the neighboring vibrational state fBBR−V, and the electrically excited
state fBBR−e.

ΔfBBR−R/fc ΔfBBR−V/fc ΔfBBR−e/fc
40CaH+ 1.67×10−16 4.96×10−18 4.61×10−17

24MgH+ 1.13×10−16 4.45×10−18 1.86×10−17

202HgH+ 9.23×10−18 1.79×10−18 4.36×10−18

3
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3. Experimental procedure

The molecular ions QH+ are produced from the rf-trapped Q+

ion in the chemical reaction
Q+ (1P1/2) + H2  QH+ + H.
The excitation to the 1P1/2 state is induced by laser light

(397 nm + 866 nm for 40Ca+, 280 nm for 24Mg+, and 194 nm
for 202Hg+). The 202Hg+ ion is also excited when using a
202Hg+ discharge lamp, because only the excitation to the P
state is required (not laser cooling). A 202Hg+ discharge lamp
was used in the optical pumping of 199Hg+ ion to the 2S1/2
F=0 state (F: hyperfine state), because it is resonant with
the 199Hg+ 2S1/2 = F 1 2P1/2 F=0, 1 transition (broad-
ening is larger than the hyperfine splitting in the 2P1/2
state) [23].

The QH+ molecular ions are sympathetically cooled with
ions, that can be laser cooled. Sympathetic cooling is effective
when the mass of the molecular ion is more than 0.54 times
larger that of laser cooled atomic ion [24]. The cooling effect
is high when it is sympathetically cooled with Q+ ion. For
the202HgH+ molecular ion, sympathetic cooling with Yb+ or
Ba+ ion seem to be easier than laser cooling of Hg+ ion using
a 194 nm laser light.

When an AC voltage ( )= WV V tcos0 is applied to
quadrupole rods at a distance of R from the axis, the trap force
on the ion with a mass of mi in the radial (r−)direction is

( )

w

w

=

=
W

=
W

F m r
q

q
eV

m R

2
4

9

i r

r

i

2

0
2 2

The trap is stable with 0<q<0.8. The experiment is per-
formed mainly with ωr/Ω=0.1–0.3. The trap force in the
axial (z−) direction is given by

( )w= -F m z. 10z i z
2

With low kinetic energy, ions are localized to position ( )r z,0 0

where the trap force and the Coulomb repulsive force balance
(Coulomb crystal). Along the radial direction, there is also a
micro-motion of ( )Wqr tcos0 . When ωr?ωz, a small number
of ions are localized on the axis with r0=0 (string crystal).

The measurement is performed with a terahertz wave
source, such as a QCL and a differential laser. Here, the
differential laser has a difference frequency component given
by a nonlinear effect of a crystal excited by two laser beams.

The rotational transition may be monitored using the quantum
logical method [25]. For the quantum logical measurement,
the energy of mechanical motion in the axial direction of the
ion should be reduced to the ground state ÿωz/2. Requiring
ωz<ωr<Ω to form the string crystal, ÿωz/2 must be one
order lower than ÿΩ/2. Using the quantum logical method
with Ω magic trap rf-frequencies Ωc/2π (table 3), is techni-
cally difficult because ωz/2π should be of order of a few
kiloHertz and ÿωz/2 is required to be of order 100 nK.

However, the Stark shift induced by the trap electric field is
expected to be below 10−14 (10−15 for 202HgH+) with any
value of Ω, because the electric field of the molecular ions in the
string crystal is expected to be less than 0.01 V cm−1 (see
below). When V0=400 V, R=2mm and Ω=2π×10MHz
with 40CaH+ molecular ion, q=0.24 and ω=2π×1.7MHz.
Then the secular motion amplitude is 0.04 μm with kinetic
energy of 1 mK, and the electric field strength that the ions in
the string crystal feel is 1.7×10−4 V cm−1 and the DC Stark
shift is less than 10−17.

For 202HgH+, the rotational transition may be monitored
with a method that is simpler than the quantum logical method.
The population in the ( ) ( )S =X v J, 0, 11 state may be mon-
itored by observing the fluorescence from laser beams of
wavelengths 227 and 237 nm, because of the quasi-diagonal
coupling between X1Σ and A1Σ states. To confirm the useful-
ness of this method, the 202HgH+ energy structure in the X1Σ
and A1Σ states was analyzed using the relativistic Kramers-
restricted configuration interaction method limited to single and
double excitations with the quadruple zeta quality basis sets
[26]. The internuclear distance in the X1Σ and A1Σ states were
found to be 0.159 nm and 0.170 nm (from [22] 0.159 nm and
1.69 nm), respectively. The transition dipole moment between

( ) ( ) ( ) ( ) ( ) ( )S = « SA v J X, 0, 0 0, 1 , 1, 1 , 2, 1 , 3, 11 1 states
were found to be 2.1 D, 1.6 D, 0.69 D, and 0.20 D, respectively.
The rate for the spontaneous emission transition is given in
figure 1. Using the ( ) ( ) ( ) ( )S = « SA v J X, 0, 0 0, 1 , 1, 11 1

cycle transition, the probability branching fraction to dark states
bl is 0.054. Then, with measurement time τ, ratio of photon
detection ò, and the photon scattering rate rs, the excess noise
factor Fn (ideal Fn=1) is given by [27]

( )⎜ ⎟⎛
⎝

⎞
⎠t

= + + -
 

F
r

b
1

1

2

1
1 . 11n

s

l

Taking t  ¥rs and ò=0.3, Fn=1.05, moreover, the
reduction of the signal-to-noise ratio when compared with

Table 5. The v=0–1 vibrational transition frequency fv, the v=0–1 transition dipole moment d01, and ( )-B B B0 1 0 (Bv is the rotational
constant in the v vibrational state) are listed as well as the X A transition frequency fe and the rotational constant in the A1Σ state Be.

fv(THz) d01(D) ( )-B B B0 1 0 fe(THz) Be(THz)

40CaH+ 43.2 [15] 0.13 [15] 0.028 [15] 720 [21] 0.09 [22]

24MgH+ 49.2 [15] 0.16 [15] 0.028 [15] 1080 [22] 0.130 [22]

202HgH+ 58.2 [15] 0.13 [15] 0.033 [15] 1320 [22] 0.174 [22]

4
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perfect cycling transition is just 5%. Fluorescence should be
observed using a detector, that is sensitive to UV light only.

With this method, the mode of the mechanical motion is
not required to be in the ground state, and molecular ions may
be trapped with ωr,z/2π=1–10 kHz. When molecular ions
are trapped with a magic trap rf-frequency (see table 3), the
Stark shift induced by the electric field of the trap and the
quadratic Doppler shift cancel each other. Using molecular
ions in a string crystal on the axis of a linear trap (zero electric
field) is no longer required, and the measurement may be
performed using molecular ions in a Coulomb crystal. Such
crystals can be formed with a larger number of molecular ions
(limited by the heating effect) than for a string crystal. The
micro-motion in the radial direction of the molecular ions at a
displaced position from the axis might induce the first Dop-
pler effect, which is suppressed by radiation from the probe
laser in the axial direction. With kinetic energy of 1 mK, the
amplitude of motion of the molecular ions in the axial
direction is 0.045 mm with ωz/2π=1 kHz and it is much less
than the wavelength of the probe laser (0.3 mm). This method
is less advantageous for 40CaH+ and 24MgH+, because the
internuclear distances for the X1Σ and A1Σ states are different
by more than 15% and the ( ) ( )( )⟷S =X v J, 0, 1 1, 11

( )SA 0, 01 transition is not cycling [21, 22]. Taking b 1l ,
Fn=1/ò is obtained [27].

At room temperature (300 K), only a few percent of
molecular ions are in the ( ) ( )=v J, 0, 0 state. The202HgH+

molecular ion has a diagonal coupling, making it easy to pump
molecular ions to the ( ) ( )=v J, 0, 0 state using a broadband
laser beam [28]. Pumping to the ( ) ( )=v J, 0, 0 state using a
broadband laser beam is possible also for 40CaH+ and 24MgH+

molecular ions, but takes longer because pumping from the
vibrational excited state is also required. Using a cryogenic
chamber with T=4K, the population in the ( ) ( )=v J, 0, 0
state is 87%, 97%, and 97% for 40CaH+, 24MgH+, and 202HgH+

molecular ions, respectively.

The use of a cryogenic chamber (T<150 K) is required
to measure the 202HgH+ transition frequency, because the Hg
vapor pressure of 0.26 Pa T=300 K is too high [29].

4. Conclusion

A possible frequency standard in the terahertz region has been
described that uses the ( ) ( ) ( )S = =X J F, 0, 1 2 1, 1 2v

1
0

transition frequencies of the 40CaH+, 24MgH+, or 202HgH+

molecular ions that are useful in the frequency stabilization of
terahertz-wave sources (e.g. QCL). The measurement uncertainty
is dominated by the Stark shift induced by the electric field of the
trap and the quadratic Zeeman shift. Using molecular ions in a
string crystal along the axis of a linear trap is required, and hence
the electric field of the trap must be below 0.03V cm−1. A
magnetic field below 1mG is also required to be maintained.

The 202HgH+ transition frequency seems to be the most
advantageous for measurements because uncertainties remain
below 10−15. This transition is also advantageous in monitoring
fluorescence from the many molecular ions trapped by the rf-
electric field at this frequency because the Stark shift induced by
the electric field of the trap cancels the quadratic Doppler shift.
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